Relativistic Quantum Information: developments in Quantum Information in
  general relativistic scenarios by Martin-Martinez, E.
A María Martínez López,y a Modesto Martín Clara
que no solo me han dado la vida,sino que han sacrificado parte de las suyaspara hacer esto posible.
ar
X
iv
:1
10
6.
02
80
v1
  [
qu
an
t-p
h]
  1
 Ju
n 2
01
1

Agradecimientos
No hay palabras para agradecer suficientemente a Juan León, con el que hecompartido los años que ha llevado producir esta tesis. Juan ha sido un mentor yun amigo, lleno de paciencia y comprensión infinitas. Igualmente quiero agrade-cer muy cariñosamente a Luis Garay, un buen amigo y uno de los mejoresprofesores que he conocido, cuya dedicación y genio sirven de inspiración a susestudiantes.
A Miguel Montero, colega y amigo y sin duda uno de los estudiantes másbrillantes y prometedores que he conocido, le quiero agradecer su inestimableayuda en la redacción de esta memoria de Tesis Doctoral.
Agradezco también a mis compañeros del CSIC por todo su apoyo, tanto alos que me encontré al inicio de este bonito viaje, Carlos, Borja, Jaime y Juanjo,como a los que tuve el inmenso placer de conocer mas tarde, Emilio, Marco yJordi (a qui a més agraeixo que m’ajudès amb el meu precari català). Igualmentea tantos otros compañeros de profesión con los que he compartido conferencias,cañas y charlas, formales e informales, especialmente a Jarín, a Juanma, a JavierCerrillo y a Doug Plato.
Estoy en deuda con Ivette Fuentes, con Gerardo Adesso y con Jorma Louko,tres buenos amigos a los que conocí a mi llegada a Nottingham y que tantohan aportado a mi formación como científico y como persona. También quieroagradecer a Andrzej Dragan, con el que es un autentico placer hablar de Física,por esas conversaciones y discusiones en las que siempre se aprende algo. Misagradecimientos también van al profesor Robert Mann por todo aquello que heaprendido trabajando con él.
Con mucho cariño agradezco a Antony Lee toda su ayuda y los buenos tiem-pos que con él he pasado en Nottingham, así como a Karen Stung, Merlijn vanHorssen, Nicolai Friis, David Bruschi y a todos los estudiantes de la ‘Physics andMathematics School’ de la Universidad de Nottingham.
A mis padres les estaré eternamente agradecido por todos los sacrificios quehan hecho por mi, su valor y su lucha diaria durante tanto tiempo para que yotuviera una educación. Sin su apoyo nada de esto hubiera sido posible.
Todo lo que pueda decir es poco para mis grandísimos y queridísimos amigosy compañeros Javier Burgos, Christian, Diego, Pablo y Javier Cuéllar (“Plocas”),que han sido y son como hermanos para mí, y que como tal han compartidoconmigo todas las penas y alegrías de mi vida durante la elaboración de estatesis. También para mi vieja amiga Tamara, que sin dudarlo me ha prestado susabiduría y su comprensión cada vez que la he necesitado.
Tengo palabras de agradecimiento para toda la gente de la Universidad quedurante este tiempo me han acompañado en aventuras y desventuras, en espe-cial para toda la gente de Hypatia, y para mis viejas amigas Tere, Luci, Elenay Cristina. Mención especial merecen mis amigas Andrea, Ana Dolcet, Alba yAdela que tan pacientemente me han escuchado siempre hablar sobre mi trabajo,así como mis compañeros Jacobo y Bea. También Clara, por el apoyo, cariño ycomprensión que me dedicó durante la elaboración de esta tesis, y por todos losdemás agradecimientos que se han quedado en el tintero.
Y por último, mi más profundo agradecimiento a Paloma y a la fortuna queha entrelazado nuestros caminos. Te doy las gracias por el impagable apoyoque me has dado durante el tramo final de esta tesis, por tu valiosa ayuda, porel tiempo que hemos compartido y por reconciliarme con mi querido Madrid.Muchas gracias por enseñarme a tener fe en el futuro, por el cine y por todas ycada una de las maravillosas sonrisas que me has regalado durante este tiempoy las que están por venir.
Durante el desarrollo de esta tesis he recibido financiación del programa CSICJAE-PREDOC2007, del proyecto FIS2008-05705/FIS del Ministerio de Ciencia deEspaña y del consorcio QUITEMAD.
Acknowledgements
I do not have the words to thank my supervisor Juan León with whom I haveshared the long 3 years it took to produce this thesis. Juan has been a mentorand a friend, always full of patience and comprehension. Likewise, I would liketo kindly thank Luis Garay, a good friend and one of the best lecturers I haveever encountered, whose dedication and genius provide inspiration for all hisstudents.
A special thanks to Miguel Montero, colleague and friend and undoubtedlyone of the most brilliant and promising students I have ever met, for his invalu-able help with writing this dissertation.
I also thank my colleagues at CSIC for all their support, both those that I metat the beginning of this journey (Carlos, Borja, Jaime and Juanjo) and those that Ihad the great pleasure to meet later on (Emilio, Marco and Jordi, who helped mewith my poor catalan). Likewise, I thank all the colleages with whom I sharedconferences, drinks and talks (formal and informal), especially Jarín, Juanma,Javier Cerrillo and Doug Plato.
I am indebted to Ivette Fuentes, Gerardo Adesso and Jorma Louko, goodfriends whom I met when I arrived in Nottingham and that have so much con-tributed to my formation as a scientist and as a person. Also to Andrzej Dragan,with whom sharing a conversation about Physics is a real pleasure, for thosediscussions where I always learnt something new. I would also like to thankProfessor Robert Mann, for all that I learnt working with him.
I wish to fondly thank Antony Lee, a good friend always ready to lend a handwhen I needed it, for his help and hospitality and for all the good times wehad in Nottingham, as well as Merlijn van Horssen, Karen Stung, Nicolai Friis,David Bruschi and all the students at the Physics and Mathematics School of theUniversity of Nottingham.
I will always be thankful to my parents, for all the sacrifices they have made
for me, their courage and their determination to give me an education. Withoutthem this thesis would have never been possible.
There are no words to thank my beloved and great friends and colleaguesJavier Burgos, Christian, Diego, Pablo and Javier Cuéllar (“Plocas”), who arebrothers to me in all but blood, and who, as such, have shared all my joys andsorrows during my PhD. Also to my old friend Tamara, always supportive, wholent me her wisdom anytime I needed it.
I am grateful to all the people at the University that have been with me allover these years. Especially to all my fellows of Hypatia and my old friends Tere,Luci, Elena and Cristina. My friends Andrea, Ana Dolcet, Alba and Adela deservea special mention for always being there to patiently listen to my speaking aboutmy work, along with my friends and classmates Jacobo and Bea. Also to Clara,for all the support, affection and comprehension that she devoted to me duringthe best part of my doctorate, and for all the thanks that were left unsaid.
And last but definitely not least, my deepest thanks to Paloma and the fortunethat has entangled our paths. Thank you very much for the priceless supportthat I received from you at the end of my PhD, for all the moments we haveshared and for a timely reconciliation with my beloved Madrid. Many thanksfor showing me how to have faith in the future, for the cinema and for everysingle beautiful smile that you have given me during this time and those yet tocome.
During the development of this thesis I was supported by a CSIC JAE -PREDOC2007 Grant, the Spanish MICINN Project FIS2008-05705/FIS and theQUITEMAD consortium.
Contents
Publications 5
Introduction 7Introduction and objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7Structure of the thesis dissertation . . . . . . . . . . . . . . . . . . . . . . . 11
Preliminaries 17
1 Quantum entanglement and mutual information 191.1 Quantum entanglement and entanglement measures . . . . . . . . . 191.2 Mutual information . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2 Introduction to QFT in curved spacetimes 252.1 Scalar field quantisation in Minkowski spacetime . . . . . . . . . . . 252.2 Field quantisation in curved spacetimes . . . . . . . . . . . . . . . . . 282.3 Inertial and accelerated observers of quantum fields . . . . . . . . . 292.4 The Unruh effect . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 332.5 Bogoliubov transformations in non-stationary scenarios . . . . . . . 352.6 The problem of field excitations . . . . . . . . . . . . . . . . . . . . . 38
I Entanglement, statistics and the Unruh-Hawking effect 43
Discussion: Previous results on field entanglement 45
1
CONTENTS
3 Spin 1/2 fields and fermionic entanglement in non-inertial frames 493.1 The setting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 503.2 Spin entanglement with an accelerated partner . . . . . . . . . . . . 553.3 Vacuum and 1-particle entangled superpositions . . . . . . . . . . . . 603.4 Non-inertial occupation number entanglement for spin 1/2 fermions 613.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
4 Multimode analysis of fermionic non-inertial entanglement 674.1 Vacuum and 1-Particle states in the multimode scenario . . . . . . . 684.2 Entanglement degradation for a Dirac field . . . . . . . . . . . . . . . 734.3 Entanglement degradation for a spinless fermion field . . . . . . . . 764.4 Entanglement degradation between different modes . . . . . . . . . 774.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 794.6 Appendix to the Chapter: Density matrix construction . . . . . . . . 81
5 Entanglement through the acceleration horizon 855.1 Scalar and Dirac fields from constantly accelerated frames . . . . . 885.2 Vacuum and one particle states . . . . . . . . . . . . . . . . . . . . . . 885.3 Correlations for the Dirac field . . . . . . . . . . . . . . . . . . . . . . 905.4 Correlations for the scalar field . . . . . . . . . . . . . . . . . . . . . . 975.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
6 Population bound effects on non-inertial bosonic correlations 1116.1 Limiting the occupation number . . . . . . . . . . . . . . . . . . . . . . 1136.2 Analysis of correlations . . . . . . . . . . . . . . . . . . . . . . . . . . . 1166.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
7 Quantum entanglement near a black hole event horizon 1357.1 Revisiting entanglement degradation due to acceleration . . . . . . 1377.2 The “Black Hole Limit”: from Rindler to Kruskal . . . . . . . . . . . 1417.3 Correlations behaviour . . . . . . . . . . . . . . . . . . . . . . . . . . . 1477.4 Localisation of the states . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
Doctoral Thesis 2 Eduardo Martín Martínez
Contents
7.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
II Beyond the single mode approximation 163
8 Relativistic QI beyond the single-mode approximation 1658.1 Minkowski, Unruh and Rindler modes . . . . . . . . . . . . . . . . . . 1668.2 Entanglement revised beyond the single mode approximation . . . 1718.3 Wave packets: recovering the single-mode approximation . . . . . 1748.4 Unruh entanglement degradation for Dirac fields . . . . . . . . . . . 1798.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187
9 Particle and anti-particle entanglement in non-inertial frames 1899.1 Dirac field states for uniformly accelerated observers . . . . . . . . 1909.2 Particle and Anti-particle entanglement in non-inertial frames . . . 1949.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 205
10 Entanglement amplification via the Unruh-Hawking effect 20710.1 The setting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20810.2 Entanglement amplification . . . . . . . . . . . . . . . . . . . . . . . . . 21110.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 214
III Non-stationary spacetimes and field dynamics 217
11 Quantum entanglement produced in the formation of a black hole 21911.1 Gravitational Collapse . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22011.2 Analysing entanglement . . . . . . . . . . . . . . . . . . . . . . . . . . . 22311.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226
12 Entanglement of Dirac fields in an expanding Universe 22912.1 Dirac field in a d-dimensional Robertson-Walker universe . . . . . 23012.2 Entanglement generated due to the expansion of the Universe . . . 23412.3 Fermionic entanglement and the expansion of the Universe . . . . 237
Doctoral Thesis 3 Eduardo Martín Martínez
CONTENTS
12.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 245
13 Berry’s phase-based Unruh effect detection at lower accelerations 24713.1 The setting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24813.2 Berry phase acquired by inertial detectors . . . . . . . . . . . . . . . 25313.3 Berry phase acquired by accelerated detectors . . . . . . . . . . . . . 25413.4 Measuring the phase. Detecting the Unruh effect . . . . . . . . . . . 25513.5 Dynamical phase control . . . . . . . . . . . . . . . . . . . . . . . . . . 25813.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 260
Conclusions 263
A Appendix: Klein-Gordon and Dirac equations in curved spacetimes 267A.1 Klein Gordon equation in curved spacetimes . . . . . . . . . . . . . . 267A.2 Dirac equation in curved spacetimes . . . . . . . . . . . . . . . . . . . 268A.3 Grassmann fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 269
Doctoral Thesis 4 Eduardo Martín Martínez
PUBLICATIONS
Published articles derived from this thesis
The research included in this thesis has given rise to the following articles:
• Redistribution of particle and anti-particle entanglement in non-inertialframes. E. Martín-Martínez and I. Fuentes. Phys. Rev. A 83, 052306 (2011)
• Using Berry’s phase to detect the Unruh effect at lower accelerations. E.Martín-Martínez and I. Fuentes, R. B. Mann. arXiv:1012.2208. Submitted toPhys. Rev. Letters
• The entangling side of the Unruh-Hawking effect M. Montero and E.Martín-Martínez. arXiv:1011.6540. Submitted to JHEP
• The Unruh effect in quantum information beyond the single-mode ap-proximation D. E. Bruschi, J. Louko, E. Martín-Martínez, A. Dragan and I.Fuentes. Phys. Rev. A, 82, 042332 (2010)
• Quantum entanglement produced in the formation of a black hole E.Martín-Martínez, L. J. Garay and J. León. Phys. Rev. D, 82, 064028 (2010)
• Unveiling quantum entanglement degradation near a Schwarzschild blackhole E. Martín-Martínez, L. J. Garay and J. León. Phys. Rev. D, 82, 064006(2010)
• Entanglement of Dirac fields in an expanding spacetime I. Fuentes, R.B.Mann, E. Martín-Martínez and S. Moradi. Phys. Rev. D, 82, 045030 (2010)
• Population bound effects on bosonic correlations in non-inertial framesE. Martín-Martínez and J. León, Phys. Rev. A, 81, 052305 (2010)
• Quantum correlations through event horizons: Fermionic vs bosonic en-tanglement E. Martín-Martínez and J. León, Phys. Rev. A, 81, 032320 (2010)
• Fermionic entanglement that survives a black hole E. Martín-Martínezand J. León, Phys. Rev. A, 80, 042318 (2009)
Doctoral Thesis 5 Eduardo Martín Martínez
PUBLICATIONS
• Spin and occupation number entanglement of Dirac fields for non-inertialobservers J. León and E. Martín-Martínez, Phys. Rev. A, 80, 012314 (2009)
Also, during the development of this thesis another article has been publishedby its author
• Physical qubits from charged particles: IR divergences in quantum in-formation. J. León and E. Martín-Martínez, Phys. Rev. A, 79, 052309 (2009)
Doctoral Thesis 6 Eduardo Martín Martínez
Introduction
Introduction and objectives
General relativity is the theory that describes gravity which is currently accep-ted in the frame of modern physics. It fits all the phenomenology previouslyobserved and successfully predicted a plethora of experimental results. Not onlyhas it been experimentally tested a number of times but its application has beeninstrumental in leading to day-to-day modern technology as, for instance, theGlobal Positioning System (GPS). The theory basically consists of a geometricdescription of gravity: mass and energy move in a curved spacetime and thespacetime is curved by the presence of mass and energy. However, it is far frombeing complete. General relativity allows ill-defined objects such as singularities,and in the presence of a singularity it loses its predictive power. These prob-lems are strongly related with the classicality of the theory: general relativity isclassical and close to a singularity the energies and distances involved reach thePlanck scale. A quantum description of gravity is still to appear, being one of themost important (if not the most) challenges of modern theoretical physics. Inthe absence of a full quantum theory for gravity, quantum field theory in curvedspacetimes, which describe the interaction of quantum fields with this classical(but relativistic) gravity, is the most complete theory so far.Quantum information theory, on the other hand, deals with problems in in-formation theory when the information is stored in and managed with quantumsystems. Quantum mechanics allows us to carry out tasks that were consideredimpossible in the classical world: we can use quantum simulators to find solutionsto quantum dynamical problems that would take too long for classical computers;we can store a large amount of information in quantum memories taking advant-age of the superposition principle; we can implement completely secure commu-nication using quantum key distribution protocols (quantum cryptography) andmuch more. Arguably, the most important of these achievements is being able
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to construct and implement quantum algorithms that transform quantum mech-anical systems into quantum computers that can, for instance, factorise primenumbers in a time that grows polynomially with their lengths [1] or find elementsin a non-indexed list in a time that grows as the square root of the number ofelements [2]. Again, this is one of the challenges of modern physics: to tamethe laws of quantum mechanics and use this new quantum physics knowledgeto build new technology and solve problems which are practically unsolvableotherwise.Despite their apparently separated application areas, general relativity andquantum information are not disjoint research fields. On the contrary, followingthe pioneering work of Alsing and Milburn [3] a wealth of works considereddifferent situations in which entanglement was studied in a general relativisticsetting, for instance, quantum information tasks influenced by black holes [4–7],entanglement in an expanding universe [8,9] and entanglement with non-inertialpartners [10–13].Even though many of the systems used in the implementation of quantuminformation involve relativistic systems such as photons, the vast majority of in-vestigations on entanglement assume that the Universe is flat and non-relativistic.Understanding entanglement in general spacetimes is ultimately necessary be-cause the world is fundamentally relativistic. Moreover, entanglement plays aprominent role in black hole thermodynamics [14–21] and in the informationloss problem [6,22–25].Entanglement behaviour in non-inertial frames was first considered in [3]where the fidelity of teleportation between relative accelerated partners was ana-lysed. After this, occupation number entanglement degradation of scalar [10] andDirac [11] fields due to Unruh effect was shown.In particular, the Unruh effect [26–29] –which consists in the emergence ofnoise when an accelerated observer is describing Minkowski vacuum from hisproper frame– affects the possible entanglement that an accelerated observerRob would share with an inertial observer Alice.To analyse quantum correlations in non-inertial settings it is necessary tocombine knowledge from different branches of physics; quantum field theory incurved spacetimes and quantum information theory. This combination of discip-lines became known as relativistic quantum information, which is developing atan accelerated pace. It also provides novel tools for the analysis of the Unruh andHawking effects [26,28–31] allowing us to study the behaviour of the correlationsshared between non-inertial observers.
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Recently, there has been increased interest in understanding entanglementand quantum communication in black hole spacetimes [32–34] and in using quan-tum information techniques to address questions in gravity [35,36]. Studies on re-lativistic entanglement show the emergence of conceptually important qualitativedifferences to a non-relativistic treatment. For instance, entanglement was foundto be an observer-dependent property that is degraded from the perspective ofaccelerated observers moving in flat spacetime [7, 10, 11, 37]. These results showthat entanglement in curved spacetime might not be an invariant concept. Relativ-isitic quantum information theory uses well-known tools coming from quantuminformation and quantum optics to study quantum effects provoked by gravity tolearn information about the spacetime. We can take advantage of our knowledgeabout quantum correlations and effects produced by the gravitational interactionto set the basis for experimental proposals ultimately aiming at finding correc-tions due to quantum gravity effects, too mild to be directly observed.The differences found between bosonic [10] and fermionic [11] entanglementleave an open question about the origin of this distinct behaviour. How canit be possible that bosonic entanglement quickly dies as the acceleration of anon-inertial observer increases while some amount of fermionic entanglementsurvives even in the limit of infinite acceleration?.First answers given in the literature by the pioneers who discovered the phe-nomenon pointed at the difference in the dimension of each system Hilbert spaceas a possible responsible for these discrepancies, but the question remained open.In this thesis we will demonstrate the strong relationship between statistics andentanglement in non-inertial frames. We will prove that the huge differencesbetween bosonic and fermionic non-inertial entanglement behaviour are relatedto the counting statistics of the field and have little to do with the Hilbert spacedimension for each field mode. This result banishes previous ideas, that wereextended in the literature, about the origin of those differences.Entanglement behaviour in the presence of black holes had not been thor-oughly analysed previously. The few studies about entanglement degradationfocused on the asymptotically flat region of Schwarzschild spacetime. It wouldbe much more interesting to have results about entanglement behaviour in theproximities of the event horizon. In this thesis we will present the way to exportthe results obtained in the frame of uniformly accelerated observers to propercurved space times and black holes scenarios with event horizons. We will alsodevelop a formalism to account for the behaviour of entanglement as a functionof the observer’s distance to the event horizon of a black hole, going beyond
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the analysis in the asymptotically flat region of Schwarzschild spacetime madein previous literature. Here we will provide a rigorous study about what happenswhen entangled pairs are at small distances from the event horizon.Almost all the previous work on field entanglement in non-inertial settingsmade use of what is known as ‘single mode approximation’. This approximationhas allowed pioneering studies of correlations for non inertial observers, but it isbased on misleading assumptions about the change of basis between inertial anduniformly accelerated observers and it is partially flawed. In this thesis, we willdiscuss how this approximation has been misinterpreted since its inception [3,38]and thereafter in all the subsequent works. We will see the proper physicalmeaning of such an approximation and will learn to what extent it is valid andhow to relax it. We will show that going beyond the single mode approximationwill allows us to reach a better understanding of the phenomenon of fermionicentanglement survival in the limit of infinite acceleration [11] and find that theUnruh effect can amplify entanglement and not only destroy it as it was thoughtbefore.There are very few works on field entanglement in general relativistic scen-arios for non-stationary spacetimes. Only for bosonic fields and expanding uni-verses some work exists [8]. As a part of this thesis we will analyse the behaviourof entanglement in non-stationary scenarios. The objective is to prove that thegravitational interaction induces non-classical effects in quantum fields that canbe useful in a dual sense: account for quantum effects of the gravitational in-teraction and provide a basis to obtain information about the nature of gravityin real and analog gravity systems. In simple words, we will analyse how thevacuum state of a field evolves –under the gravitational interaction– to states thatpresent quantum entanglement. Once again we will see that huge differences be-tween fermions and bosons appear in a very relevant way in this context. We willprove that fermions are more useful in order to experimentally account for thisentanglement and suggest how one can take advantage of these differences toextract information about the underlying background geometry in analog gravityexperiments or in cosmology.Last but not least, using the knowledge gained from other disciplines (in par-ticular tools coming from quantum optics and solid state physics) we will confrontthe problem of directly measuring the Unruh effect. Experimental detection ofthe Unruh effect [29, 39] required accelerations of order 1025g where g is thesurface gravity of the Earth. We prove that a detector moving in a flat spacetimeacquires a global geometric phase, which is the same for any inertial detector but
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differs, due to the Unruh effect, for accelerated ones. Taking advantage of thisphenomenon we will propose a general experimental setting to detect this effectwhere the accelerations needed are 109 times smaller than previous proposals,sustained only for a few nanoseconds’ time.
Structure of the thesis
• The first section of this thesis (Preliminaries) intends to serve as a brief andnotational introduction to the formalism of quantum information theory (chapter1) and quantum field theory in curved spacetimes (chapter 2). In these twochapters we present the basic concepts that serve as building blocks for therest of the original content presented in this thesis. We will also present inthis section the problem of the single mode approximation used in previousliterature.
The research presented here is structured in three blocks that conform the threeparts of this thesis:
• Part I: The relationship between statistics and entanglement in non-inertialframes is studied, disproving the previous idea that the dimensionality of theHilbert space controls entanglement behaviour and obtaining universal laws(only dependent on statistics) for non-inertial entanglement. This part consistsof a brief discussion about previous results and the following 7 chapters:
– In chapter 3 we investigate the Unruh effect on entanglement taking intoaccount the spin degree of freedom of the Dirac field. Previous works onlyexplored spinless fermionic fields1. We go beyond earlier results and wealso analyse spin Bell states, obtaining their entanglement dependence onthe acceleration of one of the partners. Then, we consider simple analogsto the occupation number entangled state |00〉+ |11〉 but with spin quantumnumbers for |11〉. We show that entanglement degradation in terms of theacceleration happens to be the same for both cases and, furthermore, itcoincides with that of the spinless fermionic field despite the different Hil-bert space dimension in each case. This is a first hint against the idea thatdimension rules entanglement behaviour. We also introduce a procedureto consistently erase the spin information from our setting, being able to
1See Grassmann scalar fields in Appendix A
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account for correlations present only in the occupation number degree offreedom.– In Chapter 4 we introduce an explicitly multimode formalism consideringan arbitrary number of accessible modes when analysing bipartite entan-glement degradation due to Unruh effect. A single frequency mode of afermion field only has a few accessible levels due to Pauli exclusion prin-ciple, conversely to bosonic fields which had an infinite number of excitablelevels. This was argued to justify fermionic entanglement survival in the in-finite acceleration limit. Here we consider entangled states that mix differentfrequency modes. Hence, the dimension of the Hilbert space in the acceler-ated observer basis can grow unboundedly, even for a fermion field. We willprove that, despite this analogy with the bosonic case, entanglement loss islimited. We will show that this comes from fermionic statistics through thecharacteristic structure it imposes on the system’s density matrix regardlessof its dimension. The surviving entanglement is shown to be independentof the specific maximally entangled state chosen, the kind of fermionic fieldanalysed, and the number of accessible modes considered.– In Chapter 5 we disclose the behaviour of quantum and classical correlationsamong all the different spatial-temporal regions of a spacetime with apparenthorizons, comparing fermionic with bosonic fields. We show the emergenceof conservation laws for entanglement and classical correlations, pointing outthe crucial role that statistics plays in the information exchange (and morespecifically, the entanglement tradeoff) across the horizon.– In Chapter 6 we analyse the effect of bounding the occupation number ofbosonic field modes on the correlations among inertial and non-inertial ob-servers in a spacetime with apparent horizons. We show that the behaviourof finite-dimensional bosonic fields is qualitatively similar to standard bo-sonic fields and not to fermionic fields. This completely banishes the notionthat dimension rules entanglement behaviour. We show that the main dif-ferences between bosonic fields and fermionic fields are still there even ifwe impose the same dimension for both: for bosonic fields no entanglementis created in the physical subsystems whatever the values of the dimensionbound and the acceleration. Moreover, entanglement is very quickly lost asacceleration increases for both finite and infinite dimension. We study indetail the mutual information conservation law found before for bosons andfermions. We will show that for bosons this law stems from classical correla-tions while for fermions it has a quantum origin. Finally, we will also discussthe entanglement across the causally disconnected regions comparing the
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fermionic cases with their finite occupation number bosonic analogs.– In Chapter 7 we analyse the entanglement degradation provoked by theHawking effect in a bipartite system Alice-Rob when Rob is in the proximitiesof a Schwarzschild black hole while Alice is free-falling into it. As a result,we will be able to determine the degree of entanglement as a function ofthe distance of Rob to the event horizon, the mass of the black hole, andthe frequency of Rob’s entangled modes. By means of this analysis we willshow that all the interesting phenomena occur in the vicinity of the eventhorizon and that, in fact, Rob has to be very close to the the black hole tosee appreciable effects. The universality of the phenomenon is presented:there are not fundamental differences for different masses when workingin the natural unit system adapted to each black hole. We also discuss someaspects of the localization of Alice and Rob states.
• Part II: We explore the so-called single mode approximation, finding its appro-priate physical interpretation and correcting previous statements and uses ofsuch an approximation in the literature. We will see how one can go beyond it,obtaining striking results: on the one hand, we will gain a deeper understand-ing about the strange entanglement behaviour of fermionic fields in the infiniteacceleration limit and on the other hand we will see how to implement tech-niques to amplify entanglement by means of the Unruh and Hawking effects.This part consists of the following 3 chapters:
– In Chapter 8 we address the validity of the single-mode approximation thatis commonly invoked in the analysis of entanglement in non-inertial framesand in other relativistic quantum information scenarios. We show that thesingle-mode approximation is not valid for arbitrary states, finding correc-tions to previous studies beyond such an approximation in the bosonic andfermionic cases. We also exhibit a class of wave packets for which the single-mode approximation is justified subject to the peaking constraints set by anappropriate Fourier transform. This will give us the proper physical frameof such an approximation.– In Chapter 9 we show that going beyond the single mode approximationallows us to analyse the entanglement tradeoff between particle and anti-particle modes of a Dirac field from the perspective of inertial and uni-formly accelerated observers. Our results show that a redistribution of en-tanglement between particle and anti-particle modes plays a key role in thesurvival of fermionic field entanglement in the infinite acceleration limit.
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– In Chapter 10 going beyond the single mode approximation we show thatthe Unruh effect can create net quantum entanglement between inertial andaccelerated observers, depending on the choice of the inertial state. For thefirst time, it is shown that the Unruh effect not only destroys entanglement,but may also create it. This opens a new and unexpected resource for findingexperimental evidence of the Unruh and Hawking effects.
• Part III: In this last part we study entanglement creation due to the gravitationalinteraction in two dynamical physically interesting scenarios: the formation ofa black hole due to stellar collapse and the expansion of the Universe. Weend this thesis presenting a proposal of dectection of the Unruh and Hawkingeffect by means of the geometric phase acquired by moving detectors. Thispart consists of the following 3 chapters:
– Chapter 11 shows that a field in the vacuum state, which is in principle sep-arable, can evolve to an entangled state induced by a gravitational collapse.We will study, quantify, and discuss the origin of this entanglement, showingthat it could even reach the maximal entanglement limit for low frequenciesor very small black holes, with consequences in micro-black hole form-ation and the final stages of evaporating black holes. This entanglementprovides quantum information resources between the modes that escape tothe asymptotic future (thermal Hawking radiation) and those which fall intothe event horizon. We will also show that fermions are more sensitive thanbosons to this quantum entanglement generation. This fact could be helpfulin finding experimental evidence of the genuine quantum Hawking effect inanalog models.– In chapter 12 we study the entanglement generated between Dirac modes ina 2-dimensional conformally flat Robertson-Walker universe showing thatinflation-like expansion generates quantum entanglement. We find radicalqualitative differences between the bosonic and fermionic entanglement gen-erated by the expansion. The particular way in which fermionic fields be-come entangled encodes more information about the underlying spacetimethan in the bosonic case, thereby allowing us to reconstruct the history of theexpansion. This highlights, once again, the importance of bosonic/fermionicstatistics to account for relativistic effects on the entanglement of quantumfields.– In chapter 13 we show that a detector acquires a Berry phase due to itsmotion in spacetime. The phase is different for the inertial and accelerateddetectors as a direct consequence of the Unruh effect. We exploit this fact to
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design a novel method to measure the Unruh effect. Surprisingly, the effectis detectable for accelerations 109 times smaller than previous proposals,sustained only for times of nanoseconds.
The main results of this thesis are summarised in the conclusions section.In appendix A we present the standard formalism of Klein-Gordon and Diracequation in curved spacetimes.
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Chapter 1
Quantum entanglement and mutualinformation
This chapter is intended as a very brief presentation (almost merely notational)to the concept of quantum entanglement. The motivation for this section is tointroduce the concept and to present two state functionals that we will use tomeasure the ‘amount’ of entanglement and correlations of a bipartite quantumsystem. Nevertheless, the matter of entanglement is not a simple topic. Its studyis itself a huge, and still open, discipline. For a more detailed view there are manyother sources where a much more thorough study can be found, for instance [40].
1.1 Quantum entanglement and entanglement mea-sures
Quantum entanglement is a feature of some multipartite quantum systems whichis strongly related with non-locality. Basically, to describe entangled k-partitesystems in quantum mechanics it is not enough with the description of the kindividual quantum states for each subsystem, even if the subsystems are spatiallyseparated. This means that carrying out measurements on one of the subsystemswe can gather information about the result of future measurements on any of therest of the subsystems without directly acting on them beyond the limits imposedby classical physics [41].Quantum entanglement was central in the debate about the non-locality andcompleteness of quantum mechanics [42] which ended up with the banishing oflocal hidden-variable theories [43]. More important, quantum entanglement is the
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principal resource for quantum information tasks such as quantum teleportation[44] and quantum computing [40] and, as we will discuss in this thesis, can beused to obtain information about quantum effects provoked by gravity.In the case of pure states, if we have two quantum systems A and B andthe Hilbert spaces for the states of these systems are HA and HB respectively,the Hilbert space of the composite system is the tensor product HA ⊗ HB. Abipartite state |Ψ〉AB is entangled when it is not possible to express |Ψ〉AR as thetensor product of states for the individual subsystems
|Ψ〉AB 6= |φ〉A ⊗ |φ〉B ⇔ |Ψ〉AB Entangled. (1.1.1)
In other words, if {|j〉A} and {|k〉B} are respectively bases ofHA andHB the mostgeneral bipartite state in HA ⊗HB has the form
|Ψ〉AB =∑j,k cjk |j〉A ⊗ |k〉B . (1.1.2)
The state is separable when cjk = cAj cBk , (1.1.3)yielding |φ〉A =∑j cAj |j〉A|φ〉B =∑k cBk |k〉B
Ñ |Ψ〉AB = |φ〉A ⊗ |φ〉B . (1.1.4)
If condition (1.1.3) does not hold the state is entangled.For mixed states the general definition is slightly more complicated. A generalstate is entangled if, and only if, it cannot be expressed as a probability distributionof the uncorrelated individual states. In other words, given a set of positivenumbers {pi} such that ∑i pi = 1 then
ρAB 6=∑i pi ρAi ⊗ ρBi ⇔ ρAR Entangled. (1.1.5)
Although determining if a state is entangled or not is conceptually simple,computationally speaking is a very hard problem for general states of arbitrarydimension. Actually there is no such thing as a unique measure of entanglement.Instead, a measure of entanglement is any positive function of the state E(ρ) whichsatisfy the following axioms
• Must be maximum for maximally entangled states (Bell states)
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• Must be zero for separable states.
• Must be non-zero for all non-separable states.
• Must not grow under LOCC (Local Operations + Classical Communication)
For pure states the entanglement entropy (entropy of the reduced states of Aor B) is a natural measure of entanglement which have also a well understoodphysical interpretation, but it does not fulfill the previous axioms for non-purestates.To account for the entanglement of general states let us introduce the partialtranspose density matrix. For a general density matrix of a bipartite system AB
ρAB =∑ijkl ρijkl |i〉A |j〉B 〈k|A 〈l|B , (1.1.6)
the partial transpose is defined as
ρpTBAB =∑ijkl ρijkl |i〉A |l〉B 〈k|A 〈j|B (1.1.7)
or, equivalently for our purposes, as
ρpTAAB =∑ijkl ρijkl |k〉A |j〉B 〈i|A 〈l|B . (1.1.8)
There is a theorem for the lower dimensional cases, for bipartite systems ofdimension 2 × 2 (two-qubit states) and 3 × 2 (qutrit-qubit states) the well-knownPeres criterion [45] guarantees that a state is non-separable (and therefore, en-tangled) if, and only if, the partial transposed density matrix has, at least, onenegative eigenvalue.Unfortunately, for higher dimension the condition is no longer necessary andsufficient, but only sufficient due to the existence of bound entanglement: thereare states which are entangled, but no pure entangled states can be obtainedfrom them by means of local operations and classical communication (LOCC).Such states are called bound entangled states [46] and its entanglement is ofno utility to quantum information tasks. Peres criterion only accounts for theexistence of entanglement that can be distilled and therefore useful to performquantum information tasks. In this thesis we will only be interested in distillableentanglement so in principle we will not need to worry about the existence ornot of bound entanglement.
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Based on Peres criterion a number of entanglement measures have been in-troduced. In this thesis we have used negativity (N) to account for the quantumcorrelations between the different bipartitions of the system [47]. It is an entan-glement monotone sensitive to distillable entanglement defined as the sum of thenegative eigenvalues of the partial transpose density matrix, in other words, if σiare the eigenvalues of any ρpTAB then
NAB = 12∑i (|σi| − σi) = −
∑
σi<0 σi. (1.1.9)
The minimum value of negativity is zero (for states with no distillable entangle-ment) and its maximum (reached for maximally entangled states) depends on thedimension of the maximally entangled state. Specifically, for qubits NmaxAB = 1/2.
1.2 Mutual information
The mutual information of two random variables (X,Y ) is a function of thesetwo variables that measures how much uncertainty about one of the variablesis reduced by our knowledge about the other. It accounts for the correlationsbetween the two variables.Given two random variables (X,Y ) the mutual information IXY is defined as
I(X,Y ) = H(X) +H(Y )−H(X,Y ), (1.2.1)
where H(X), H(Y ) are the marginal Shanon entropies and H(X,Y ) the joint en-tropy defined as
H(X,Y ) = −∑x,y P(x, y) log2 [P(x, y)] , (1.2.2)H(X) = −∑x P(x) log2 [P(x)] , (1.2.3)H(Y ) = −∑y P(y) log2 [P(y)] , (1.2.4)
where P(x, y) is the joint probability distribution of the random variables X,Yand p(x) =∑y P(x, y), p(y) =
∑
x P(x, y) (1.2.5)are the marginal probability distributions for X and Y .
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For a quantum bipartite system of density matrix ρAB the quantum mutualinformation is expressed in terms of the Von Neumann Entropy
IAB = SA + SB − SAB, (1.2.6)
where the Von Neumann entropies are1
SAB = −TrAB (ρAB log2 ρAB) , (1.2.7)SA = −TrA (ρA log2 ρA) , (1.2.8)SB = −TrB (ρB log2 ρB) , (1.2.9)
and the partial systems are ρA = TrB (ρAB), ρB = TrA (ρAB).Mutual information accounts for both, classical and quantum correlations, sothat it can be used together with an entanglement measure to distinguish the be-haviour of classical correlations: in a system which has no quantum correlations,mutual information accounts exclusively for classical correlations.
1The log2 is chosen to be base 2 because in quantum information it is common to work withqubits, but any other basis can be chosen instead.
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Chapter 2
Introduction to quantum fieldtheory in curved spacetimes
This section of the preliminars pursuits a double objective. First, it aims to givea brief introduction to the tools and the background of quantum field theory incurved spacetimes necessary to understand and to present the results obtainedduring the development of this thesis. Of course this is only a very brief intro-duction to a very complex and extense discipline, more thorough approaches tothese topics can be found in many textbooks [21, 48, 49]Second, in section 2.6 we analyse a problem present in most of the previousliterature, the use of the ‘single mode approximation’ introduced in [3, 38] basedon misleading assumptions. In this section we will introduce new material whichwill be necessary in order to discuss the new work presented in part I in thecontext of previous results in the literature, giving a correct interpretation forthis approximation. However, it will be in chapter 8 when this topic will bethoroughly dealt with when we expose the new results obtained when goingbeyond such approximation.
2.1 Scalar field quantisation inMinkowski spacetime
In this section I present a brief review of the standard canonical quantisation pro-cedure of a field in Minkowski spacetime. The aim of this section is to introducethe concepts and notation that are going to be used throughout the followingsections. Therefore, for the sake of simplicity, we will focus on a real masslessscalar field.
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Let us consider an inertial observer (Alice) of the flat spacetime whose propercoordinates are the Minkowskian coordinates (t, x, y, z). She wants to build aquantum field theory for a free masless scalar field.The equation of motion for this field is the well-known Klein-Gordon equationin Minkowski coordinates (2−m2)Φ = 0. (2.1.1)
As it is commonplace, we can expand an arbitrary solution Φ(x, t) to this equa-tion as a sum of ‘positive frequency’ and ‘negative frequency’ solutions. One couldinnocently ask what is the definition of positive and negative frequency solutions,but the answer is somewhat trivial if we work with the Minkowski spacetime asbackground. The Minkowski spacetime admits a global timelike Killing vector∂t . A positive frequency solution of (2.1.1) uk(x, t) satisfies, therefore,
∂tuk(x, t) = −iωkuk(x, t), (2.1.2)
and this criterion would be the same if instead of t we use the proper time ofany inertial observer. Hence, we will express Φ(x, t) as a combination of positiveui(x, t) and negative u∗i (x, t) frequency solutions of (2.1.1) with respect to Alice’sproper time1 and her definition will agree with the definition of any other inertialobserver. Φ(x, t) =∑i [αiui(x, t) + α∗iu∗i (x, t)] . (2.1.3)
The solutions ui(x, t) can be chosen to form an orthonormal basis of solutionswith respect to the Klein-Gordon scalar product defined, through the continuityequation, as (uj , uk) = −i ∫ d3x (uj∂tu∗k − u∗k∂tuj) , (2.1.4)
which on the space of positive energy solutions happens to be positive definite.Note that, obviously, the modes uj satisfy the orthonormality relations
(uj , uk) = δjk = −(u∗j , u∗k), (uj , u∗k) = 0. (2.1.5)
We can now construct a Fock space following the standard canonical field quant-isation scheme.
1For notational convenience we are using the sum symbol ∑i meaning integration overfrequencies. Note that in free space ∑i Ï ∫∞−∞ dDk√(2pi)d2ω and the modes are normalised to Dirac’sdelta instead of Kronecker’s delta
Doctoral Thesis 26 Eduardo Martín Martínez
2.1. Scalar field quantisation in Minkowski spacetime
First we promote the classical Klein-Gordon field to a quantum field operatorsatisfying the equal time commutation relations
[Φ(x, t),Π(x′, t)] = iδ(x − x′),
[Φ(x, t),Φ(x′, t)] = [Π(x, t),Π(x′, t)] = 0, (2.1.6)
where Π(x, t) = ∂tΦ(x, t) is the canonical conjugate momentum associated withthe variable Φ.This promotion means that we have to replace the complex amplitudes αi andα∗i by annihilation and creation operators ai and a†i who inherit the followingcommutation relations [ai, a†j ] = (ui, uj) = δij ,[ai, aj ] = [a†i , a†j ] = 0. (2.1.7)
Now we can construct the standard Fock space, first we characterise the va-cuum state of the field (minimum energy state) as the state which is annihilatedby all the operators ai ai |0〉 = 0. (2.1.8)
Then we define the one-particle Hilbert space by applying the creation oper-ators a†i on the vacuum state |1i〉 = a†i |0〉 , (2.1.9)
and so on and so forth we construct the complete Fock space
∣∣n1i1, n2i2 , . . . , nkik〉 = 1√n1!n2! . . . nk! (a†i1)n1(a†i2)n2 . . . (a†ik)nk |0〉 . (2.1.10)
Note that this quantisation procedure is independent of the particular choiceof the inertial observer Alice. Any other choice of time t is related to this one viaPoincaré transformations which do not modify what we would label as positiveand negative frequency modes. As a consequence, the expansion (2.1.3) can beperformed equivalently for any inertial reference frame and the splitting betweenpositive and negative frequency modes is invariant. Hence, the vacuum state isalso Poincaré invariant and the construction of the Fock space is equivalent forany inertial observer. This will not happen for a general spacetime, as we willsee in the following sections.
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2.2 Field quantisation in curved spacetimes
For general spacetimes we cannot assume that we have global Poincaré sym-metry and we will run into many difficulties when trying to construct quantumfields.Let us continue with the scalar field case for the sake of simplicity. First ofall we generalise equation (2.1.1) by means of the covariant D’Alambert operator,obtained promoting the partial derivatives to the covariant derivatives 2 = ∂µ∂µ Ï∇µ∇µ so that equation2 (2.1.1) now reads
∇µ∇µφ = 0. (2.2.1)
To extend the Klein-Gordon product (2.1.4) to curved spacetime we need acomplete set of initial data, in other words, a Cauchy hypersurface Σ over whichwe have to extend the integral3
(uj , uk) = −i ∫ dΣnµ (uj∂µu∗k − u∗k∂µuj) , (2.2.2)
where dΣ is the volume element and nµ is a future directed timelike unit vectorwhich is orthogonal to Σ.Whether the spacetime is stationary or not will be determinant in order tobuild a quantum field theory in it. For non-stationary spacetimes we run into diffi-culties to classify field modes as positive or negative frequency. These spacetimesdo not have a global timelike Killing vector4 and, therefore, there is no naturalway to distinguish positive and negative frequency solutions of the Klein-Gordonequation.In the absence of this metric symmetry there is an ambiguity when it comesto define particle states: without a natural way to split modes in positive andnegative frequencies there is no objective way to construct a Fock space, startingform the fact that there is no unique notion of a vacuum state. However we willsee in section 2.5 that we can still find an ‘approximated’ particle interpretationwhen the spacetime posses asymptotically stationary regions.
2There are some subtleties that should not be overlooked: first of all, we are assuming thatthere is no coupling of the field with the scalar curvature (minimal coupling). Second of all, ifthe field had internal spin degrees of freedom one must be careful with the covariant derivativedefinition (See Appendix A)3It can be shown, using Gauss theorem, that the product is independent of the choice of theCauchy hypersurface Σ4A Killing vector field ξµ is an isometry of the metric tensor, which is to say, the Lie derivativeof the metric tensor with respect to ξµ is zero: Lξgµν =∇µξν +∇νξµ = 0
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Conversely, if the spacetime has a timelike Killing vector field ξµ we have anatural way to define positive frequency modes (uj) in an analogous way as wedid for the flat spacetime in (2.1.2)
ξµ∇µuj = −iωjuj , (2.2.3)
where ωj > 0.Of course we can construct a local set of coordinates whose timelike coordin-ate is the Killing time τ associated to the isometry ξµ such that it satisfies thatξµ∇µτ = 1. For the flat spacetime, a particular case of stationary spacetime, therole of τ is played by the coordinate t.Therefore for stationary spacetimes we can readily generalise the field quant-isation procedure explained in the previous section.
2.3 Inertial and accelerated observers of quantumfields in flat spacetime: Bogoliubov transform-ations
Even for the simple case of the flat Minkowski spacetime, there are non-trivialdifferences between observers of a quantum field in different kinematic states.This is because the field quantisation procedure is different for different observ-ers. Specifically, a completely new phenomenology appears when acceleratedobservers observe the inertial vacuum state of the field.In this section we show this phenomenon in a spacetime as simple as the flatspacetime but for two different class of observers of a quantum field, inertial andconstantly accelerated.
2.3.1 Accelerated observers: Rindler coordinates
To describe the point of view of an accelerated observer we introduce the so-called Rindler coordinates (τ, ξ) [50], which are the proper coordinates of anaccelerated observer moving with a fixed acceleration a. The correspondencebetween the Minkowskian coordinates (t, x) and the accelerated frame ones (τ, ξ)is ct = ξ sinh(aτc ) , x = ξ cosh(aτc ) , (2.3.1)Doctoral Thesis 29 Eduardo Martín Martínez
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where, we have made c explicit5.
II I
c
F
P
Figure 2.1: Flat spacetime. Trajectories of an inertial (Alice) and accelerated (Rob) observer
Directly from (2.3.1) we see that for constant ξ these coordinates describehyperbolic trajectories in the spacetime whose asymptote is the light cone (asthe observer accelerates his velocity tends to the speed of light, (i.e ct Ï x). Thismeans that a constantly accelerated observer follows trajectories such that ξ =const. in the Rindler frame. However the observer for which these coordinatesare his proper coordinates follows a particular trajectory: To find its specificRindler position we will use that all the Rindler observers are instantaneouslyat rest at time t = 0 in the inertial frame, and at this time a Rindler observerwith proper acceleration a and, therefore, proper coordinates (ξ, τ) will be atMinkowskian position x = c2/a. On the other hand, in this point t = 0Ñ ξ = xinstantaneously so, consequently, the constant Rindler position for this trajectoryis ξ = c2/a.
5Note that we are not using the conformal Rindler coordinates t = c a−1eaξ/c2 sinh (aτc ) andx = c2a−1eaξ/c2 cosh (aτc ) (quite common in the literature) but the proper coordinates of anaccelerated observer of acceleration a such that the proper lengths and times measured in theseunits corresponds directly with physical distances and time intervals.
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One can see that for accelerated observers an acceleration horizon appears:Any accelerated observer would be restricted to either region I or II of thespacetime. We will see in chapter 7 that this horizon is locally very similar to anevent horizon. The appearance of acceleration horizons is responsible for theUnruh effect [30], as we will see in chapter 2.4.A quick inspection reveals that the Rindler coodinates defined in (2.3.1) do notcover the whole Minkowski spacetime. Actually, these coordinates only coverthe right wedge of the spacetime (Region I in Figure 2.1). This is so becausean eternally accelerated observer is always restricted to either region I or IIdepending if he is accelerating or decelerating with respect to the Minkowskianorigin.In fact to map the complete Minkowski spacetime we need three more setsof Rindler coordinates,
ct = −ξ sinh(aτc ) , x = −ξ cosh(aτc ) , (2.3.2)for region II, corresponding to an observer decelerating with respect to theMinkowskian origin, and
ct = ±ξ cosh(aτc ) , x = ±ξ sinh(aτc ) (2.3.3)for regions F and P.Notice that for both relevant regions (I and II), the coordinates (ξ, τ) takevalues in the whole domain (−∞,+∞). Therefore, they admit completely inde-pendent canonical field quantisation procedures.
2.3.2 Field quantisation inMinkowski and Rindler coordinates
For simplicity, imagine first an inertial observer (Alice) in a flat spacetime whoseproper coordinates are the Minkowskian coordinates (x, t). She wants to build aquantum field theory for a free massless scalar field.As explained in section 2.1, to build her Fock space she needs to find anorthonormal basis of solutions of the free massless Klein-Gordon equation inMinkowski coordinates. Of course, she can always use the positive energy planewave solutions of the Klein-Gordon equation in her proper coordinates to builda complete set of solutions of this equation.In this fashion the states |1ωˆ〉M = a†ˆω,M |0〉M are free massless scalar fieldmodes, in other words, solutions of positive frequency ωˆ (with respect to the
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Minkowski timelike Killing vector ∂t) of the free Klein-Gordon equation:
|1ωˆ〉M ≡ uMˆω ∝ 1√2ωˆe−iωˆtˆ, (2.3.4)where only the time dependence has been made explicit. The label M just meansthat these states are expressed in the Minkowskian Fock space basis.The field expanded in these modes takes the usual form (2.1.3)
φ =∑i
(aωˆi,MuMˆωi + a†ˆωi,MuM∗ωˆi ) , (2.3.5)
where we have eliminated redundant notation and M denotes that uMˆωi and aωˆi,Mare Minkowskian modes and operators.An accelerated observer can also define his vacuum and excited states of thefield. Actually, there are two natural vacuum states associated with the positivefrequency modes in regions I and II of Rindler spacetime. These are |0〉I and |0〉II,and subsequently we can define the field excitations using Rindler coordinates(ξ, τ) as
|1ω〉I = a†ω,I |0〉I ≡ uIω ∝ 1√2ωe−iωτ,|1ω〉II = a†ω,II |0〉II ≡ uIIω ∝ 1√2ωeiωτ. (2.3.6)These modes are related by a spacetime reflection and only have support inregions I and II of the Rindler spacetime respectively.We can now expand the field (2.3.5) in terms of this complete set of solutionsof the Klein-gordon equation in Rindler coordinates
φ =∑i
(aωi,IuIωi + a†ωi,IuI∗ωi + aωi,IIuIIωi + a†ωi,IIuII∗ωi ) . (2.3.7)
Expressions (2.3.5) and (2.3.7) are exactly equal and therefore Minkowskianmodes can be expressed as function of Rindler modes by means of the Klein-Gordon scalar product (2.1.4)
uMˆωj =∑i
[(uMˆωj , uIωi)uIωi − (uMˆωj , uII∗ωi )uII*ωi + (uMˆωj , uIIωi)uIIωi − (uMˆωj , uI∗ωi)uI*ωi] . (2.3.8)
Notice that we have taken into account the properties (2.1.5), and one has to bevery careful with the signs given that (u∗i , u∗j ) = −δij .If we now define Bogoliubov coefficients as
αΣij = (uMˆωi , uΣωj) , βΣij = −(uMˆωi , uΣ∗ωj ) , (2.3.9)
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where Σ can take the values I and II, we have that
uMˆωj =∑i (αIjiuIωi + βIIjiuII*ωi + αIIjiuIIωi + βIjiuI*ωi) . (2.3.10)We would like to know how the creation and annihilation operators in the Min-kowski basis are related to operators in the Rindler bases. Since we know thataωi,M = (φ, uMωi ), if we write φ in Rindler basis (2.3.7) we can readily obtain
aωˆi,M =∑j
[(uIωj , uMˆωi )aωj ,I + (uI∗ωj , uMˆωi )a†ωj ,I + (uIIωj , uMˆωi )aωj ,II + (uII∗ωj , uMˆωi )a†ωj ,II) .(2.3.11)Using the properties of the KG product
(u1, u2) = (u2, u1)∗ (u∗1, u∗2) = −(u2, u1) (2.3.12)
we can write (2.3.11) in terms of the Bogoliubov coefficients (2.3.9) as
aωˆi,M =∑j
(αI∗ij aωj ,I − βI∗ij a†ωj ,I + αII∗ij aωj ,II − βII∗ij a†ωj ,II) . (2.3.13)
A completely analogous reasoning can be followed for the case of a Diracfield, with some differences that will be deeply analysed in chapter 8 of thisthesis. Where we will also go through the computation of the coefficients (2.3.9).For now and for the sake of this introduction let us say that the vacuumstate in the Minkowskian basis can be expressed as a two mode squeezed statein the Rindler basis [10, 21, 28]. Namely, for the scalar case considered in thisintroduction |0〉M = 1cosh r ∞∑n=0 tanhn rb,ω |n〉I |n〉II . (2.3.14)where6 rb,ω = atanh [exp(−picωa )] . (2.3.15)
2.4 The Unruh effect
In the 70s Fulling, Davies and Unruh realised that the impossibility to map thewhole Minkowski spacetime with only one set of Rindler coordinates has strongimplications when accelerated and inertial observers describe states of a quantum
6The label b stands for ‘bosonic’, this parameter has a different definition for fermionic andbosonic fields as we will see in section 2.6
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field. Namely, the description of the vacuum state of the field in the inertial basisas seen by accelerated observers has a non-zero particle content.In very plain words, the Unruh effect is the fact that while inertial observers‘see’ the vacuum state of the field, an accelerated observer would ‘see’ a thermalbath whose temperature is proportional to his acceleration.Different approaches to this well-known effect can be found in multiple text-books (let us cite [21,48,49] as a token). However, in this section, we will providea not so common but rather simple derivation of the effect in a way that willbe useful in order to clearly present a feature of spacetime with horizons whichturns out to be relevant when it comes to study entanglement.Imagine that an inertial observer, Alice, is observing the vacuum state of ascalar field. Now imagine an accelerated observer, called Rob, who wants todescribe the same quantum field state by means of his proper Fock basis. Thefirst step we need to take is to change the vacuum state from the Fock basis buildfrom solutions to the Klein-Gordon equation in Minkowskian coordinates (2.3.4)to the Fock basis build from solutions of the KG equations in Rindler coordinates(2.3.6). This gives us equation (2.3.14) which we presented in the section above.The state (2.3.14) is a pure state. However, the accelerated observer is re-stricted to either region I or II of the spacetime due to the appearance of anacceleration horizon (as shown in Figure 2.1), and, since both regions are caus-ally disconnected, Rob has no access to the modes which have support in theopposite wedge of the spacetime. This is a key point to analyse informationmatters.This means that the quantum state accessible for Rob is no longer pure,ρR = TrII (|0〉〈0|) =∑k 〈k|II |0〉M 〈0|M |k〉II . (2.4.1)Substituting |0〉 by its Rindler basis expression (2.3.14) we have that
ρR = 1cosh2 rb,ω ∑k
∑
n,m tanhm+n rb,ω 〈k|II |n〉I |n〉II 〈m|I 〈m|II |k〉II , (2.4.2)which leads to ρR = 1cosh2 rb,ω ∑n tanh2n r |n〉I 〈n|I , (2.4.3)which is a thermal state.Indeed, if we compute the particle counting statistics that the accelerated ob-server would see we obtain〈Nω,R〉 = TrI (ρR a†ω,Iaω,I) = 1e2pic/ωa − 1 , (2.4.4)Doctoral Thesis 34 Eduardo Martín Martínez
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which is a Bose-Einstein distribution with temperature
TU = ~a2piKB , (2.4.5)which is nothing but the Unruh temperature.Rob observes a thermal state7 because he cannot see modes with support inregion II due to the presence of an acceleration horizon. This is a very importantpoint that will play a fundamental role in some of the results presented in thisthesis.As we will see in chapters 7 and 11 this effect is closely related with theHawking effect and the Hawking radiation emitted in a stellar collapse process.
2.5 Bogoliubov transformations in non-stationaryscenarios
We have mentioned in previous sections the difficulty of carrying out the fieldquantisation when the spacetime is not stationary. However, there are somevery interesting scenarios in which the spacetime is not stationary but possesstationary asymptotic regions. This is the case of some models of expansion ofthe Universe [51] or the stellar collapse and formation of black holes [21]. Aspart of the thesis deals with quantum information problems in such scenarios,an introduction to field quantisation in this context is in order.Consider a spacetime which has asymptotic stationary regions in the past andin the future. We will call them ‘in’ and ‘out’ respectively.The existence of these regions can be used to give a particle interpretation tothe solutions of the field equations. Namely, we can build two different completesets of solutions of the Klein-Gordon equation, the first one {uinˆωj}made of modesthat have positive frequency ωˆj with respect to the inertial time in the asymptoticpast. The second set {uoutωj } would consist of modes that have positive frequencyωj with respect to the inertial time in the future.In this fashion we can now expand the quantum field in terms of either thefirst or the second complete set of modesφ =∑i
(aωˆi,inuinˆωi + a†ˆωi,inuin∗ωˆi ) =∑i
(aωi,outuoutωi + a†ωi,outuout∗ωi ) . (2.5.1)
7Note that thermal noise is only observed in the 1+1 dimensional case. In higher dimensionRob would observe a noisy distribution, very similar to a thermal one, but with different prefactors[28]. This is called the Rindler noise.
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Moreover, since both set of modes are complete, one can also expand one setof modes in terms of the other by means of the Klein-Gordon scalar product
uinˆωj =∑i
[(uinˆωj , uoutωi )uoutωi − (uinˆωj , uout∗ωj )uout∗ωj ] , (2.5.2)
uoutωj =∑i
[(uoutωj , uinˆωi)uinˆωi − (uoutωj , uin∗ωˆi )uin∗ωˆi ] . (2.5.3)
Let us define Bogoliubov coefficients as
αij = (uoutωi , uinˆωj ), βij = −(uoutωi , uin∗ωˆj ), (2.5.4)then, using the properties (2.3.12) we can rewrite (2.5.2) as
uinˆωi =∑j
[α∗jiuoutωj − βjiuout∗ωj ] , (2.5.5)
uoutωj =∑i [αjiuinˆωi + βjiuin∗ωˆi ] . (2.5.6)
Now, we can expand the particle operators associated with one basis in termsof operators of the other basis. To do this we use the fact that aωˆi,in = (φ, uinˆωj )and aωi,out = (φ, uoutωj ), after some trivial computations and use of the propertiesof the scalar product we obtain
aωˆi,in =∑j
(αjiaωj ,out + β∗jia†ωj ,out) , (2.5.7)
aωi,out =∑j
(α∗ijaωˆj ,in − β∗ija†ˆωj ,out) . (2.5.8)
Now let us consider the vacuum state in the asymptotic past region |0〉in, whichfulfils aωˆi,in |0〉in for all ωˆi. One could ask how that state evolves subject exclusivelyto the gravitational interaction, in other words, we want to know the form of thestate |0〉in in the basis of solutions of the KG equation in the asymptotic future.To do this we will take advantage of the fact that aωˆi,in |0〉in = 0, if we substituteaωˆi,in in terms of out operators using equation (2.5.7) we obtain that∑
j
(αjiaωj ,out + β∗jia†ωj ,out) |0〉in = 0. (2.5.9)
We can assume a general form for the state |0〉in in terms of the out Fockbasis as a sum of its n-particle amplitudes
|0〉in = C |0〉out +Cj1 |Ψ〉j1 +Cj1,j2 |Ψ〉j1,j2 + · · ·+Cj1,...,jn |Ψ〉j1,...,jn + . . . (2.5.10)
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where each component has the form
Cj1,...,jn |Ψn〉j1,...,jn = ∑j1,...,jnCj1,...,jna†ωj1 ,out . . . a†ωjn ,out |0〉out . (2.5.11)
Substituting the ansatz (2.5.10) in (2.5.9) we obtain an infinite set of conditionsfor the coefficients Cj1,...,jn . First of all, for Cj we see that the zero particle com-ponent of equation (2.5.9) can only be obtained from the annihilator acting onthe 1-particle component of (2.5.10) state this gives the condition∑
j αjiCj = 0Ñ Cj = 0. (2.5.12)
Now, the n-particle component (n > 0) of equation (2.5.9) is obtained by theannihilator acting on the n + 1 particle component of (2.5.10) and the creatoracting on the n − 1 particle component of (2.5.10), therefore we know that thecoefficients Cj1,...,jn+1 can be written as functions of the coefficients Cj1,...,jn−1 allow-ing us to find a recurrence rule to write all the coefficients as funcions of C (thevacuum coefficient).This, together with (2.5.12), means that the ‘in’ vacuum evolves to a state in theasymptotic future that does not have components of an odd number of particlesand that the coefficients of even components in (2.5.10) are related pairwise.To find the form of this coefficients we take advantage of the invertibility ofthe Bogoliubov coefficient matrix αij and therefore given arbitrary Cj and Dj thefollowing identity holds∑
j
(αjiCj + β∗jiDj) = 0Ñ Ck = −∑ij β∗jiα−1ik Dj . (2.5.13)
After some basic but lengthy algebra we obtain that the vacuum state in theasymptotic past is expressed in the basis of modes in the asymptotic future as
|0〉in = C exp
−12∑ijk β∗ikα−1kj a†ωi,outa†ωj ,out
 |0〉out . (2.5.14)
C is obtained imposing the normalisation of the state.This proves that if βij is different from zero one would observe particle pro-duction as a consequence of time evolution under the interaction with the grav-itational field.
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2.6 The problem of field excitations8 9
Most of the work regarding field entanglement in non-inertial frames beforethis thesis has made use of what was called the “single mode approximation”[3, 38] in order to build the excited states of the field and transform them to theRindler basis. As part of the results presented in this thesis we will see that suchapproximation was flawed and cannot be used as it was first presented. However,this does not mean that the previous works are wrong and not useful, but thatthey need reinterpretation.It is obvious from (2.3.10) that a single frequency Minkowski mode does notcorrespond to a monochromatic mode when it is transformed into the Rindlerbasis. In other words, a monochromatic field excitation in the Minkowskian basistransforms to a non-monochromatic field excitation from the perspective of anaccelerated observer.However, until 2010, all the previous studies analysing entanglement in ageneral relativisitc context employed the so-called single mode approximation.This approximation, which was introduced in [3, 38], has been extensively usedin the literature not only in discussions concerning entanglement but also inother relativistic quantum information scenarios, for example, among many oth-ers [10, 11, 52–60].Such approximation invokes that a single Minkowski mode transforms toa peaked distribution of Rindler modes and, therefore, one can approximate asingle Minkowski mode by means of a single Rindler mode; but this assumptionis wrong. As we have mentioned above, the distribution of Rindler modes thatcorresponds to a single frequency Minkowski mode is not peaked, but highlynon-monochromatic.But there are specific bases which have the property of having diagonalBogoliubov coefficient matrices. We will see that if we work in one of thesebases we obtain results that are are computationally equivalent to those madeunder the single mode approximation. Now we proceed to build such a basis.There exist an infinite number of orthonormal bases that define the samevacuum state, namely the Minkowski vacuum |0〉M, which can be used to expandthe solutions of the Klein-Gordon equation.More explicitly, since the modes uMˆωi have positive frequency, any complete
8E. Martín-Martínez, L.J. Garay, J. León. Phys. Rev. D 82, 064006 (2010)9D. Bruschi, J. Louko, E. Martín-Martínez, A. Dragan, I. Fuentes, Phys. Rev. A 82, 042332 (2010)
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set made out of independent linear combinations of these modes only (withoutincluding the negative frequency ones uM∗ωˆi ) will define the same vacuum |0〉M.Specifically, as described in e.g. Refs. [28, 30, 49] and explicitly constructed inchapter 8, there exists an orthonormal basis {ψMωj , ψ′Mωj } determined by certainlinear combinations of monochromatic positive frequency modes uMˆωi :
ψUωj =∑i Cij uMˆωi , ψ′Uωj =
∑
i C′ij uMˆωi (2.6.1)such that the Bogoliubov coefficients that relate this basis {ψUωj , ψ′Uωj } and the Rind-ler basis {uIωi , uIIωi} have the following form:
αˆIij = (ψUωj , uIωi) = cosh rb,ωi δij ,αˆIIij = (ψUωj , uIIωi) = 0,βˆIij = −(ψUωj , uI∗ωi) = 0,βˆIIij = −(ψUωj , uII∗ωi ) = sinh rb,ωi δij , (2.6.2)
and analogously for αˆ′I,IIij and βˆ′I,IIij interchanging the labels I and II in the formulasabove. In this expressions
tanh rb,ωi = exp(−picωi/a), (2.6.3)
and the label s in rb,ωi has been introduced to indicate that we are dealing with ascalar field.In this fashion a mode ψUωj (or a mode ψ′Uωj ) expands only in terms of modeof frequency ωj in Rindler regions I and II and for this reason we have labeledψUωj and ψ′Uωj with the frequency ωj of the corresponding Rindler modes. In otherwords, we can express a given monochromatic Rindler mode of frequency ωjas a linear superposition of the single Minkowski modes ψUωj and ψ′U∗ωj or as apolychromatic combination of the positive frequency Minkowski modes uMˆωi andtheir conjugates. These modes (2.6.1) are nothing but a specific choice of theso-called Unruh modes [21, 48, 49]. We will study this in detail in section 8.1.Let us denote aωj ,U and a†ωj ,U the annihilation and creation operators associ-ated with modes ψUωj (analogously we denote a′ωj ,U and a′†ωj ,U the ones associatedwith modes ψ′Uωi ). The Minkowski vacuum |0〉M, which is annihilated by all theMinkowskian operators aωˆi,M, is also annihilated by all the operators aωj ,U anda′ωj ,U, as we already mentioned. This comes out because any combination ofMinkowski annihilation operators annihilates the Minkowskian vacuum.
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Due to the Bogoliubov relationships (2.6.2) being diagonal, each annihilationoperator aωi can be expressed as a combination of Rindler particle operators ofonly one Rindler frequency ωi:
aωi,U = cosh rb,ωi aωi,I − sinh rb,ωi a†ωi,II, (2.6.4)and analogously for a′ωi interchanging the labels I and II.An analogous procedure can be carried out for fermionic fields (e.g. Diracfields). We can use linear combinations of monochromatic solutions of the Diracequation ψUωi,σ and ψ¯Uωi,σ (and their primed versions) built in the same fashion asfor scalar fields:
ψUωj ,σ =∑i Dij u+ˆωi,σ,M, ψ¯Uωj ,σ =
∑
i Eij u−ˆωi,σ,M,ψ′Uωj ,σ =∑i D′ij u+ˆωi,σ,M, ψ¯′Uωj ,σ =
∑
i E′ij u−ˆωi,σ,M, (2.6.5)where u+ˆωi,σ,M and u−ˆωi,σ,M are respectively monochromatic solutions of positive(particle) and negative (antiparticle) frequency ±ωˆi of the massless Dirac equationwith respect to the Minkowski Killing time. The label σ accounts for the possiblespin degree of freedom of the fermionic field10.The coefficients of these combinations are such that for the modes ψωi,σ andψ¯ωi,σ the annihilation operators are related with the Rindler ones by means ofthe following Bogoliubov transformations:
cωi,σ,U = cos rf,ωi cωi,σ,I − sin rf,ωi d†ωi,−σ,II,d†ωi,σ,U = cos rf,ωi d†ωi,σ,II + sin rf,ωi cωi,−σ,I, (2.6.6)and analogously for c′ωi,U and d′†ωi,U interchanging the labels I and II, where 11tan rf,ωi = exp(−picωi/a). (2.6.7)
Here cωi,σ , dωi,σ represent the annihilation operators of modes ψUωi,σ and ψ¯Mωi,σ forparticles and antiparticles respectively. The label d in rf,ωi has been introduced toindicate Dirac field. The specific form for ψUωi,σ and ψ¯Uωi,σ as a linear combinationof monochromatic solutions of the Dirac equation is given later in section 8.4, and
10Throughout this work we will consider that the spin of each mode is in the accelerationdirection and, hence, spin will not undergo Thomas precession due to instant Wigner rotations[11, 61].11Although convenient, the notation for the parameters rf,ωi and rb,ωi can sometimes be excess-ive in the long and complex expressions that will appear throughout this thesis. Consequently, wewill drop the labels b,f or ωi to ease notation whenever there can be no ambiguity or confusion.
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can be also seen, for instance, in [61, 62] among many other references. Noticeagain that, although we are denotating aωi,U, cωi,σ,U, dωi,σ,U the operators associatedwith Minkowskian Unruh modes, those modes are not monochromatic, but alinear combination of monochromatic modes given by (2.6.1) and (2.6.5).To discuss fundamental issues and not an specific experiment, there is noreason to adhere to a specific basis. Specifically, if we work in the bases (2.6.1)and (2.6.5) for Minkowskian modes we do not need to carry out the single modeapproximation.We will work in this basis in part I of this thesis. This will be useful to extendand compare some of the results obtained here with previous works that madeuse of the single mode approximation. In part II we will discuss the problems ofthe single mode approximations and how to relax it, presenting the most generalway to work with Unruh modes and the new and interesting results that appearwhen we go beyond a specific choice of Unruh modes.
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Part I
Entanglement, Statistics and theUnruh-Hawking Effect
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Previous results on field entanglement, dimension and statistics
Discussion: Previous results on field entanglement,dimension and statistics
From the pioneering works that started the analysis of field entanglement be-haviour in non-inertial frames it has been shown [10, 11] that the Unruh effectdegrades the entanglement between accelerated partners, affecting all the quan-tum information tasks that they could perform.Fundamental differences were found in these first works between field entan-glement of a scalar field [10] and a spinless fermionic field (Grassmann scalar)[11]. Specifically, it was discovered that, as an observer of an entangled state of thefield accelerates, entanglement is completely degraded for the scalar case and,conversely, some degree of entanglement survives (even in the limit of infiniteacceleration) for the spinless fermionic field12.Let us highlight the main result in [11]. This work presented two observers(Alice and Rob), one of them inertial and the other one undergoing a constantacceleration a. Alice and Rob are the observers of a bipartite quantum state ofa spinless fermion field which is maximally entangled for the inertial observer,namely a state of the form 1√2 (|0A0R〉+ |1A1R〉) . (2.6.8)As Rob accelerates the Unruh effect will introduce degradation in the state as seenby Rob, impeding all the quantum information tasks between both observers.If we quantify this entanglement by means of negativity N (see section 1.1)following that work13 one obtains that the dependence of the negativity with theacceleration gets the simple expression
N = 12 cos2 rf,i, (2.6.9)where tan rf,i = exp(−picωi/a). (2.6.10)Here ωi is the frequency of the mode considered. Notice that in the limit aÏ∞(which means infinite Unruh temperature),N Ï 14 , implying that some fermionicentanglement survives the infinite acceleration limit. This was a very unexpected
12In literature prior to this thesis only Grassmann scalar fields were considered, this is to say,formal spinless Dirac fields, see Appendix A13In [11] the authors use logarithmic negativity (See [63]) instead of negativity. Both entangle-ment measures are equally valid and are, in fact, very simply related: LN = log2(2N + 1).
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fact, above all taking into account that for the same scenario but considering abosonic field entanglement is rapidly lost as the accelerated observer increaseshis acceleration, so that in the limit in which the accelerated observer wouldobserve an infinite Unruh temperature thermal bath14 all entanglement vanishes[10].These previous studies stated that this different behaviour was caused for thedifference in the Hilbert space dimension for the different fields. Every differentfrequency mode for a bosonic field can be excited to an unbounded numberof levels, in other words, the dimension of the Fock space for each mode isnot bounded. The Fock basis in the fermionic field is, however, limited due toPauli exclusion principle. For instance, for a spinless fermion field (as the onesconsidered in these previous works), every frequency is either in the vacuumstate or in the excited state, double excitations are forbidden. For a spin 1/2we can have for each frequency one particle or two particles with opposite spinprojection quantum numbers, so occupation number is bounded by 2.As one can intuitively associate the Unruh effect with the observation ofthermal noise, it was argued in works prior to this thesis that bosonic fieldshave a broader margin for the Unruh noise to stochastically excite more levelsand degrade entanglement (similar to a decoherence process) while the smallerdimension of the fermionic fields protected them from these random excitations.In this first part of the thesis we will study the relationship between fieldstatistics and entanglement behaviour. We will gain knowledge about the strongrelationship between statistics and entanglement degradation step by step. Firstwe will study for the first time spin 1/2 fermionic fields. This will allow us tostudy new kinds of entangled states. We will see that the Dirac field entanglementbehaves in exactly the same entanglement degradation that the Grassmann scalarcase analysed in previous literature [11].Then, by means of a multimode analysis we will prove this behaviour of fer-mionic fields is universal. Namely, it is independent of i) the spin of the fermionicfield, ii) the kind of maximally entangled state from which we start, and iii) thedimension of the Fock space of the field for every mode.We will discover more fundamental differences between fermions and bosonsand we will disprove both ways of the statement: fermionic survival is not de-pendent on dimension and bosonic entanglement disappearance happens evenin bosonic settings with a finite dimensional Fock space.
14When observing the inertial vacuum state of the field, see section 2.4.
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These results together banish the sensible, yet incorrect, argument that linkedFock space dimension with entanglement behaviour in non-inertial frames.The final chapter of this part I of the thesis will deal with a related but verydifferent topic. The only known work [64] previous to this thesis that studies en-tanglement degradation in the background of a Schwarzschild black hole did notanalyse the dependence with the distance to the black hole horizon. Instead theentanglement degradation for observers placed in the asymptotically flat regionof spacetime was dealt with.A more interesting scenario would be to consider observers very close to theevent horizon where the gravitational field is strong and the loss of informationdue to the presence of the horizon is much more intense, so that we can analyseentanglement and correlations as a function of the distance to the horizon.At the end of this part I, we will rigorously show that tools coming from theconstantly accelerated case can be used to study a setting where correlated pairsare shared by observers free-falling into a Schwarzschild black hole and observ-ers resisting the gravitational pull at a finite distance from the event horizon.
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Chapter 3
Spin 1/2 fields and fermionicentanglement in non-inertialframes1
Previous work [11] on Unruh effect for Dirac field mode entanglement does notconsider the spin of the parties. This work considered an effective ‘Grassmannfield’ where only two occupation numbers n = (0, 1) are allowed for each mode.Higher values of n are forbidden by Pauli exclusion principle. However, address-ing the effect of Unruh decoherence on spin entanglement can only be done byincorporating the spin of the parties in the framework from the very beginning.As a consequence, occupation number n = 2 is also allowed. This fact will af-fect occupation number entanglement which has to be reconsidered in this newsetting. For this purpose, we will study here the case of two parties (Alice andRob) sharing a general superposition of Dirac vacuum and all the possible oneparticle spin states for both Alice and Rob. Alice is in an inertial frame whileRob undergoes a constant acceleration a.We will show that Rob –when he is accelerated respect to an inertial observerof the Dirac vacuum– would observe a thermal distribution of fermionic spin 1/2particles due to Unruh effect [30]. Next, we will consider that Alice and Rob sharespin Bell states in a Minkowski frame. Then, the case in which Alice and Robshare a superposition of the Dirac vacuum and a specific one particle state in amaximally entangled combination. In both cases we analyse the entanglementand mutual information in terms of Rob’s acceleration a.Finally, we will study the case when the information about spin is erased from
1J. León, E. Martín-Martínez. Phys. Rev. A, 80, 012314 (2009).
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our setting. For this we implement a method to consistently erase such inform-ation, keeping only the occupation number information. Here, entanglement ismore degraded than in [11] as we are erasing part of the correlations from oursystem.We show that, even in the limit of a Ï ∞, some degree of entanglement ispreserved due to Pauli exclusion principle. Then we analyse Unruh effect on acompletely different class of maximally entangled states (like |00〉+ |ss′〉 where sand s′ are z component of spin labels) comparing it with the spin Bell states. Insection 3.4 we show that the erasure of spin information, in order to investigateoccupation number entanglement alone, requires considering total spin states forthe bipartite system.
3.1 The setting
We consider a free massless Dirac field in a Minkowski frame expanded in termsof the positive (particle) and the negative (antiparticle) energy solutions of Diracequation in Minkowskian coordinates, denoted u+ˆω,s,M and u−ˆω,s,M respectively:
φ =∑s
∫ d3k (cωˆ,s,Mu+ˆω,s,M + d†ˆω,s,Mu−ˆω,s,M). (3.1.1)
Here, the subscript ωˆ denotes Minkowskian frequency and labels the modes ofthe same energy and s = {↑, ↓} is the spin label that indicates spin-up or spin-downalong the quantisation axis. cωˆ,s,M and dωˆ,s,M are respectively the annihilationoperators for particles and antiparticles, and satisfy the usual anticommutationrelations.For each mode of frequency ωˆ and spin s the positive and negative energymodes have the form
u±ˆω,s,M = 1√2piωˆv±s (k)e±i(k·x−ωˆt), (3.1.2)where v±s (ωˆ) is a spinor satisfying the usual normalisation relations.The modes are classified as particle or antiparticle respect to ∂t (MinkowskiKilling vector directed to the future). The Minkowski vacuum state is defined bythe tensor product of each frequency mode vacuum
|0〉M =⊗ωˆ |0ωˆ〉+M |0ωˆ〉−M (3.1.3)such that it is annihilated by cωˆ,s,M and dωˆ,s,M for all values of s.
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We will consider the spin structure for each mode, and hence, the maximumoccupation number is two. This introduces the following notation
c†ˆω,s,Mc†ˆω,s′,M |0〉 = |ss′ˆω〉M δs,−s′. (3.1.4)
If s = s′ the two particles state is not allowed due to Pauli exclusion principle, soour allowed Minkowski states for each mode of particle/antiparticle are
{|0ωˆ〉M±, |↑ωˆ〉M±, |↓ωˆ〉M±, |pωˆ〉M±}, (3.1.5)
where |pωˆ〉+M = c†ˆω,↑,Mc†ˆω,↓,M |0〉I denotes the spin pair of frequency ωˆ.To build Rob’s field excitations we will work in the basis (2.6.5) of solutionsof the Dirac equation in Minkowski coordinates, whose particularities were ex-plained in section 2.6 and such that they correspond to a monochromatic modewhen transformed into the Rindler basis. The reason of this is double, on theone hand as we are looking for fundamental behaviour and not the results ofa specific experiment there is no reason to adhere to a specific basis, and onthe other hand, it is in this basis when we recover the so-called single modeapproximation, allowing us to compare our results with previous literature.Particles and antiparticles will be classified with respect to the future-directedtimelike Killing vector in each region. In region I the future-directed Killingvector is ∂Iτ = ∂t∂τ ∂t + ∂x∂τ ∂x = a(x∂t + t∂x), (3.1.6)whereas in region II the future-directed Killing vector is ∂IIτ = −∂Iτ .Let us denote (cω,s,I, c†ω,s,I) the particle annihilation and creation operators inregion I and (dω,s,I, d†ω,s,I) the corresponding antiparticle operators. Analogouslywe define (cω,s,II, c†ω,s,II, dω,s,II, d†ω,s,II) the particle/antiparticle operators in region II.These operators satisfy the usual anticommutation relations {cω,s,Σ, c†ω′,s′,Σ′} =δΣΣ′δωω′δss′ where the label Σ denotes the Rindler region of the operator Σ ={I, II}. All other anticommutators are zero. That includes the anticommutatorsbetween operators in different regions of the Rindler spacetime.We can relate Minkowskian Unruh modes ΨUω,s and Rindler creation and anni-hilation operators by taking appropriate inner products [11,28,49,61] as explainedin section 2.6. We recall the Bogoliubov coefficients expression (2.6.6)
cωi,σ,U = cos rd,i cωi,σ,I − sin rd,i d†ωi,−σ,II,d†ωi,σ,U = cos rd,i d†ωi,σ,II + sin rd,i cωi,−σ,I, (3.1.7)
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and analogously for c′ωi and d′†ωi interchanging the labels I and II, wheretan rd,i = exp(−picωi/a). (3.1.8)
Notice from Bogoliubov transformations (2.6.6) that the Unruh mode particleannihilator cωi,σ,U transforms into a Rindler particle annihilator of frequency ωiand spin s in region I and an antiparticle creator of frequency ωi and spin −σ inregion II.
3.1.1 Unruh effect for fermion fields of spin 1/2
Now that we have the relationships between the creation and annihilation op-erators in the Minkowski and Rindler bases, we can obtain the expression ofthe Minkowski vacuum state for each mode |0ωˆ〉M in the Rindler Fock basis. Fornotation simplicity, we will drop the ωˆ and ω label in operators/states when it doesnot give any relevant information, but we will continue writing the spin label.Let us introduce some notation for our states. We will denote with a subscriptoutside the kets if the mode state is referred to region I or II of the Rindlerspacetime. The ± label of particle/antiparticle will be omitted throughout thechapter because, for the cases considered, a ket referred to Minkowski spacetimeor Rindler’s region I will always denote particle states and a ket referred to regionII will always denote antiparticle states.Note that here, and in the whole part I of this thesis we will only make use ofthe ‘unprimed’ particle sector of the Hilbert space in the Minkowskian basis (seesection 2.6), this means that Minkowski excitations will always be particles andRindler excitations will be always particles in the Region I basis and antiparticlesin the Region II basis (due to the time reversal anti-symmetry of both regions).From now on and for all this part we drop the label ± notating particles and anti-particles in the kets. The complete analysis of the antiparticle sector behaviouris dealt with in section 8.4.Inside the ket we will write the spin state of the modes as follows|s〉I = c†s,I |0〉I , |s〉II = d†s,II |0〉II , (3.1.9)which will denote a particle state in region I and an antiparticle state in region IIrespectively, both with spin s.We will use the following definitions for the kets associated to particle pairs|p〉I = c†↑Ic†↓I |0〉I = −c†↓Ic†↑I |0〉I ,|p〉II = d†↑IId†↓II |0〉II = −d†↓IId†↑II |0〉II , (3.1.10)
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and, being consistent with the anticommutation relations for different Rindlerwedges, |s〉I |s′〉II = c†s,Id†s′,II |0〉I |0〉II = −d†s′,IIc†s,I |0〉I |0〉II ,d†s′,II |s〉I |0〉II = − |s〉I |s′〉II . (3.1.11)The Bogoliubov transformation (2.6.6) is a fermionic two-modes squeezingtransformation for each ωi, indeed( cωi,s,Ud†ωi,s,U
) = S( cωi,s,Id†ωi,−s,II
)S†, (3.1.12)
where S = exp [r (c†ωi,s,I dωi,−s,II + cωi,s,I d†ωi,−s,II)] . (3.1.13)Note that, for notational convenience given the length and complexity of theexpressions, we will drop the labels ωi and d from r when the distinction betweendifferent frequencies and fermions and bosons is not required to be explicitlyshown.Now, given (3.1.12) and analogously to [10,11], it is reasonable to postulate thatfor every ωi the Minkowski vacuum is a Rindler two-mode particles/antiparticlessqueezed state with opposite spin and momentum states in I and II.Considering that the modes have spin, occupation number is allowed to be 2for each frequency, being higher occupation numbers forbidden by Pauli exclu-sion principle. We need to compute the coefficients of the squeezed state2
|0〉 = V |0〉I |0〉II + A |↑〉I |↓〉II + B |↓〉I |↑〉II +C |p〉I |p〉II . (3.1.14)
To obtain the values of the coefficients V,A,B,C we demand that the Min-kowski vacuum is annihilated by the particle annihilator, cωˆ,s,M |0〉 = 0 for allfrequencies. As Unruh modes are purely positive frequency combination ofMinkowskian modes, this is equivalent to demand that the vacuum is annihilatedby all the particle annihilators of Unruh modes (2.6.1): cω,s,U |0〉 = 0. Translatingthis into the Rindler basis we have[cos r cs,I − sin r d†−s,II] [V |0〉I |0〉II + A |↑〉I |↓〉II + B |↓〉I |↑〉II +C |p〉I |p〉II] = 0.(3.1.15)
2One must be careful with the tensor product structure of the fermionic vacuum. Herewe present only the ‘unprimed sector’ of the vacuum state. While this is simpler and perfectlyvalid for the particular choice of inertial Unruh modes presented here, the whole vacuum mustbe considered in more general scenarios when we consider modes that combine ‘primed’ and‘unprimed’ Unruh modes. This fact and its consequences are thoroughly analysed in section 8.4.
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This equation gives 4 conditions (two for each value of s), although only 3 ofthem are independent:A cos r − V sin r = 0C cos r − B sin r = 0B cos r − V sin r = 0C cos r − A sin r = 0
Ñ
A = B = V tan rC = V tan2 r . (3.1.16)
To fix V we impose the normalisation relation for each field mode 〈0 |0〉 = 1 Ñ|V |2 = 1− |A|2 − |B|2 − |C|2, this yields the values of the vacuum coefficients:V = cos2 r,A = sin r cos r,B = sin r cos r,C = sin2 r.
(3.1.17)
So, finally, the Minkowski vacuum state in the Rindler basis reads as follows
|0〉 = cos2 r |0〉I |0〉II + sin r cos r (|↑〉I |↓〉II + |↓〉I |↑〉II) + sin2 r |p〉I |p〉II , (3.1.18)where, to simplify notation, we drop the label M for the Minkowski vacuumwhich is annihilated by both Unruh and monochromatic Minkowskian modesparticle and antiparticle annihilators.Now we have to know how the excited states (of spin s) look like in the Rind-ler basis. This can be readily obtained by applying the Unruh particle creationoperator to the vacuum state |s〉U = c†s,U |0〉, and translating it into the Rindlerbasis:
|s〉U = [cos rc†s,I − sin rd−s,II] [cos2 r |0〉I |0〉II + sin r cos r (|↑〉I |↓〉II + |↓〉I |↑〉II)+ sin2 r |p〉I |p〉II] , (3.1.19)which gives
|↑〉U = cos r |↑〉I |0〉II + eiφ sin r |p〉I |↑〉II ,|↓〉U = cos r |↓〉I |0〉II − eiφ sin r |p〉I |↓〉II . (3.1.20)
Now, since Rob is experiencing a uniform acceleration, he will not be ableto access to field modes in the causally disconnected region II, hence, Rob musttrace over that unobservable region. Specifically, when Rob is in region I ofRindler spacetime and Alice observes the vacuum state, Rob can only observe anon-pure partial state given by ρR = TrII (|0〉 〈0|), which yieldsρR = cos4 r |0〉I〈0|+ sin2 r cos2 r (|↑〉I〈↑|+ |↓〉I〈↓|) + sin4 r |p〉I〈p| . (3.1.21)
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Thus, while Alice would observe the vacuum state of mode k, Rob would observea certain statistical distribution of particles. The expected value of Rob’s numberoperator on the Minkowski vacuum state is given by
〈NR〉 = 〈0 |NR| 0〉 = TrI,II (NR |0〉〈0|) = TrI (NRρR) = TrI [(c†↑Ic↑I + c†↓Ic↓I) ρR] .(3.1.22)Substituting the expression (3.1.21) we obtain
〈NR〉 = 2 sin2 r, (3.1.23)
which, using (3.1.8), reads
〈N〉 = 2 1e2piωc/a + 1 = 2 1e}ω/KBT + 1 , (3.1.24)where kB is the Boltzmann’s constant and
T = }a2pikBc, (3.1.25)is the Unruh temperature.Equation (3.1.24) is an alternative derivation of the well known Unruh effect [26,30] for a fermionic field. We have shown that an uniformly accelerated observerin region I detects a thermal Fermi-Dirac distribution when he observes theMinkowski vacuum. The factor 2 appears due to the degeneracy factor 2S + 1.
3.2 Spin entanglement with an accelerated partner
In previous works [10,11] it was studied how Unruh decoherence affects occupa-tion number entanglement in bipartite states of the type3
|Ψ〉 = 1√2(|0〉 |0〉+ |1〉U |1〉U) (3.2.1)of a Grassmann scalar field, barring any reference to the spin of the field modes.The figures inside the kets represent occupation number of Alice and Rob modesrespectively.Here, where we have included the spin structure of each mode in our settingfrom the very beginning, it is possible to study the effects of acceleration in spin
3Since Alice is an inertial observer, it is not relevant if Alice’s excitations are monochromaticor ‘unprimed’ Unruh modes. In either case all the results are exactly the same. To keep thenotation as simple as possible we will label Alice’s mode with the label ‘U’ used for Unruh modesin this Part I of the thesis. See chapter 8 for further details.
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entanglement degradation, which is different from the mere occupation numberentanglement.Specifically, with this setting we are able to study how acceleration affectsthe entanglement of spin Bell states when Alice and Rob share a maximally en-tangled spin state and Rob accelerates. In the Minkowski basis, these 4 maximallyentangled states take the form
|ψ〉± = 1√2 [|↑A〉U |↓R〉U ± |↓A〉U , |↑R〉U] |φ〉± = 1√2 [|↑A〉U |↑R〉U ± |↓A〉U , |↓R〉U] .(3.2.2)First of all, we build a general bipartite state that could be somehow analogousto state (3.2.1) studied in [11]. This state will be a superposition of the vacuumand all the possible 1-particle bipartite states for Alice and Rob.
|Ψ〉 = µ |0〉 |0〉+ α |↑〉U |↑〉U + β |↑〉U |↓〉U + γ |↓〉U |↑〉U + δ |↓〉U |↓〉U , (3.2.3)
with µ =√1− |α|2 − |β|2 − |γ|2 − |δ|2.This state generalises the Bell spin states (for instance, we have |φ+〉 choosingα = δ = 1/√2) or a occupation number entangled state (for instance choosing α =µ = 1/√2). We will be able to deal with two different and interesting problems:1. Studying the Unruh effect on spin entangled states and 2. Investigating theimpact of considering the spin structure of the fermion on the occupation numberentanglement and its Unruh entanglement degradation.The density matrix in the Minkowskian Unruh basis for the state (3.2.3) is
ρM = µ2 |00〉〈00|+ µα∗ |00〉〈↑↑|+ µβ∗ |00〉〈↑↓|+ µγ∗ |00〉〈↓↑|+ µδ∗ |00〉〈↓↓|+ |α|2 |↑↑〉〈↑↑|+ αβ∗ |↑↑〉〈↑↓|+ αγ∗ |↑↑〉〈↓↑|+ αδ∗ |↑↑〉〈↓↓|+ |β|2 |↑↓〉〈↑↓|+ βγ∗ |↑↓〉〈↓↑|+βδ∗ |↑↓〉〈↓↓|+|γ|2 |↓↑〉〈↓↑|+γδ∗ |↓↑〉〈↓↓|+|δ|2 |↓↓〉〈↓↓|+(H.c.)non-diag.,(3.2.4)
where (H.c.)non-diag. means non-diagonal Hermitian conjugate, and represents theHermitian conjugate only for the non-diagonal elements.Again, as Rob can only carry out measurements in his accessible Fock basis(made of only region I modes) we need to compute each term of (3.2.4) in theRindler basis and trace over the unobserved region II.Computing the density matrix, taking into account that Rob is constrained toregion I of Rindler spacetime, requires to rewrite Rob’s mode in the Rindler basisand to trace over the unobservable Rindler’s region II. It is useful to compute
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first the trace over II on all the operators that compose (3.2.4). Using equation(3.1.18) we have|00〉〈00|= |0A〉 [cos2 r |0〉I |0〉II+sin r cos r (|↑〉I |↓〉II+|↓〉I |↑〉II)+sin2 r |p〉I |p〉II]⊗H.c.,(3.2.5)where the label A indicates Alice’s subsystem. Tracing over II:TrII |00〉〈00| = cos4 r |00〉〈00|+sin2 r cos2 r (|0 ↑〉〈0 ↑|+ |0 ↓〉〈0 ↓|)+sin4 r |0p〉〈0p| ,(3.2.6)where notation is different in each side of the equality: bras and kets in l.h.s. arein the Minkowskian basis |ss′〉 = |sU〉 |s′U〉 and in the r.h.s. they are referred toAlice’s mode in the Minkowskian basis and Rob’s mode in the Rindler’s region IFock basis |ss′〉 = |sU〉 |s′R〉I.In the same way, using expressions (3.1.18), (3.1.20) we have|00〉〈ss′| = |0A〉 [cos2 r |0〉I |0〉II + sin r cos r (|↑〉I |↓〉II + |↓〉I |↑〉II) + sin2 r |p〉I |p〉II]〈sA| (cos r 〈s′|I 〈0|II + ε sin r 〈p|I 〈s′|II) , (3.2.7)where ε = 1 if s =↑ and ε = −1 if s =↓. Now, tracing over IITrII |00〉〈ss′| = cos3 r |00〉〈ss′|+ sin2 r cos r (δs′↑ |0 ↓〉〈sp| − δs′↓ |0 ↑〉〈sp|) , (3.2.8)with the same notation used in (3.2.6).Similarly, using expression (3.1.20) we get|s1s2〉〈s3s4| = |s1A〉 [cos r |s2〉I |0〉II + ε2e−iφ sin r |p〉I |s2〉II] 〈s3A| [cos r 〈s4|I〈0|II+ε4 sin r 〈p|I〈s4|II] , (3.2.9)and tracing over II givesTrII |s1s2〉〈s3s4| = cos2 r |s1s2〉〈s3s4|+ δs2s4 sin2 r |s1p〉〈s3p| . (3.2.10)Again, notation here is the same than in (3.2.6).Using (3.2.6), (3.2.8), (3.2.10) we can easily compute the density matrix for Aliceand Rob from (3.2.4) since ρAR = TrII ρM , resulting in the long expressionρAR=µ2[cos4 r |00〉〈00|+sin2 r cos2 r (|0↑〉〈0↑|+|0↓〉〈0↓|)+sin4 r |0p〉〈0p|]+µ cos3r× [α∗ |00〉〈↑↑|+β∗ |00〉〈↑↓|+γ∗ |00〉〈↓↑|+δ∗ |00〉〈↓↓| ]+µ sin2 r cos r[α∗ |0 ↓〉〈↑ p|
− β∗|0↑〉〈↑p|+γ∗|0↓〉〈↓p|−δ∗|0↑〉〈↓p| ]+cos2 r[|α|2 |↑↑〉〈↑↑|+αβ∗ |↑↑〉〈↑↓|+αγ∗× |↑↑〉〈↓↑|+αδ∗ |↑↑〉〈↓↓|+|β|2 |↑↓〉〈↑↓|+βγ∗ |↑↓〉〈↓↑|+βδ∗ |↑↓〉〈↓↓|+|γ|2 |↓↑〉〈↓↑|+ γδ∗ |↓↑〉〈↓↓|+ |δ|2 |↓↓〉〈↓↓| ]+ sin2 r[ (|α|2 + |β|2) |↑ p〉〈↑ p|+ (|γ|2 + |δ|2)
× |↓ p〉〈↓ p|+ (αγ∗ + βδ∗) |↑ p〉〈↓ p| ]+ (H.c.)non-diag.. (3.2.11)
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Here the notation is the same than in the r.h.s. of (3.2.6). We see that the state,which in the Minkowski basis is pure, becomes mixed when the observer Robis accelerated due to the causal disconnection of the accelerated observer withpart of the spacetime.Equation (3.2.11) will be our starting point, from which we will study differententanglement settings and how Unruh effect affects them.We will now compute how acceleration affects the entanglement of spin Bellstates (3.2.2) when Alice and Rob share a maximally entangled spin state andRob accelerates. A specific choice of coefficients in (3.2.3) gives us these states,namely
|φ±〉 Ñ α = ±δ = 1√2 , (3.2.12)|ψ±〉 Ñ β = ±γ = 1√2 , (3.2.13)and all the other coefficients equal to zero. For such states in the Minkowskibasis, the density matrix of Alice and Rob when he undergoes an acceleration ais obtained from (3.2.11):
ρφ±AR= 12[ cos2 r( |↑↑〉〈↑↑|±|↑↑〉〈↓↓|±|↓↓〉〈↑↑|+|↓↓〉〈↓↓|)+sin2 r(|↑p〉〈↑p|+|↓p〉〈↓p|)],(3.2.14)ρψ±AR= 12[ cos2 r( |↑↓〉〈↑↓|±|↑↓〉〈↓↑|±|↓↑〉〈↑↓|+|↓↑〉〈↓↑|)+sin2 r(|↑p〉〈↑p|+|↓p〉〈↓p|)].(3.2.15)Notice that, in this case, Rob has a qutrit, since for his mode he could havethree different possible orthogonal states: particle spin-up, particle spin-down andparticle pair. This is an important difference with the spinless case: the Hilbertspace dimension of the accelerated observer increases when he is accelerating,what was a qubit in the Minkowskian basis is now a qutrit in the Rindler basisfor Rob.To characterise its entanglement we will use the negativity (1.1.9). To computeit we need the partial transpose density matrices (defined in (1.1.7)) of the states(3.2.14) and (3.2.15)
ρφ±pTAR = 12[ cos2 r( |↑↑〉〈↑↑|±|↑↓〉〈↓↑|±|↓↑〉〈↑↓|+|↓↓〉〈↓↓|)+sin2 r(|↑p〉〈↑p|+|↓p〉〈↓p|)],(3.2.16)ρψ±pTAR = 12[ cos2 r( |↑↓〉〈↑↓|±|↑↑〉〈↓↓|±|↓↓〉〈↑↑|+|↓↑〉〈↓↑|)+sin2 r(|↑p〉〈↑p|+|↓p〉〈↓p|)].(3.2.17)
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We can write ρφ±pTAR matricially in the basis {|↑↑〉 , |↑↓〉 , |↓↑〉 , |↓↓〉 , |↑ p〉 , |↓ p〉} andρψ±pTAR in the basis {|↑↓〉 , |↑↑〉 , |↓↓〉 , |↓↑〉 , |↑ p〉 , |↓ p〉}. Both have the same expres-sion
12

cos2 r 0 0 0 0 00 0 ± cos2 r 0 0 00 ± cos2 r 0 0 0 00 0 0 cos2 r 0 00 0 0 0 sin2 r 00 0 0 0 0 sin2 r

. (3.2.18)
Therefore the four Bell states will have the same eigenvalues. The only negativeeigenvalue is
λ− = −12 cos2 r. (3.2.19)
Since r = arctan (e−pi ωca ) a Ï 0 Ñ r Ï 0 and a Ï ∞ Ñ r Ï pi/4 so that λ6 isnegative for all values of the acceleration. This implies, using Peres criterion [45],that the spin Bell states will be always entangled even in the limit of infiniteacceleration.We can readily evaluate the entanglement at the limits a Ï 0 and a Ï ∞ ifwe compute the negativity for these states, which have the trivial form
N(r) = 12 cos2 r. (3.2.20)
In the limit a Ï 0 we obtain N = 12 which is an expected result since a Ï 0 isthe inertial limit.However, in the limit a Ï ∞ we obtain N = 14 , which implies that spinentanglement degrades due to the Unruh effect up to a certain limit.In [11] it is discussed (for occupation number entangled states of a spinlessfermion field) that Pauli exclusion principle protects the occupation number en-tanglement from degrading, and some degree of entanglement is preserved evenat the limit a Ï ∞. The striking result is that here we have obtained a math-ematically identical result for the spin Bell states. We will discuss later how thisresult, along with many others presented in this thesis, will disprove the statementthat the finite dimension of the Fock space is responsible for this entanglementsurvival in the aÏ∞ limit.
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3.3 Vacuum and 1-particle entangled superpositions
Next, we will study the case in which Alice and Rob share a different class ofmaximally entangled state, we consider that in the Minkowski Unruh basis wehave |Ψ〉 = 1√2 (|0A〉 |0R〉+ |↑A〉U |↓R〉U) , (3.3.1)which is a maximally entangled state that includes occupation number entangle-ment along with spin. We study this kind of states as a first analog to the stateconsidered in previous literature (3.2.1). This state corresponds to the choice
β = µ = 1√2 , (3.3.2)α = γ = δ = 0 (3.3.3)
in equation (3.2.11). The density matrix of such a state is
ρ = 12[ cos4 r |00〉〈00|+ sin2 r cos2 r (|0↑〉〈0↑|+ |0↓〉〈0↓|) + sin4 r |0p〉〈0p|+ cos3 r (|00〉〈↑↓|+ |↑↓〉〈00|)− sin2 r cos r (|0↑〉〈↑p|+ |↑p〉〈0↑|) + cos2 r |↑↓〉〈↑↓|+ sin2 r |↑p〉〈↑p| ]. (3.3.4)
Notice the significant difference from the Bell spin states; considering that Robaccelerates means that, this time, Alice has a qubit and Rob has a four dimensionalquantum system. Since in Rindler coordinates the state (3.3.4) is qualitativelyvery different from the Minkowski Bell states (3.2.14), (3.2.15), it is thereforeworthwhile to study its entanglement degradation as Rob accelerates.The partial transpose of (3.3.4) is
ρpT = 12[ cos4 r |00〉〈00|+ sin2 r cos2 r (|0 ↑〉〈0 ↑|+ |0 ↓〉〈0 ↓|) + sin4 r |0p〉〈0p|+ cos3 r (|0↓〉〈↑0|+ |↑0〉〈0↓|)− sin2 r cos r (|0p〉〈↑↑|+ |↑↑〉〈0p|)+cos2 r |↑↓〉〈↑↓|+ sin2 r |↑p〉〈↑p| ], (3.3.5)
which is a 8 × 8 block-diagonal matrix. It has two non-positive eigenvalues
λ1 = 14 (sin2 r cos2 r −√sin4 r cos4 r + 4 cos6 r)λ2 = 14 (sin4 r −√sin8 r + 4 sin4 r cos2 r) . (3.3.6)As we can see, λ2 is non-positive and λ1 is negative for all values of a, thereforethe state will always preserve some degree of distillable entanglement. If we
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calculate the negativity we will obtain
N(r) = 12 cos2 r, (3.3.7)
which means that for this case, distillable entanglement behaves exactly as in theprevious case. In other words, no matter if the entangled state is a spin Bell stateor a superposition like (3.3.1), entanglement degrades the same. To conclude thissection we stress that the same results will be obtained if the state |↑A〉U |↓A〉U in(3.3.1) is replaced by any other 1 particle bipartite spin state |ss′〉U.
3.4 Non-inertial occupation number entanglementfor spin 1/2 fermions
The previous work [11] on occupation number entanglement between acceleratedpartners ignored the spin structure of the Dirac field modes. It is not possible tostraightforwardly translate a state like (3.2.3) into mere occupation number states.This comes about because for a state like (3.2.3) the bipartite vacuum componentdoes not have individual spin degrees of freedom as the other components do.In other words, by including the vacuum state in the superposition (3.2.3), theHilbert space ceases to be factorable in terms of individual spin times particleoccupation number subspaces.On the other hand, the bipartite vacuum is a well defined total spin singlet.Hence, the Hilbert space is factorable with respect to the total spin of the systemA-R and the occupation number subspaces. Accordingly, to reduce the spin in-formation in the general density matrix (3.2.11) we will be forced to consider afactorisation of the Hilbert space as the product of the total spin and occupationnumber subspaces.Taking this tensor product structure into account we can now formally con-sider that we are not able to access to the information of the total spin of thesystem A− R and then, we should trace over total spin degree of freedom.The equivalence between the standard basis (occupation number-individual
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spin) and the new basis (occupation number-total spin) is4|00〉 = |00〉 |S〉 |0p〉 = |02〉 |S〉 ,|0 ↑〉 = |01〉 |D+〉 |0, ↓〉 = |01〉 |D−〉 ,|↑ 0〉 = |10〉 |D+〉 |↓ 0〉 = |10〉 |D−〉 ,|↑ p〉 = |12〉 |D+〉 |↓ p〉 = |12〉 |D−〉 ,|↑↑〉 = |11〉 |T+〉 |↓↓〉 = |11〉 |T−〉 ,
(3.4.1)
|↑↓〉 = 1√2 |11〉 [|T0〉+ |S〉] ,|↓↑〉 = 1√2 |11〉 [|T0〉 − |S〉] , (3.4.2)where we are using the basis |nA nR〉 |J, Jz〉 and the triplets, doublets and thesinglet are denoted as |T+〉 = |J = 1, Jz = 1〉 ,|T−〉 = |J = 1, Jz = −1〉 ,|T0〉 = |J = 1, Jz = 0〉 ,|D+〉 = |J = 1/2, Jz = 1/2〉 ,|D−〉 = |J = 1/2, Jz = −1/2〉 ,|S〉 = |J = 0, Jz = 0〉 . (3.4.3)Rewriting the general state (3.2.3) in this basis we obtain
|Ψ〉 = µ |00〉 |S〉+ α |11〉 |T+〉+ β + γ√2 |11〉 |T0〉+ β − γ√2 |11〉 |S〉+ δ |11〉 |T−〉 (3.4.4)Considering the acceleration of Rob, the general state (3.2.11) in terms of thisnew basis after reducing the information on the total spin by tracing over thisdegree of freedom is ρnAR =∑J,Jz 〈J, Jz| ρAR |J, Jz〉 . (3.4.5)Which results in a state in the occupation number basis whose entanglementdegradation incorporates the effect of the spin structure. This can be studied andcompared with the results in reference [11] in which spin existence is ignored.ρnAR = µ2[ cos4 r |00〉〈00|+ 2 sin2 r cos2 r |01〉〈01|+ sin4 r |02〉〈02| ]+ µ cos3 r
× (β∗ − γ∗√2 |00〉〈11|+β − γ√2 |11〉〈00|
)+(1− µ2)[ cos2 r |11〉〈11|+sin2 r |12〉〈12| ].(3.4.6)
4The pair state in the same mode can only be a singlet of total spin due to anticommutationrelations of fermionic fields.
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We can readily compute the partial transpose
(ρnAR)pT = µ2[ cos4 r |00〉〈00|+ 2 sin2 r cos2 r |01〉〈01|+ sin4 r |02〉〈02| ]+ µ cos3 r
× (β∗ − γ∗√2 |01〉〈10|+ β − γ√2 |10〉〈01|
)+(1− µ2)[ cos2 r |11〉〈11|+sin2 r |12〉〈12| ],(3.4.7)
which only has a negative egigenvalue. The negativity is, in this case,
N = cos2 r ∣∣∣∣∣µ2 sin2 r − µ
√µ2 sin4 r + cos2 r |β − γ|22
∣∣∣∣∣ , (3.4.8)
which depends on the proportion of singlet |β − γ|/√2 of the |11〉 component inthe state (3.2.3). When there is no singlet component (β = γ) the negativity iszero. Indeed in the limit aÏ 0 (Minkowskian limit)
N0 = 1√2 |µ| |β − γ| , (3.4.9)which shows that the maximally entangled Minkowski occupation number state(Negativity = 1/2) arises tracing over total spin when the starting state is
|Ψ〉 = 1√2 |00〉 ± 12[ |↑↓〉 − |↓↑〉 ], (3.4.10)or, in the occupation number-total spin basis
|Ψ〉 = 1√2[ |00〉 |S〉 ± |11〉 |S〉 ]. (3.4.11)This means that, for occupation number entanglement, the only way to have anentangled state of the bipartite vacuum |00〉 and the one particle state |11〉 of aDirac field is through the singlet component of total spin for the |11〉 component.On the contrary, the state
|Ψ〉 = 1√2[ |00〉 |S〉 ± |11〉 |T0,±〉 ] (3.4.12)will become separable after tracing over total spin due to the orthonormality ofthe basis (3.4.1), (3.4.2).We have established that the Minkowski maximally entangled state for occu-pation number arises after tracing over total spin in a state as (3.4.10). Now we
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will compute the limit of the negativity when the acceleration goes to∞ in orderto see its Unruh decoherence and to compare it with the results for occupationnumber entanglement from [11].Taking aÏ∞Ñ r Ï pi/4 in (3.4.8)
N∞ = 14
∣∣∣∣µ2 −√µ4 + µ2|β − γ|2∣∣∣∣ . (3.4.13)
Therefore, for the maximally Minkowski entangled state we have µ = 1/√2,|β − γ| = 1 and the negativity in the limit is
N∞ = √3− 18 . (3.4.14)
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Figure 3.1: (Blue solid) Negativity in the occupation number degree of freedom as a function ofthe acceleration of Rob when A and R share an occupation number maximally entangled state(3.4.10) in the Minkowski basis after tracing over total spin. (Red dashed) Negativity a as a functionof the acceleration of Rob when A and R share spin Bell states and the state 1√2 (|00〉+ |ss′〉) (bothcases coincide).
This result shows that when we reduce the total spin information, looking atthe occupation number entanglement alone, we see that it is more degraded by
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the Unruh effect than when we considered spin Bell states in the previous section.More importantly, the occupation number entanglement is more degraded thanin [11], where the spin structure of the modes was considered nonexistent. Thishappens because we are removing part of the correlations when we erase totalspin information. The negativity dependence on the acceleration is shown in Fig.3.1 compared with the negativity for the maximally entangled states (3.2.2) and(3.3.1).
3.5 Discussion
It is known [10,11] that Unruh decoherence degrades entanglement of occupationnumber states of fields. Here we have shown a richer casuistic that appears whenwe take into account that each Dirac mode has spin structure. This fact enablesus to study interesting effects (such as entanglement degradation for spin Bellstates) and develop new procedures to erase spin information from the systemin order to study occupation number entanglement.Along this chapter we have analysed how amaximally entangled spin Bell statelosses entanglement when one of the partners accelerates. We have seen that,while in the Minkowski basis Alice and Rob have qubits, when Rob acceleratesthe system becomes a non-pure state of a qubit for Alice and a qutrit for Rob. Inthis case spin entanglement for a Dirac field is degraded when Rob accelerates.However some degree of entanglement survives even at the limit aÏ∞.A first difference with previous literature where spin was not taken into ac-count is that in this case the dimension of the Hilbert space changes when weconsider the state in Rob’s Fock basis. A first analog to the well studied state(1/√2)(|00〉 + |11〉) but including spin, (1/√2)(|00〉 + |↑↓〉), has been studied. Thisstate, becomes 2×4 dimensional when Rob accelerates. On the other hand, SpinBell states becomes a 2 × 3 dimension system. Nevertheless, we have demon-strated distillable entanglement degrades exactly in the same way as for spin Bellstates and for other maximally entangled superposition. This fact will be deeplyanalysed in following chapters.The Fock space for every mode of a Dirac field has higher dimension thanfor the spinless fermionic field as the one analysed in [11] (the basis for everymode changes from |0〉 , |1〉 to {|0〉 , |↑〉 , |↓〉 , |p〉). Indeed, we have seen how for aDirac field, the dimension of the Hilbert space is increased when Rob acceleratesdue to the excitation of spin pairs.
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However, we have seen that in spite of the evident differences between thespinless fermionic field analysed in the literature and the spin 1/2 field analysedhere, the entanglement degradation due to the Unruh effect is exactly the samein both cases. More striking: even spin Bell states (which had no analog ina Grassmann scalar field) have the same entanglement behaviour as the statesdescribed above. This starts to suggest some sort of universal behaviour presentin fermionic fields. This is a first argument against the idea that the Hilbert spacedimension is connected with the entanglement survival in the infinite accelerationlimit for fermions. We will explore this in the following chapters.We have also introduced a procedure to consistently erase spin informationfrom our setting preserving the occupation number information. We have doneit by tracing over total spin. The maximally entangled occupation number stateis obtained from the total spin singlet (3.4.10) after tracing over total spin. Finallywe have shown that its entanglement is more degraded than in [11] where thespin structure of Dirac modes was neglected.
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Chapter 4
Multimode analysis of fermionicnon-inertial entanglement1
We have seen in the previous chapter that fermionic maximally entangled statesseem to degrade the same no matter the kind of fermionic field considered (Diracor Grassmann) and the state analysed (Spin Bell or occupation number). Thisprompts suspicions about the relationship between dimension of the Hilbert spaceand the entanglement survival in the limit of infinite acceleration for fermions.In this chapter we will present a manifestly multimode formalism equivalentto that presented in the chapters before but that will reveal useful to study mul-timode entangled states. We will show that when we consider states that mixdifferent frequency modes a larger number of modes can become excited bythe Unruh effect even for fermion fields, and so, the argument about the Hil-bert space dimension playing a role in the degradation phenomenon looks leesplausible. Here a fundamental question arises; does fermionic statistics protectthe entanglement in these different frequencies entangled states? In this chapterwe shall show that such entanglement survival is fundamentally inherent in theFermi-Dirac statistics, and that it is independent of the number of modes con-sidered, of the maximally entangled state we start from, and even of the spin ofthe fermion field studied.We will begin revisiting the derivation of the entanglement for the statescomputed in chapter 3 and in [11] with this multimode formalism that will proveto be useful to handle multimode scenarios. After that we will study a state thathas no analog with any state studied before: an entangled state of two differentspins and frequencies. This state dwells in a Hilbert space of higher dimension
1E. Martín-Martínez, J. León, Phys. Rev. A, 80, 042318 (2009)
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than the previous ones and, in principle, there is no guarantee that entanglementis going to behave in the same way as the others.In section 4.1 we will revisit the field vacuum and one particle state in thebasis of an accelerated observer and for two different kinds of fermionic fields(a Dirac field and a Grassmann2 “spinless” fermion field) in the context of thisnew formalism. After that, we will analyse entanglement degradation for twodifferent kinds of maximally entangled states that were already analysed withthe single mode formalism: the case of vacuum entangled with one particle statestudied in chapter 3 and a maximally entangled state of a “spinless fermion” field(considered with a single mode formalism in [11]). Studying these known caseswhere we will learn about the multimode formalism, we analyse the case of amaximally entangled state of two different frequency modes. We will see thateven for the radically different final states obtained in each case, after non-trivialcomputations entanglement degradation ends up being the same for all of themand the dependence of entanglement on a turns out to be exactly the same as inthe other fermionic cases analysed.
4.1 Vacuum and 1-Particle states in the multimodescenario
In this section we shall build the vacuum state and the 1-particle excited state fortwo very different kinds of fermionic fields in the explicitly multimode formalism:First a Dirac field and then a spinless fermion field. Both kinds of fields wereanalysed before in a pure single mode scenario (the spinless case in [11] and theDirac field in chapter 3).To begin with, let us consider that a discrete number n of different modes ofa Dirac field ω1, . . . , ωn is relevant. We label with si the spin degree of freedomof each mode. We will rederive a expression for the Minkowski vacuum in away that takes explicitly into account all the relevant frequency modes that willbe useful for further considerations.As seen before, the Minkowski multimode vacuum should be expressed inthe Rindler basis as a squeezed state, which is an arbitrary superposition of spins
2See appendix A
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and frequencies as it is discussed in chapter 3
|0〉 = 2n∑m=0
∑
s1,...,smω1,...,ωm
Cms1,...,sm,ω1,...,ωmξω1,...,ωms1,...,sm |m˜〉I |m˜〉II , (4.1.1)
where, the notation is
|˜i〉I|˜i〉II = |s1,ω1; . . . ;si,ωi〉I |−s1, ω1; . . . ;−si, ωi〉II , (4.1.2)
with |ω1, s1; . . . ;ωm, sm〉I = c†I,ωm,sm . . . c†I,ω1,s1 |0〉I . (4.1.3)The label outside the kets notates Rindler spacetime region, and the symbol ξis 0 if {ωi, si} = {ωj , sj} for any i 6= j , and it is 1 otherwise, imposing Pauliexclusion principle constraints on the state (quantum numbers of fermions cannotcoincide).Due to the anticommutation relations of the fermionic operators, terms withdifferent orderings are not independent. So, without loss of generality, we couldchoose not to write all the possible orderings in (4.1.1), selecting one of theminstead. In this fashion we will write the elements (4.1.2) with the followingordering criterion:
ωi ≤ ωi+1,ωi = ωi+1 Ñ si =↑, si+1 =↓ . (4.1.4)
The coefficients Cm are constrained because the Minkowski vacuum should sat-isfy aω,s |0〉 = 0, ∀ω, s. As the elements (4.1.2) form an orthogonal set, this impliesthat all the terms proportional to different elements of the set should be zerosimultaneously, which gives the following conditions on the coefficients
• C1s,ω as a function of C0
C1↑,ω cos r −C0 sin r = 0, (4.1.5)C1↓,ω cos r −C0 sin r = 0. (4.1.6)
Since equations (4.1.5),(4.1.6) should be satisfied ∀ω, we obtain that C1↑,ω = C1↓,ω =const. because C0 does not depend on ω or s. We will denote C1s,ω ≡ C1.
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C1 sin r −C2ss′,ω1,ω2 cos r = 0, (4.1.7)C1 sin r −C2ss′,ω1,ω2 cos r = 0, (4.1.8)where we consider3 r1 ≈ r2 ≡ r. Since equations (4.1.7), (4.1.8) should be sat-isfied ∀ω0, we obtain that C2s1,s2,ω1,ω2 = C2 where C2 does not depend on spinsor frequencies since C1 does not depend on ω or s, the only dependence ofthe coefficients (4.1.1) with ωi and si is given by Pauli exclusion principle. Thisdependence comes through the symbol ξ .In fact it is very easy to show inductively that all the coefficients are inde-pendent of si and ωi –apart from the Pauli exclusion principle constraint–. Usingthe fact that C0 does not depend on si and ωi and noticing that by applying theannihilator on the vacuum state and equalling it to zero we will always obtain thelinear relationship between Cn and Cn−1 given below.
• Cm as a function of Cm−1
Cm−1 sin r −Cm cos r = 0, (4.1.9)Cm−1 sin r −Cm cos r = 0. (4.1.10)
We finally obtain that Cm is a constant which can be expressed as a function ofC0 as Cm = C0 tanm r, (4.1.11)where tan r = exp (−piωc/a). Cm is independent of si and ω. Therefore, we obtainthe vacuum state by substituting (4.1.11) in (4.1.1) and factoring the coefficientsout of the summation.
|0〉 = C0 2n∑m=0 tanm r
∑
s1,...,smω1,...,ωm
ξω1,...,ωms1,...,sm |m˜〉I |m˜〉II . (4.1.12)
The only parameter not yet fixed is C0. To derive C0 except for a global phase,we impose the normalisation of the vacuum state in the Rindler basis 〈0 |0〉 = 1,from (4.1.12), we see that this means that
C0 = [ n∑m=0 Υm tan2m r +
2n∑
m=n+1 Υ2n−m tan2m r
]−1/2 , (4.1.13)
3Our interest here is to show that the increase on the Hilbert space dimension does not playa role in entanglement behaviour. With this motivation, we consider that all the N frequencies{ωjR}Nj=1 are close enough to roughly approximate r1 ≈ r2 ≈ · · · rN ≡ r. This will show the resultwe want to prove more transparently.
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where Υm = ∑s1,...,smω1,...,ωmξ
ω1,...,ωms1,...,sm . (4.1.14)
Now, we are going to show that (4.1.14), has the form
Υm = bm2 c∑p=0
( n − pm − 2p
)(np
)2m−2p. (4.1.15)
To see how this expression comes from Pauli exclusion principle, we have to readp as an index that represents the number of possible spin pairs (ωi = ωi+1, si =↑, si+1 =↓) which can be formed, and goes from 0 to the integer part of m/2, andthen
• The combinatory number ( n−pm−2p) represents the possible number of com-binations of modes that can be formed taking into account that p differentfrequencies ωi are not available since they are already occupied by the ppairs. Hence, it is given by the combinations of the n−p available frequen-cies taken m − 2p at time, since m − 2p is the number of free momentum‘slots’ (the total number of different frequencies m minus the number ofpositions taken by pairs 2p).
• The combinatory factor (np) represents the different possible combinationsfor the configuration of the p pairs, which have n possible different fre-quencies to be combined among them without repetition and in a particularorder.
• The factor 2m−2p represents the possible combination for the spin degree offreedom of each mode. As a spin pair only admits one spin configuration,only the unpaired modes will give different spin contributions, so the factoris (2S + 1)m−2p giving the formula (4.1.14)
After some lengthy but elementary algebra we can see that
Υm = (2nm
), (4.1.16)
and using the property ( aa−b) = (ab), we can express (4.1.13) as
C0 = [ 2n∑m=0
(2nm
) tan2m r]−1/2 = cos2n r (4.1.17)
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and, therefore, rewrite the vacuum (4.1.1) as
|0〉 = cos2n r 2n∑m=0 tanm r
∑
s1,...,smω1,...,ωm
ξω1,...,ωms1,...,sm |m˜〉I |m˜〉II . (4.1.18)
Next, the 1-particle state can be worked out translating the Minkowski oneparticle Unruh state |ω, s〉 = a†ω,s |0〉 into the Rindler basis
|k, s〉U = 2n−1∑m=0 Am
∑
s1,...,smω1,...,ωm
ξω1,...,ωm,ωs1,...,sm,s |m˜;ω, s〉I |m˜〉II , (4.1.19)
where Am = (Cm cos r +Cm+1 sin r) (4.1.20)and the notation |m˜;ω, s〉I, consequently with (4.1.2), means the ordered versionof |s1,ω1; . . . ;sn,ωn;ω, s〉I.Another different kind of field that we are going to consider appears by neg-lecting spin while keeping the fermionic statistics (Grassmann scalar fields). Wewill analyse Unruh decoherence in this multimode formalism. The Minkowskimultimode vacuum state would be expressed as
|0〉 = n∑m=0
∑
ω1,...,ωm ξω1,...,ωmCˆmω1,...,ωm |m˜〉I |m˜〉II , (4.1.21)where, in this occasion |m˜〉I |m˜〉II = |ω1, . . . , ωm〉I |ω1, . . . , ωm〉II. Using the sameprocedures as for the spin 1/2 case (4.1.1) we can prove that all the coefficientsare independent of ωi and can be related to Cˆ0 as in (4.1.11), Cˆm = Cˆ0 tanm r. Wecan now fix Cˆ0 imposing the normalisation relation 〈0 |0〉 = 1 giving
Cˆ0 = [ n∑m=0χm tan2m r
]−1/2 . (4.1.22)
For the spinless fermion field we have
χm ≡ ∑ω1,...,ωm ξω1,...,ωm =
(nm
), (4.1.23)
corresponding to the possible combinations of m values of ωi imposing that ωi 6=ωj if j 6= i (which is the translation of Pauli exclusion principle to spinless modes).This expression can be readily obtained taking into account that the n possiblevalues of ωi should be combined without repetition in a particular ordering of
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the m modes, so the possible combinations are simply the combinatory number(nm).Therefore, (4.1.22) can be simplified to
Cˆ0 = [ n∑m=0
(nm
) tan2m r]−1/2 = cosn r. (4.1.24)
Finally, the Grassmann one particle state a†ω |0〉 is
|ω〉U = n−1∑m=0 Aˆm
∑
ω1,...,ωmξω1,...,ωm,k |m˜, k〉I |m˜〉II , (4.1.25)where Aˆm has the expression (4.1.20) but substituting Cm by Cˆm.
4.2 Entanglement degradation for a Dirac field
In the following we will analyse Unruh entanglement degradation in varioussettings corresponding to different maximally entangled states of fermion fields.First we consider a state that was already analysed in chapter 3 but computingentanglement with this new formalism. This will be useful as a pedagogical ex-ample of operation of this explicitly multimode formalism and to compare withthe results obtained when we go beyond the cases studied in previous chapters.Let us consider the state|Ψ〉 = 1√2( |0〉 |0〉+ |ωA, sA〉U |ωR, sR〉U ). (4.2.1)The density matrix for the accelerated observer Rob is obtained after expressingRob’s state in the Rindler basis –which means using (4.1.1) and (4.1.19) in Rob’spart of (4.2.1)– and then, tracing over Rindler’s region II since Rob is causallydisconnected from it and he is not to extract any information from beyond thehorizon. Following this procedure we obtain the density matrix
ρ = 12[ 2n∑m=0
(Dm0 ∑s1,...,smω1,...,ωmξ
ω1,...,ωms1,...,sm |0〉U |m˜〉I 〈0|U 〈m˜|I )
+ 2n−1∑m=0
(Dm1 ∑s1,...,smω1,...,ωmξ
ω1,...,ωm,ωRs1,...,sm,sR |0〉U |m˜〉I 〈ωA, sA|U 〈m˜;ωR, sR|I)
+ 2n−1∑m=0
(Dm2 ∑s1,...,smω1,...,ωmξ
ω1,...,ωm,ωRs1,...,sm,sR |ωA, sA〉U |m˜;ωR, sR〉I 〈ωA, sA|U 〈m˜;ωR, sR|I )]+ (H.c.)non-diag. ,
(4.2.2)
Doctoral Thesis 73 Eduardo Martín Martínez
CHAPTER 4. MULTIMODE ANALYSIS OF FERMIONIC NON-INERTIAL ENTANGLEMENT
where (H.c.)non-diag. means Hermitian conjugate of only the non-diagonal termsand Dmi = |C0|2 tan2m rcosi r (4.2.3)with i = 0, 1, 2. The derivation of (4.2.2) can be found in the appendix to thischapter (section 4.6).Notice that as Rob accelerates, the state becomes mixed, showing all the avail-able modes (ω1, . . . , ωn) excitations explicitly.As in the previous chapter we will compute the negativity as a function of aas a measure of the state entanglement.The partial transpose of (4.2.2) has a 2 × 2 and 1 × 1 blocks structure. Eacheigenvalue in the 1×1 blocks is non-negative (since Dmi ≥ 0), so we are interestedin the 2× 2 which are the ones that may have negative eigenvalues. These 2× 2blocks expressed in the basis{ |0〉A |m˜;ωR, sR〉I , |sA, ωA〉U |m˜〉I }2n−1m=0 (4.2.4)are of the form 12
( Dm+10 ±Dm1±Dm1 0
) . (4.2.5)
There is no matrix element proportional to Dm2 because it would correspond to|ωA, sA〉U |m˜;ωR, sR〉I 〈ωA, sA|U 〈m˜;ωR, sR|I which cannot have any element withinthis block as Pauli exclusion principle imposes ωR, sR 6∈ {ωi, si}i=1,...,m.Each 2×2 block of (4.2.5) appears a number of times Bm. Taking a look at thebasis in which those blocks are expressed (4.2.4), we can see that the expressionfor Bm is given by two terms:
• The number of possible combinations of m modes with n possible differ-ent frequencies ωi and two possible spins si according to Pauli exclusionprinciple as in (4.1.15).
• A negative contribution which comes from excluding those combinationsin which {ωR, sR} coincides with any {ωi, si}, which means excluding thenumber of combinations in (4.1.15) which have one of their values fixed to{ωi, si} = {ωR, sR}. This number is given by the combinatory number (2n−1m−1)provided that m > 0 and it is zero if m = 0.
To see where this negative contribution comes from let us assume that {ωi, si}is the mode which coincides with {ωR, sR} we will have 2n−1 possible choices for
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each {ωj 6=i, sj 6=i} (2 values for s and n for ω excepting ωi, si due to Pauli exclusionprinciple). This happens for all the combinations of all the possible values {ωj , sj}with j 6= i. Hence, as there aremmodes and one of them is fixed ωi = ωR, si = sR,we have to consider the combinations of 2n − 1 elements taken m − 1 at time.Ifm > n the situation is equivalent to havingm′ = 2n−m. Since having moremodes m than possible values of ωi we are forced to have n −m pairs and welose freedom to combine the available modes.Now if we compute
Bm = Υm − (2n − 1m − 1
) = (2nm
)− (2n − 1m − 1
), (4.2.6)
after some basic algebra we obtain
Bm = (2n − 1m
) (4.2.7)
Using (4.2.3), the negative eigenvalue of each block can be expressed
|λ−m| = 12 |C0|2 tan2m r, (4.2.8)where C0 is given by (4.1.17). Therefore, the negativity is expressed as the sum ofthe negative eigenvalue of each block |λ−m| multiplied by the number of times Bmthat that block appears in the partially transposed density matrix. The summationof the series is
N = 2n−1∑m=0 Bm|λ−m| = cos
4n r2 2n−1∑m=0
(2n − 1m
) tan2m r, (4.2.9)
but this result can be easily simplified to
N = 12 cos2 r, (4.2.10)which is independent of the number of modes that we have considered. Thisis the same result obtained in chapter 3. This expected result shows that thismultimode formalism is valid to analyse the entanglement degradation due toUnruh effect. This also emphasises a somewhat non trivial result: despite thefact that all the available modes are excited when Rob accelerates (4.2.2), thequantum correlations behave as if we were considering only one possible modefor the field. This is nothing but a consequence of the tensor product structureof the Hilbert space showed in the previous chapter.
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4.3 Entanglement degradation for a spinless fermionfield
We can also revisit the results on the literature [11] and consider a spinless fieldon which we have imposed the fermionic statistics. We will re-obtain with theexplicitly multimode formalism the entanglement degradation for the maximallyentangled state with vacuum and one particle components
|Ψ〉 = 1√2( |0〉U |0〉R + |ωA〉U |ωR〉R ). (4.3.1)As it is shown in appendix 4.6, this leads to the following density matrix for theaccelerated observer Rob after using expressions (4.1.21) and (4.1.25) and aftertracing over Rindler’s region II
ρ = 12[ n∑m=0Dˆm0
∑
ω1,...,ωmξω1,...,ωm |0〉U |m˜〉I 〈0|U 〈m˜|I
+ n−1∑m=0
(Dˆm1 ∑ω1,...,ωmξω1,...,ωm,ωR |0〉U |m˜〉I 〈ωA|U 〈m˜;ωR|I+ Dˆm2 ∑ω1,...,ωm ξω1,...,ωm,ωR |ωA〉U |m˜;ωR〉I 〈ωA|U 〈m˜;ωR|I
)]+ (H.c.)non-diag., (4.3.2)
where Dˆ,i is given by the expression (4.2.3) but substituting C0 by Cˆ0 (given inequation (4.1.24)).Analogously to (4.2.2), the partial transpose of (4.3.2) has a 2 × 2 and 1 × 1blocks structure. The 2× 2 blocks expressed in the basis{ |0〉U |m˜;ωR〉I , |ωA〉U |m˜〉I }n−1m=0 (4.3.3)would have the form 12
( Dˆm+10 ±Dˆm1±Dˆm1 0
) . (4.3.4)
The main difference with (4.2.5) is that Cˆ0 is given by (4.1.24) (instead of C0 givenby (4.1.17)). Here, Dˆm2 does not appear because Pauli exclusion principle imposesthat ωR 6∈ {ωi}i=1,...,m. Now, each 2× 2 block multiplicity is Wm.Wm can be easily obtained taking into account that the number of 2×2 blocks(4.3.3) is given by the number of mode combinations allowed by Pauli principle(4.1.23), subtracting the terms having ωi = ωR. The number of possible ωj values
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allowed for the rest m − 1 modes having fixed ωi = ωR is n − 1, so the numberof combinations we must subtract is the combinatory number (n−1m−1), obtaining
Wm = (nm
)− (n − 1m − 1
) = (n − 1m
). (4.3.5)
The negative eigenvalue of each block is given by the same expression (4.2.8)but C0 is now given by (4.1.24), which is to say
|λ−m| = 12 |Cˆ0|2 tan2n r = 12 cos2m tan2m r. (4.3.6)The negativity yields
N = n−1∑m=0Wm|λ−m| = 12 cos2n r
n−1∑
m=0
(n − 1m
) tan2m r. (4.3.7)
At this point, the reader might not be surprised by the resulting negativity afterstraightforward simplification
N = 12 cos2 r (4.3.8)which is the same result as in the cases (4.2.1) and (4.4.1). Again, entanglementdegradation due to Unruh effect is the same as considering one mode of a Diracfield.Although we have seen that the derivation here does not add anything newfrom the standard mode-by-mode expressions for the vacuum and one-particlestates, it will be useful to study entangled states of a discrete number of differentfrequency modes.
4.4 Entanglement degradation between different fre-quency modes
In this section we will go beyond the states analysed in previous sections ofthis thesis and the published literature. We will analyse a state that in theMinkowskian basis is a maximally entangled superposition of different (but veryclose) frequency modes with arbitrary spin components. In principle each modewould suffer its own decoherence induced by the Unruh noise and the naive ex-pectation would be that, even though the frequencies are close, the state presents
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a qualitative different entanglement behaviour than the other single-mode statesanalysed previously.If instead of (4.2.1) we start from a Bell momentum-spin state in theMinkowskianbasis |Ψ〉 = 1√2( ∣∣ω1A, s1A〉U ∣∣ω1R, s1R〉U + ∣∣ω2A, s2A〉U ∣∣ω2R, s2R〉U ). (4.4.1)As it can be seen in the appendix 4.6 the density matrix for Rob takes the form
ρ = 2n−1∑m=0 D
m22 ∑s1,...,smω1,...,ωm
(ξω1,...,ωm,ω1Rs1,...,sm,s1R ∣∣ω1A, s1A〉U∣∣m˜;ω1R, s1R〉I 〈ω1A, s1A∣∣U 〈m˜, ω1R, s1R∣∣I
+ ξω1,...,ωm,ω2Rs1,...,sm,s2R ∣∣ω2A, s2A〉U ∣∣m˜;ω2R, s2R〉 〈ω2A, s2A∣∣U 〈m˜;ω2R, s2R∣∣I+ ξω1,...,ωm,ω1R,ω2Rs1,...,sm,s1R,s2R ∣∣ω1A, s1A〉U ∣∣m˜;ω1R, s1R〉I 〈ω2A, s2A∣∣U 〈m˜;ω2R, s2R∣∣I )+ (H.c.)non-diag.. (4.4.2)Analogously to (4.2.2), the partial transpose of (4.4.2) has a 2× 2 and 1× 1 blocksstructure. Again, we are interested in the 2 × 2 blocks –the ones that may havenegative eigenvalues–. These blocks expressed in the basis{ ∣∣ω1A, s1A〉U ∣∣m˜;ω2R, s2R〉I , ∣∣s2A, ω2A〉U ∣∣m˜, ω1R, s1R〉I }2n−2m=0 (4.4.3)are of the form 12
( 0 ±Dm2±Dm2 0
) . (4.4.4)
Notice that there is no diagonal elements in the block because the terms thatwould go in the diagonal are forbidden by Pauli exclusion principle, which im-poses that ω1R, s1R;ω2R, s2R 6∈ {ωi, si}i=1,...,m. This time, each 2 × 2 block of the form(4.4.4) appears a number of times B′m. The derivation of B′m is quite straightfor-ward considering the derivation of Bm. Looking at the basis of the 2 × 2 blocks(4.4.3) we can see that this case would be exactly the same as the previous onebut now {ωi, si} cannot coincide neither with {ω1R, s1R} nor {ω2R, s2R}. Repeatingthe same reasoning as before we have to do three operations as follows
• Discounting the combinations which have a coincidence {ωi, si} = {ω1R, s1R}from the total number (4.1.15) and obtain the expression (4.2.6)
• Subtracting the combinations with coincidences {ωj , sj} = {ω2R, s2R}• Taking into account that we have subtracted twice the cases in which wehave double coincidences, we need to add the number of double coincid-ences once to compensate it.
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The number of cases with double coincidences (which require m > 1) is thecombinatory number (2n−2m−2), as we have 2n possible spins and frequencies minusthe two fixed possibilities ({ωi, si} = {ω1R, s1R} and {ωj , sj} = {ω2R, s2R}) and mmodes being 2 of them fixed. Taking this into account
B′m = Υm − (2n − 1m − 1
)− (2n − 1m − 1
)+ (2n − 2m − 2
). (4.4.5)
This expression can be simplified to
B′m = Bm − (2n − 2m − 1
) = (2n − 2m
). (4.4.6)
The negative eigenvalue of each block is
|λ−m| = Dm22 = cos4n−2 r2 tan2m r, (4.4.7)where C0 has been substituted by (4.1.17). Therefore, the negativity results
N = 2n−2∑m=0 B′m|λ−m| = cos
4n−2 r2 2n−2∑m=0
(2n − 2m
) tan2m r. (4.4.8)
This can be readily simplified to
N = 12 cos2 r. (4.4.9)Strikingly we run into the same simple result as above4 (4.2.10). Even startingfrom a spin Bell state, the entanglement is degraded by Unruh effect in the sameway as in the previous case.
4.5 Discussion
Let us summarise our results so far. We have studied entanglement degradationby Unruh effect due to Rob’s acceleration for three different Minkowskian max-imally entangled states: 1) Vacuum-vacuum plus one-particle-one-particle max-imally entangled state of a Dirac field, 2) Vacuum-vacuum plus one-particle-one-particle maximally entangled state of a spinless fermion field 3) Multimode Bellstate for a Dirac field. In spite of the essential differences among these states
4It can be proved that if we relax the approximation r1 ≈ r2 the negativity is the geometricmean of each mode negativity N = 12 cos r1 cos r2.
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and the very different dimension of the Hilbert space for the three cases, thenegativity degrades in exactly the same way for any acceleration. This resultmay look surprising but this is an outcome of fermionic statistics.In the bosonic case acceleration excites an infinite number of modes being theHilbert subspace that contains the state of higher dimension, and this completelydegrades the entanglement in the limit a Ï ∞. If the Hilbert space dimensionwere determinant for this phenomenon one could expect a similar behaviourhere when we increase the number of modes involved in a fermionic entangledstate, but our results show that when two different frequency modes are involved,entanglement behaves in the same way as for the single mode entangled state.This striking result can be traced back to the fanciful block structure of Robdensity matrix, which produces the same negativity even when the characteristicsof the entangled states (and even the field) change. The culprit of this structureis fermionic statistics, (as we have discussed after (4.2.5), (4.4.4), (4.3.4)) whichis responsible for the identical, and somewhat unforeseen, negativity behaviour.This is a global feature of maximally entangled states of fermion fields and not aconsequence of the specific cases chosen and the number of modes considered.So, N Ï 1/4 when aÏ∞, and this happens independently of the number ofmodes of the field that we are considering, of the starting maximally entangledstate, and even of the spin of the field which we study. What all the cases havein common is the fermionic statistics itself, so, widening the margin for Unruhdegradation for fermionic fields will not affect entanglement degradation.Notice that a very different scenario would come from a setting in whichwe erase partial information for the state as Rob accelerates (e.g. angular mo-mentum). In that case, it was shown in the previous chapter that entanglementdegradation is greater than in the cases where all the information is taken intoaccount, but this has more to do with this erasure of information than which thefermionic nature of the states.One question immediately arises from these results; are the remaining cor-relations purely statistical? As all the states undergo the same degradation, thequantum correlations which survive the infinite acceleration limit may only con-tain the information about the fermionic nature of the system and nothing else.We will understand better this question when we analyse fermionic entanglementbeyond the single mode approximation in chapter 9.
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4.6 Appendix to Chapter 4: Density matrix construc-tion
In this appendix we will derive expressions (4.2.2), (4.4.2), (4.3.2) for the densitymatrix of the system Alice-Rob.Using expression (4.1.12) we see that the Alice-Rob Minkowskian operatorP00 ≡ |0A0R〉〈0A0R| when Rob is accelerating translates into
P00 = 2n∑m=0
2n∑
l=0 Cm(Cl)∗
∑
s1,...,smω1,...,ωm
ξω1,...,ωms1,...,sm ∑s′1,...,s′lω1,...,ω′l
ξω′1,...,ω′ls′1,...,s′l |0〉U |m˜〉I |m˜〉II 〈˜l|II〈˜l|I 〈0|U , (4.6.1)
where
〈˜l|I = 〈ω′1, s′1; . . . ;ω′l, s′l|I = 〈0|I cI,ω′1,s′1 . . . cI,ω′m,s′m〈˜l|II = 〈ω′1,−s′1; . . . ;ω′l,−s′l|I = 〈0|II cII,ω′1,−s′1 . . . cII,ω′m,−s′m . (4.6.2)
Using expression (4.1.19) we can compute Pij11 ≡ |ωiA, siA;ωiR, siR〉U〈ωjA, sjA;ωjR, sjR|Uin the Rindler basis for Rob
Pij11 = 2n−1∑m=0
2n−1∑
l=0 Am(Al)∗
∑
s1,...,smω1,...,ωm
ξω1,...,ωm,ωiRs1,...,sm,siR ∑s′1,...,s′lω1,...,ω′l
ξω′1,...,ω′l,ωjRs′1,...,s′l,sjR ∣∣ωiA, siA〉U ∣∣m˜;ωiR, siR〉I |m˜〉II
× 〈˜l|II〈˜l;ωjR, sjR|I〈ωjA, sjA|A, (4.6.3)
where Am is given by (4.1.20).Notice that the objects ∣∣m˜;ωiR, siR〉I represent the appropriate ordering of theelements inside with its sign, taking the criterion (4.1.4) into account.Now we can use expressions (4.1.12) and (4.1.19) to obtain the operator P01 ≡|00〉〈ωA, sA;ωR, sR|U in the Rindler basis for Rob.
P01 = 2n∑m=0
2n−1∑
l=0 Cm(Al)∗
∑
s1,...,smω1,...,ωm
ξω1,...,ωms1,...,sm ∑s′1,...,s′lω1,...,ω′l
ξω′1,...,ω′l,ωRs′1,...,s′l,sR |0〉U |m˜〉I |m˜〉II 〈˜l|II〈˜l;ωR, sR|I 〈0|U .
(4.6.4)After obtaining the expressions for the operators P00, P11, P01 we can writethe density matrix associated with the state (4.2.1) in the Rindler basis for Rob,
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Where for Pii11 we are considering {ωiR, siR} = {ωjR, sjR} ≡ {ωR, sR} and {ωiA, siA} ={ωjA, sjA} ≡ {ωA, sA}.We can do the same to obtain the density matrix associated with (4.4.1) in theRindler basis for Rob
ρ = 12 (P1111 + P2211 + P1211 + (P1211)†) . (4.6.6)
Now, we must consider that, as Rob is causally disconnected from Ridler’sregion II, we should trace over that region to obtain Rob’s density matrix. Hence,we need to compute the trace over II for each of the previous operators (4.6.1),(4.6.3), (4.6.4).Taking this trace is actually quite straightforward taking into account the or-thonormality of our basis once we have chosen one particular ordering criterion(4.1.4), 〈m˜ |m˜′ 〉II = δmm′ (δs1,s′1δω1,ω′1 . . . δsm,s′mδωm,ω′m) . (4.6.7)Hence,
TrII P00 = 2n∑m′=0 〈m˜′|II P00 |m˜′〉II . (4.6.8)Using (4.6.7) only the diagonal elements in region II survive and (4.6.8) turns outto be
TrII P00 = 2n∑m=0 |Cm|2
∑
s1,...,smω1,...,ωm
ξω1,...,ωms1,...,sm |0〉U |m˜〉I 〈m˜|I 〈0|U , (4.6.9)
which, substituting Cm as a function of C0 using (4.1.11) and then (4.2.3), is ex-pressed as
TrII P00 = 2n∑m=0Dm0
∑
s1,...,smω1,...,ωm
ξω1,...,ωms1,...,sm |0〉U |m˜〉I 〈m˜|I 〈0|U . (4.6.10)
Now, let us compute the trace of Pij11 over region II:
TrII Pij11 = 2n∑m′=0 〈m˜′|II Pij11 |m˜′〉II , (4.6.11)
TrII Pij11 = 2n−1∑m=0 |Am|2
∑
s1,...,smω1,...,ωm
ξω1,...,ωm,ωjRs1,...,sm,sjR |ωA, sA〉U |m˜;ωR, sR〉I 〈m˜;ωR, sR|I 〈ωA, sA|U .(4.6.12)
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Substituting Cm as a function of C0 (combining (4.1.20) and (4.1.11)) we can ex-press
|Am|2 = |C0|2 tan2m r(cos r + sin2 rcos r
)2 = |C0|2 tan2m rcos2 r = Dm2 (4.6.13)
such that we obtain
TrII Pii11 = 2n−1∑m=0 Dm2
∑
s1,...,smω1,...,ωm
ξω1,...,ωm,ωRs1,...,sm,sR ∣∣ωiA, siA〉U ∣∣m˜;ωiR, siR〉I 〈m˜;ωjR, sjR|I〈ωjA, sjA|U.
(4.6.14)When {ωiR, siR} = {ωjR, sjR} ≡ {ωR, sR}, {ωiA, siA} = {ωjA, sjA} ≡ {ωA, sA}, and
TrII Pij11 = 2n−1∑m=0 Dm2
∑
s1,...,smω1,...,ωm
ξω1,...,ωm,ωiR,ωjRs1,...,sm,siR,sjR ∣∣ωiA, siA〉U ∣∣m˜;ωiR, siR〉I 〈m˜;ωjR, sjR|I〈ωjA, sjA|U(4.6.15)for i 6= j .Now, let us compute the trace
TrII P01 = 2n∑m′=0 〈m˜′|II P01 |m˜′〉II , (4.6.16)
TrII P01 = 2n−1∑m=0 Cm(Am)∗
∑
s1,...,smω1,...,ωm
ξω1,...,ωm,ωRs1,...,sm,sR |0〉U |m˜〉I 〈˜l;ωR, sR|I 〈0|U . (4.6.17)
From (4.1.20) and (4.1.11) we see that the product Cm(Am)∗ is real and has theexpression
Cm(Am)∗ = |C0|2 tan2m r(cos r + sin2 rcos r
) = |C0|2 tan2m rcos r = Dm1 (4.6.18)
so that
TrII P01 = 2n−1∑m=0 Dm1
∑
s1,...,smω1,...,ωm
ξω1,...,ωm,ωRs1,...,sm,sR |0〉U |m˜〉I 〈˜l;ωR, sR|I 〈0|U . (4.6.19)
Now we can compute Rob’s density matrices for each case tracing over II inexpressions (4.6.5) and (4.6.6). First the matrix (4.6.5) is, after tracing over II,
TrII ρ = 12 (TrII P00 + TrII P01 + TrII P†01 + TrII Pii11) . (4.6.20)Doctoral Thesis 83 Eduardo Martín Martínez
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Substituting expressions (4.6.10), (4.6.15), (4.6.19) we get expression (4.2.2).Now, concerning (4.6.6)
TrII ρ = 12 TrII (P1111 + P2211 + P1211 + (P1211)†) . (4.6.21)Substituting expressions (4.6.14) and (4.6.15) we obtain expression (4.4.2).The derivation of (4.3.2) is completely analogous to (4.2.2), taking now intoaccount that we have Cˆm and Dˆm instead of Cm and Dm and that we have no spindegree of freedom. Notice that, even though the structure of (4.3.2) is completelyanalogous to the structure of (4.2.2), and therefore, repeating the derivation willadd nothing to this appendix, these density matrices are completely different dueto the different dimensions, the different values of Cˆ0 and C0 and the number of2× 2 blocks which give negative eigenvalues.
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Chapter 5
Entanglement through theacceleration horizon1
As thoroughly discussed in previous chapters, the Unruh effect degrades the en-tanglement between the two partners affecting all the quantum information tasksthat they could perform. Specifically, it has been shown that, as Rob accelerates,entanglement is completely degraded for a scalar field [10] and, conversely, somedegree of entanglement is preserved for fermionic fields. This behaviour of fer-mionic fields has been shown to be universal. Namely, it is independent of i) thespin of the fermionic field, ii) the kind of maximally entangled state from whichwe start, and iii) the number of participating modes when studying a non-singlemode state.When Rob accelerates, the description of his partial state must be done bymeans of a basis built from solutions to the field equation in Rindler coordin-ates [28, 50]. As it will be shown below, the description of the system splits inthree different subsystems; Alice’s Minkowskian system, a subsystem in regionI of Rindler spacetime (which we assign to Rob) and another subsystem, calledAntiRob, constituted by the modes of the field in region II of Rindler space time.Any accelerated observer is constrained to either region I or II of Rindlerspacetime. If we select region I coordinates to account for the accelerated ob-server Rob, he would remain causally disconnected from region II, and therefore,Rob would be unable to communicate with the hypothetical observer AntiRob(who is accelerating with the same proper acceleration than Rob but decelerateswith respect to the origin) in region II as shown in Figure 5.1.To gain a deeper understanding of the entanglement degradation mechanisms
1E. Martín-Martínez, J. León, Phys. Rev. A, 81, 032320 (2010)
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Figure 5.1: Flat spacetime. Trajectories of an inertial (Alice) and causally disconnected acceler-ated observers (Rob and AntiRob)
it is useful to study how entanglement is lost as one traces over regions of theRindler spacetime. Although the system is obviously bipartite (Alice and Rob),we saw that shifting to the Rindler basis for Rob the mathematical description ofthe system ( [10,11] and previous chapters) admits a straightforward tripartition:Minkowskian modes (Alice), Rindler region I modes (Rob), and Rindler regionII modes (AntiRob).Let us revisit the physical meaning of each of these three ‘observers’. Alicerepresents an observer in an inertial frame. For Alice the states (7.1.9) and (7.1.11)are maximally entangled. Rob represents an accelerated observer moving in ax = a−1 trajectory in Region I of Rindler spacetime (as seen in Fig. 5.1) whoshares a bipartite entangled state (7.1.9) or (7.1.11) with Alice. AntiRob representsan observer moving in a x = a−1 trajectory in Region II with access to theinformation to which Rob is not able to access due to the presence of the Rindlerhorizon.
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In this chapter, instead of considering only the Alice-Rob bipartition, we dealwith all the different bipartitions of the system to study the correlation tradeoffamong them. These three bipartitions are
1. Alice-Rob (AR)
2. Alice-AntiRob (AR¯)
3. Rob-AntiRob (RR¯)
The first bipartition is the most commonly considered in the literature. Itrepresents the system formed by an inertial observer and the modes of the fieldwhich an accelerated observer is able to access.The second bipartition represents the subsystem formed by the inertial ob-server Alice and the modes of the field which Rob is not able to access due tothe presence of an horizon as he accelerates.The third bipartition lacks physical meaning in terms of information theorybecause communication between Rob and AntiRob is not allowed. Anyway, study-ing this bipartition is still useful to account for the correlations which are createdbetween the spacetime regions separated by horizons and, therefore, its study isnecessary and complementary to the previous ones in order to give a completedescription of the information behaviour in non-inertial settings.In [11] the existence of these three possible bipartitions was considered onlyfor spinless fermion fields. Bosonic fields were analysed in a completely differentformalism (covariance matrices) in [7] finding relationships between the correl-ations in both sides of the horizon. In this chapter we will go beyond previousanalysis and we will compare the correlation tradeoff among different bipar-titions for bosonic and fermionic fields in the standard formalism introducedbefore, showing the leading role of statistics in the behaviour of information innon-inertial frames.The work presented in this chapter will be useful to take a step in the dis-cussion and refutation of the argument that the dimension of the Hilbert spaceis responsible for the difference between fermionic and bosonic entanglementbehaviour in the presence of horizons. Indeed, we will present here an entan-glement tradeoff between the bipartitions Alice-Rob and AliceAntiRob that onlyoccurs for the fermionic case and that will reveal to be deeply connected withthe fermionic entanglement survival in the limit aÏ∞.
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5.1 Scalar and Dirac fields from constantly acceler-ated frames
Following the standard conventions, let us denote the particle annihilation andcreation operators in region I as (aω,I, a†ω,I) for the scalar field and (cω,s,I, c†ω,s,I)for the Dirac field. (dω,s,I, d†ω,s,I) are the corresponding antiparticle Dirac fieldoperators. Analogously we define (aωII, a†II,k), (cω,s,II, c†ω,s,II), (dω,s,II, d†ω,s,II) as theparticle/antiparticle operators in region II.The bosonic operators satisfy the commutation relations [aω,Σ, a†ω,Σ′] = δΣΣ′δωω′ .The fermionic ones satisfy anticommutation relations {dω,s,Σ, d†ω′,s′,Σ′} = δΣΣ′δωω′δss′ .The label Σ notates the Rindler region of the operator Σ = {I, II}. All othercommutators and anticommutators are zero. This includes the anticommutatorsbetween operators in different Rindler regions.We can relate Minkowski Unruh operators and Rindler creation and annihil-ation operators recalling the Bogoliubov relationships (2.6.4), (2.6.6).For a scalar field, the Bogoliubov relationships for the annihilation operatorof modes with positive frequency are
aω,U = cosh rb aω,I − sinh rb a†ω,II, (5.1.1)
where tanh rb = e−pi ωca . (5.1.2)
For a Dirac field, the Bogoliubov relationships take the form
cω,s,U = cos rf cω,s,I − sin rf d†ω,−s,IId†ω,s,U = cos rf d†ω,s,II + sin rf cω,−s,I, (5.1.3)
where tan rf = e−pi ωca . (5.1.4)
5.2 Vacuum and one particle states
As it is shown in [10] and in previous chapters, the vacuum state of a scalar fieldas seen from the perspective of an accelerated observer is
|0〉 =∏ω 1cosh rb
∞∑
n=0 tanhn rb |nω〉I |nω〉II , (5.2.1)
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and as it was discussed in previous chapters, the unprimed sector of the vacuumstate for a Dirac field as seen from the accelerated frame is
|0ω〉 = cos2 rf |0ω〉+I |0ω〉−II+sin rf cos rf (|↑ω〉+I |↓ω〉−II + |↓ω〉+I |↑ω〉−II)+sin2 rf |pω〉+I |pω〉−II ,(5.2.2)where |pω〉± represents the pair of particles/antiparticles of frequency ω.From now on we will drop the sign ± as as reasoned in section 3.1.1 a modein region I will always be a particle mode and a mode in region II will alwaysrepresent an antiparticle mode. To simplify notation we will also drop the ω labelas we focus on a single mode state.As usual we will also need the Minkowskian Unruh one particle state in theRindler basis which is obtained by applying a†U to the vacuum state. i.e.
|1〉U = 1cosh2 rb
∞∑
n=0 tanhn rb
√n + 1 |n + 1〉I |n〉II (5.2.3)
for the scalar field [10] and
|↑〉U = cos rf |↑〉I |0〉II + sin rf |p〉I |↑〉II|↓〉U = cos rf |↓〉I |0〉II − sin rf |p〉I |↓〉II (5.2.4)
for the Dirac field (See chapter 3).Now we need to consider the following maximally entangled states in theMinkowski Unruh basis
|Ψb〉 = 1√2 (|0〉 |0〉+ |1〉U |1〉U) , (5.2.5)|Ψf〉 = 1√2 (|0〉 |0〉+ |↑〉U |↓〉U) . (5.2.6)
These two maximally entangled states are analogous, both are bipartite qubitstates superpositions of the vacuum and the one particle state. The difference isthat in (5.2.6) we have a Dirac field state and hence, the one particle states havespin and follow fermionic statistics.For |Ψf〉 we have selected one amongst the possible values for the spin of theterms with one particle for Alice and Rob, but it can be shown (see chapter 3) thatthe choice of a specific value for these spins is not relevant when consideringthe behaviour of correlations. Then, the results presented here are independentof the particular choice of a spin state for the superposition (5.2.6).
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5.3 Correlations for the Dirac field
The density matrix for the whole tripartite state, which includes modes on bothsides of the Rindler horizon along with Minkowskian modes, is built from (5.2.6)
ρARR¯f = |Ψf〉〈Ψf| . (5.3.1)
The three different bipartite partial density matrices are obtained by partialtracing:
ρARf = TrII ρARR¯f = ∑s∈{0,↑,↓,p} 〈s|II ρARR¯f |s〉II , (5.3.2)ρAR¯f = TrI ρARR¯f = ∑s∈{0,↑,↓,p} 〈s|I ρARR¯f |s〉I , (5.3.3)ρRR¯f = TrU ρARR¯f = ∑s∈{0,↑,↓,p} 〈s|U ρARR¯f |s〉U , (5.3.4)
and the density matrix for each individual subsystem is obtained by tracing overthe other subsystems,
ρAf = TrI ρARf = TrII ρAR¯f , (5.3.5)ρRf = TrII ρRR¯f = TrU ρARf , (5.3.6)ρR¯f = TrI ρRR¯f = TrU ρAR¯f . (5.3.7)
In the cases AR and AR¯, there are physical arguments to justify the need for thepartial trace beyond mere quantum information considerations. Namely, Robwill never be able to access region II of the spacetime due to the presence of theRindler horizon so that R¯ (Region II) must be traced out. Likewise, AntiRob isnot able to access region I because of the horizon and hence R (Region I) mustbe traced out. For the subsystem RR¯ taking the partial trace over subsystem Acorresponds to the standard procedure for analysing correlations between twoparts of a multipartite system.The different bipartitions are characterised by the following density matrices
ρARf = 12[ cos4 rf |00〉〈00|+ sin2 rf cos2 rf( |0 ↑〉〈0 ↑|+ |0 ↓〉〈0 ↓|)+ sin4 rf |0p〉〈0p|+ cos3 rf( |00〉 〈↑↓|+ |↑↓〉〈00|)− sin2 rf cos rf( |0 ↑〉〈↑ p|+ |↑ p〉〈0 ↑|)+ cos2 rf |↑↓〉〈↑↓|+ sin2 rf |↑ p〉〈↑ p| ], (5.3.8)
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ρAR¯f = 12[ cos4 rf |00〉〈00|+ sin2 rf cos2 rf( |0 ↓〉〈0 ↓|+ |0 ↑〉〈0 ↑|)+ sin4 rf |0p〉〈0p|− sin3 rf( |0p〉〈↑↓|+ |↑↓〉〈0p|)+ sin rf cos2 rf( |0 ↑〉 〈↑ 0|+ |↑ 0〉〈0 ↑|)+ cos2 rf |↑ 0〉〈↑ 0|+ sin2 rf |↑↓〉〈↑↓| ], (5.3.9)
ρRR¯f = 12[ cos4 rf |00〉〈00|+ sin rf cos3 rf( |00〉〈↑↓|+ |00〉 〈↓↑|+ |↑↓〉〈00|+ |↓↑〉〈00|)+ sin2 rf cos2 rf( |00〉 〈pp|+|↑↓〉〈↑↓|+|↑↓〉〈↓↑|+|↓↑〉〈↑↓|+|↓↑〉〈↓↑|+ |pp〉〈00|)+ sin3 rf cos rf( |↑↓〉〈pp|+ |pp〉〈↑↓|+ |↓↑〉 〈pp|+|pp〉〈↓↑|)+ cos2 rf |↓ 0〉〈↓ 0|+ sin2 rf |p ↓〉〈p ↓| − cos rf sin rf( |↓ 0〉〈p ↓|+ |p ↓〉 〈↓ 0|)+ sin4 rf |pp〉〈pp| ],(5.3.10)
where the bases are
|nm〉 = ∣∣nA〉U ∣∣mR〉I , (5.3.11)|nm〉 = ∣∣nA〉U |mR¯〉II, (5.3.12)|nm〉 = ∣∣nR〉I |mR¯〉II (5.3.13)respectively for (5.3.8), (5.3.9) and (5.3.10).On the other hand, the density matrices for the individual subsystems (5.3.5),(5.3.6),(5.3.7) are
ρRf = 12[ sin2 rf(1 + sin2 rf) |p〉〈p|+ sin2 rf cos2 rf |↑〉〈↑|+ cos2 rf(1 + sin2 rf) |↓〉〈↓|+ cos4 rf |0〉〈0| ], (5.3.14)
ρR¯f = 12[ cos2 rf(1 + cos2 rf) |0〉〈0|+ sin2 rf cos2 rf |↑〉〈↑|+ sin2 rf(1 + cos2 rf) |↓〉〈↓|+ sin4 rf |p〉〈p| ], (5.3.15)
ρAf = 12 (|0〉〈0|+ |↑〉〈↑|) . (5.3.16)
5.3.1 Mutual Information: creation, exchange and conserva-tion
In this section we will compute mutual information (see section 1.2) which ac-counts for correlations (both quantum and classical) between two different parts
Doctoral Thesis 91 Eduardo Martín Martínez
CHAPTER 5. ENTANGLEMENT THROUGH THE ACCELERATION HORIZON
of a system. It is defined as IAB = SA + SB − SAB, (5.3.17)where SA, SB and SAB are respectively the Von Neuman entropies for the indi-vidual subsystems A and B and for the joint system AB.To compute the mutual information for each bipartition we will need theeigenvalues of the corresponding density matrices. We shall go through all theprocess step by step in the lines below.
Bipartition Alice-Rob
The eigenvalues of the matrix for the system Alice-Rob (5.3.8) areλ1 = λ2 = 0,λ3 = 12 sin2 rf cos2 rf,λ4 = 12 sin4 rf,λ5 = 12 cos2 rf (1 + cos2 rf) ,λ6 = 12 sin2 rf (1 + cos2 rf) . (5.3.18)
Bipartition Alice-AntiRob
The eigenvalues of the matrix for the system Alice-AntiRob (5.3.9) areλ1 = λ2 = 0,λ3 = 12 sin2 rf cos2 rf,λ4 = 12 cos4 rf,λ5 = 12 sin2 rf (1 + sin2 rf) ,λ6 = 12 cos2 rf (1 + sin2 rf) . (5.3.19)
Bipartition Rob-AntiRob
All the eigenvalues of the matrix for the system Rob-AntiRob (5.3.10) are zeroexcepting two of them λ1 = λ2 = 12 , λi>2 = 0. (5.3.20)
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Von Neumann entropies for each subsystem and mutual information
To compute the Von Neumann entropies we need the eigenvalues of every bipar-tition and the individual density matrices. The eigenvalues of ρARf , ρAR¯f , ρRR¯f arerespectively (5.3.18), (5.3.19) and (5.3.20).The eigevalues of the individual systems density matrices can be directly readfrom (5.3.14), (5.3.15) and (5.3.16) since ρRb , ρR¯b and ρAb have diagonal forms in thegiven basis.The Von Neumann entropy for a partition B of the system is
SB = −Tr(ρ log2 ρ) = −∑ λI log2 λI. (5.3.21)
At this point, computing the entropies is quite straightforward. The Von Neu-mann entropies for all the partial systems are
SR = 1− sin2 rf log2(sin2 rf)− 32 cos2 rf log2(cos2 rf)− 1 + sin2 rf2 log2(1 + sin2 rf),SR¯ = 1− cos2 rf log2(cos2 rf)− 32 sin2 rf log2(sin2 rf)− 1 + cos2 rf2 log2(1 + cos2 rf),SAR = SR¯; SAR¯ = SR; SRR¯ = SA = 1. (5.3.22)And then, the mutual information for all the possible bipartitions of the systemwill be
IAR = SA + SR − SAR = 1 + SR − SR¯,IAR¯ = SA + SR¯ − SAR¯ = 1 + SR¯ − SR,IRR¯ = SR + SR¯ − SRR¯ = SR + SR¯ − 1.At first glance we see a conservation law for the mutual information for thesystem Alice-Rob and Alice-AntiRob
IAR + IAR¯ = 2, (5.3.23)which suggests a correlation transfer from the system Alice-Rob to Alice-AntiRobas the acceleration increases.Fig. 5.2 shows the behaviour of the mutual information for the three biparti-tions. It also shows how the correlations across the horizon (Rob and AntiRob)increase, up to certain finite limit, as Rob accelerates.If we recall the results on spinless fermion fields [11] we see that the conserva-tion law obtained here is also valid for that spinless fermion case. This result wasexpected according to the universality argument stated in the previous chapter.
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However, something different occurs with the system Rob-AntiRob. The cre-ation of correlations between modes on both sides of the horizon is greater in theDirac field case. One have to be careful interpreting this result since the negativ-ity entropy upper bound is a function of the dimension of the Hilbert space. Thefermionic field has a finite upper limit. For bosons the unbounded dimensionof the Hilbert space implies that negativity can grow unboundedly. In principlethis does not guarantee that one can extract more information from bosons thanfrom fermions, even more when we are concerned about correlations betweenRob and Anti-Rob that cannot communicate with each other.
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Figure 5.2: Dirac field: Mutual information tradeoff and conservation law between the systemsAlice-Rob and Alice-AntiRob as acceleration varies. It is also shown the behaviour of the mutualinformation for the system Rob-AntiRob. Blue continuous line: Mutual information AR, reddotted line: Mutual information AR¯, black dashed line: Mutual information RR¯.
5.3.2 Entanglement conservation and behaviour across the Rind-ler horizon
To compute the negativity, we will need the partial transpose of the bipartitedensity matrices (5.3.8), (5.3.9) and (5.3.10), which we will notate as ηARf , ηAR¯f and
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ηRR¯f respectively.
ηARf = 12[ cos4 rf |00〉〈00|+ sin2 rf cos2 rf (|0 ↑〉〈0 ↑|+ |0 ↓〉〈0 ↓|) + sin4 rf |0p〉〈0p|+ cos3 rf (|0 ↓〉〈↑ 0|+ |↑ 0〉〈0 ↓|)− sin2 rf cos rf (|0p〉〈↑↑|+ |↑↑〉〈0p|)+ cos2 rf |↑↓〉〈↑↓|+ sin2 rf |↑ p〉〈↑ p| ], (5.3.24)
ηAR¯f = 12[ cos4 rf |00〉〈00|+ sin2 rf cos2 rf( |0 ↓〉〈0 ↓|+ |0 ↑〉〈0 ↑|)+ sin4 rf |0p〉〈0p|− sin3 rf( |0 ↓〉〈↑ p|+ |↑ p〉〈0 ↓|)+ sin rf cos2 rf( |00〉 〈↑↑|+ |↑↑〉〈00|)+ cos2 rf |↑ 0〉〈↑ 0|+ sin2 rf |↑↓〉〈↑↓| ], (5.3.25)
ηRR¯f = 12[ cos4 rf |00〉〈00|+sin rf cos3 rf( |0↓〉〈↑0|+|0↑〉 〈↓0|+|↑ 0〉〈0 ↓|+|↓0〉〈0↑|)+ sin2 rf cos2 rf( |0p〉 〈p0|+|↑↓〉〈↑↓|+|↑↑〉〈↓↓|+ |↓↓〉〈↑↑|+ |↓↑〉〈↓↑|+ |p0〉〈0p|)+sin3 rf cos rf( |↑p〉〈p↓|+|p↓〉〈↑p|+|↓p〉 〈p↑|+|p↑〉〈↓p|)+cos2 rf |↓0〉〈↓0|+ sin2 rf |p ↓〉 〈p ↓| − cos rf sin rf( |↓↓〉〈p0|+ |p0〉 〈↓↓|)+ sin4 rf |pp〉〈pp| ].(5.3.26)
In the following paragraphs we shall compute the negativity for each biparti-tion of the system.
Bipartition Alice-Rob
The non-positive eigenvalues of the partial transpose density matrix for the bi-partition Alice-Rob (5.3.24) are
λ1 = 14 sin2 rf cos2 rf
1−√1 + 4 cos2 rfsin4 r
 ,
λ2 = 14 sin4 rf
(1−√1 + 4 cos2 rfsin4 rf
) . (5.3.27)
The negativity, after some basic algebra turns out to be
NARf = 12 cos2 rf. (5.3.28)
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Bipartition Alice-AntiRob
The non-positive eigenvalues of the partial transpose density matrix for the bi-partition Alice-AntiRob (5.3.25) are
λ1 = 14 sin2 rf cos2 rf
1−√1 + 4 tan2 rfcos2 rf
 ,
λ2 = 14 cos4 rf
1−√1 + 4 tan2 rfcos2 rf
 . (5.3.29)
The negativity yields in this case
NAR¯f = 12 sin2 rf. (5.3.30)
It is remarkable –and constitutes one of the most suggestive results of thischapter– that we have obtained here a conservation law for the entanglementAlice-Rob and Alice-AntiRob, since the sum of both negativities is independentof the acceleration NAR¯f +NARf = 12 . (5.3.31)This is similar to the result (5.3.23) for mutual information. Again, one couldcheck that for spinless fermion fields the same conservation law (5.3.31) obtainedhere applies. This was again expected due to the universality principle exposedin previous chapters.As we will see below, this is a genuine statistical effect: this conservation ofquantum correlations is exclusive of fermionic fields and nothing of the sort willbe found for bosonic fields.For the bipartition Rob-AntiRob the expression for the negativity is not assimple as it was for the previous cases, this negativity is plotted in Fig. 5.3. Wecan see that the entanglement between Rob and AntiRob, created as Rob ac-celerates, grows up to a finite value. Although this entanglement is useless forquantum information tasks because of the impossibility of classical communica-tion between both sides of an event horizon, the result obtained here may be auseful hint in order to understand how information behaves in the proximity ofhorizons.Comparing again this result with spinless fermions [11], we see that for Diracfields, the maximum value of the negativity is greater. Again this is strongly re-
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lated with the dimension of the Hilbert space2 that imposes a bound in negativityas mentioned before.
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Figure 5.3: Dirac field: Negativity tradeoff and conservation law between the systems Alice-Rob and Alice-AntiRob as acceleration varies. It is also shown the behaviour of the quantumcorrelations for the system Rob-AntiRob. Blue continuous line: Negativity AR, red dotted line:Negativity AR¯, black dashed line: Negativity RR¯
5.4 Correlations for the scalar field
The density matrix for the whole tripartite state, which includes modes in bothsides of the horizon along with Minkowskian modes, is built from (6.1.6)
ρARR¯b = |Ψb〉〈Ψb| . (5.4.1)
2For the Dirac case correlations between the the spin-up mode for Rob and the spin-downmode for AntiRob show up as well, even though the spin-up mode was not excited in (5.2.6). Thisphenomenon cannot happen for the Grassmann scalar case where there is no spin.
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As in the fermion case, the three different bipartitions for the scalar field caseare obtained as follows
ρARb = TrII ρARR¯b , (5.4.2)ρAR¯b = TrI ρARR¯b , (5.4.3)ρRR¯b = TrU ρARR¯b . (5.4.4)and the density matrix for each individual subsystem
ρAb = TrI ρARb = TrII ρAR¯b , (5.4.5)ρRb = TrII ρRR¯b = TrU ρARb , (5.4.6)ρR¯b = TrI ρRR¯b = TrU ρAR¯b . (5.4.7)
The bipartite systems are characterised by the following density matrices
ρARb = ∞∑n=0 tanh
2n rb2 cosh2 rb
[ |0n〉〈0n|+ √n + 1cosh rb( |0n〉〈1n + 1|+ |1n + 1〉〈0n|)
+ n + 1cosh2 rb |1n + 1〉〈1n + 1|
], (5.4.8)
ρAR¯b = ∞∑n=0 tanh
2n rb2 cosh2 rb
[|0n〉〈0n|+√n + 1cosh rb tanh rb(|0n + 1〉 × 〈1n|+ |1n〉〈0n + 1|),
+ n + 1cosh2 rb |1n〉〈1n|
]. (5.4.9)
ρRR¯b = ∞∑n=0m=0
tanhn+m rb2 cosh2 rb
( |nn〉〈mm|+ √n + 1√m + 1cosh2 rb × |n + 1n〉〈m + 1m|
),
(5.4.10)where the bases are respectively
|nm〉 = ∣∣nA〉U ∣∣mR〉I , (5.4.11)|nm〉 = ∣∣nA〉U |mR¯〉II, (5.4.12)|nm〉 = ∣∣nR〉I |mR¯〉II (5.4.13)for (5.4.8), (5.4.9) and (5.4.10).On the other hand, the density matrices for the individual subsystems (6.1.13),(6.1.14),(6.1.15) are
ρRb = ∞∑n=0 tanh
2(n−1) rb2 cosh2 rb
[tanh2 rb + ncosh2 rb
] |n〉〈n| , (5.4.14)
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ρR¯b = ∞∑n=0 tanh
2n rb2 cosh2 rb
[1 + n + 1cosh2 rb
] |n〉〈n| , (5.4.15)
ρAb = 12 (|0〉〈0|+ |1〉〈1|) . (5.4.16)
5.4.1 Mutual Information: creation, exchange and conserva-tion
To compute the mutual information for each bipartition we need the eigenvaluesof the corresponding density matrices. We shall go through all the process indetail in the lines below.
Bipartition Alice-Rob
The density matrix for the system Alice-Rob (5.4.8) consists on an infinite numberof 2× 2 blocks in the basis {|0n〉 , |1n + 1〉}∞n=0 which have the form
tanh2n rb2 cosh2 rb
 1
√n + 1cosh rb√n + 1cosh rb n + 1cosh2 rb
 , (5.4.17)
whose eigenvalues are
λ1n = 0,λ2n = tanh2n rb2 cosh2 rb
(1 + n + 1cosh2 rb
) . (5.4.18)
Bipartition Alice-AntiRob
Excepting the diagonal element corresponding to |00〉〈00| (which forms a 1 × 1block itself) the density matrix for the system Alice-AntiRob (5.4.9) consists onan infinite number of 2×2 blocks in the basis {|0n〉 , |1n − 1〉}∞n=1 which have theform
tanh2n rb2 cosh2 rb
 1
√nsinh rb√nsinh rb nsinh2 rb
 . (5.4.19)
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We can gather all the eigenvalues in the expressions
λ1n = tanh2n rb2 cosh2 rb
(1 + nsinh2 rb
) ,
λ2n = 0. (5.4.20)
Bipartition Rob-AntiRob
It is easy to see that the density matrix for Rob-AntiRob (5.4.10) –which basicallyconsists in the direct sum of two blocks of infinite dimension– only has rankrank(ρRR¯b ) = 2. Therefore all its eigenvalues are zero except for two of them,which are
λRR¯1 = ∞∑n=0 tanh
2n rb2 cosh2 rb = 12 ,
λRR¯2 = ∞∑n=0 (n + 1) tanh
2n rb2 cosh4 rb = 12 , (5.4.21)
so that the Von Neumann entropy for ρRR¯ is
SRR¯ = 1. (5.4.22)
Von Neumann entropies for each subsystem and mutual information
To compute the Von Neumann entropies we need the eigenvalues of every bipar-tition and the individual density matrices. The eigenvalues of ρARb , ρAR¯b , ρRR¯b arerespectively (5.4.18), (5.4.20) and (5.4.21).The eigevalues of the individual systems density matrices can be directly readfrom (5.4.14), (5.4.15) and (5.4.16) since ρRb , ρR¯b and ρAb have diagonal forms in theFock basis. The Von Neumann entropy for a partition B of the system is (5.3.21).At this point, computing the entropies is quite straightforward. Von Neumannentropy for Rob’s partial system is
SR=− ∞∑n=0 tanh
2(n−1) rb2 cosh2 rb
( tanh2 rb+ ncosh2 rb
) log2[ tanh2(n−1) rb2 cosh2 rb
( tanh2 rb+ ncosh2 rb
)] .
(5.4.23)The rest of the partial matrices have a similar mathematical structure and, asa consequence we can express the non-trivial entropies for the all the possible
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partitions as a function of the entropy (5.4.23) for Rob’s partial system
SR¯ = SRtanh2 rb − 12 sinh2 rb log2
( 12 cosh2 rb
)+ log2 ( tanh2 rb),
SAR = SR¯, SAR¯ = SR, SRR¯ = SA = 1. (5.4.24)Notice that the expression for SR¯ may appear to blow up as rb Ï 0, however thisis not the case and it can be checked analytically using (5.4.23) that limrÏ0 SR¯ = 0.Using (5.4.24), the mutual information for all the possible bipartitions of thesystem can be written asIAR = SA + SR − SAR = 1 + SR − SR¯,IAR¯ = SA + SR − SAR¯ = 1 + SR¯ − SR,IRR¯ = SR + SR¯ − SRR¯ = SR + SR¯ − 1.Again we obtain a conservation law of the mutual information for the systemAlice-Rob and Alice-AntiRob IAR + IAR¯ = 2. (5.4.25)which again suggests a correlation transfer from the system Alice-Rob to Alice-AntiRob as the acceleration increases.Although the conservation law is the same as for fermion fields (5.3.23), thespecific dependance of the mutual information with the acceleration is different,as it can be seen in Fig. 5.4. Later, when we analyse the negativity for all thebipartitions, we will see that, even though mutual information fulfills this conser-vation law, we must wait for the analysis of quantum correlations to appreciatethe striking differences between fermions and bosons.Fig. 5.5 shows how the correlations across the horizon (Rob and AntiRob)increase with no bound as Rob accelerates showing that (unusable) correlationsare created between observers in the causally disconnected regions.
5.4.2 Entanglement behaviour
As we did for fermionic fields, we will compute the negativity for the scalar case.To do so, we need the partial transpose of the bipartite density matrices (5.4.8),(5.4.9) and (5.4.10), which we will notate as ηARb , ηAR¯b and ηRR¯b respectively.
ηARb = ∞∑n=0 tanh
2n rb2 cosh2 rb
[ |0n〉〈0n|+ √n + 1cosh rb( |0n + 1〉〈1n|
+ |1n〉〈0n + 1|)+ n + 1cosh2 rb |1n + 1〉〈1n + 1|
], (5.4.26)
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Figure 5.4: Scalar field: Mutual information conservation law for Alice-Rob and Alice-AntiRob.Blue continuous line: Mutual information AR, red dashed line: Mutual information AR¯.
ηAR¯b = ∞∑n=0 tanh
2n rb2 cosh2 rb
[ |0n〉〈0n|+ √n + 1cosh rb tanh rb( |0n〉 〈1n + 1|
+ |1n + 1〉〈0n|)+ n + 1cosh2 rb |1n〉〈1n|
], (5.4.27)
ηRR¯b = ∞∑n=0m=0
tanhn+m rb2 cosh2 rb
( |nm〉〈mn|+ √n + 1√m + 1cosh2 rb |n + 1m〉〈m + 1n|
). (5.4.28)
In the following paragraphs we shall compute the negativity of each bipartitionof the system.
Bipartition Alice-Rob
Excepting the diagonal element corresponding to |00〉〈00| (which forms a 1 × 1block itself), the partial transpose of the density matrix ρARb (5.4.26) has a 2 × 2
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Figure 5.5: Scalar field: Mutual information for the system Rob-AntiRob as acceleration varies.
block structure in the basis {|0n + 1〉 , |1n〉}
tanh2n rb2 cosh2 rb
 tanh2 rb
√n + 1cosh rb√n + 1cosh rb nsinh2 rb
 . (5.4.29)
Hence, the eigenvalues of (5.4.26) are
λ1 = 12 cosh2 rb ,
λ2n = tanh2n rb4 cosh2 rb
( nsinh2 rb + tanh2 rb
)±√( nsinh2 rb + tanh2 rb
)2 + 4cosh2 rb
 .
(5.4.30)And then the negativity for this bipartition is
NARb = ∞∑n=0 tanh
2n rb4 cosh2 rb
∣∣∣∣∣∣
( nsinh2 rb + tanh2 rb
)−√( nsinh2 rb + tanh2 rb
)2+ 4cosh2 rb
∣∣∣∣∣∣ .(5.4.31)Fig. 5.6 shows NARb as a function of rb.
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Figure 5.6: Scalar field: Behaviour of the negativity for the bipartition Alice-Rob as Rob accel-erates
Bipartition Alice-AntiRob
Excepting the diagonal element corresponding to |10〉〈10| (which forms a 1 × 1block itself), the partial transpose of the density matrix ρAR¯b (5.4.27) has a 2 × 2block structure in the basis {|0n〉 , |1n + 1〉}
tanh2n rb2 cosh2 rb
 1
tanh rbcosh rb√n + 1tanh rbcosh rb√n + 1 tanh2 rbcosh2 rb (n + 2)
 . (5.4.32)
Hence, the eigenvalues of (5.4.27) are
λ1 = 12 cosh4 rb ,
λ2n = tanh2n rb4 cosh2 rb
(1 + (n + 2) tanh2 rbcosh2 rb
)±
√√√√(1 + (n + 2) tanh2 rbcosh2 rb
)2 − 4 tanh2 rbcosh2 rb
 .
(5.4.33)
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Therefore, the negtivity for this bipartition is always 0, independently of the valueof Rob’s acceleration. This is a striking difference with the fermionic case: In thefermionic case there is an entanglement tradeoff between the partitions Alice-Rob and Alice-AntiRob but in the bosonic case all the entanglement in the firstbipartition is lost while no entanglement at all is created in the AR¯ bipartition.We will see in chapter 6 that this happens even if we consider limited occupationnumber bosons, therefore this is a purely statistical effect.
Bipartition Rob-AntiRob
The partial transpose of the density matrix ρRR¯b (5.4.28) has a block structure,but the blocks themselves are of different dimensions which grow up to infinity.Because of this, negativity is not as easily computable as for the other cases, notbeing possible to write it in a closed form.However it is still possible to compute the eigenvalues of (5.4.28) numericallytaking into account that the blocks which form the matrix are endomorphismswhich act in the subspace expanded by the basis BD = {|mn〉} in which m +n = D − 1 = constant, which is to say, the fisrt block acts within the subspaceexpanded by the basis B1 = {|00〉}, the second B2 = {|01〉 , |10〉}, the third B3 ={|02〉 , |20〉 , |11〉}, the fourth B4 = {|03〉 , |30〉 , |12〉 , |21〉} and so forth. In thisfashion, the whole matrix is an endomorphism within the subspace⊕∞i=1 Si beingSi the subspace (of dimension D = i) expanded by the basis Bi.Let us denote MD the blocks which form the matrix (5.4.28), being D thedimension of each block. Then its structure is
MD =

0 a1 0 0 · · · · · · · · · 0a1 0 a2 0 · · · · · · · · · 00 a2 0 a3 · · · · · · · · · 00 0 a3 0 a4 · · · · · · 00 0 0 . . . . . . . . . · · · 0... ... ... ... . . . . . . . . . ...0 0 0 0 · · · . . . 0 aD−10 0 0 0 0 . . . aD−1 aD

, (5.4.34)
which is to say, the diagonal terms are zero except for the last one, and the rest ofthe matrix elements are zero excepting the two diagonals on top and underneaththe principal diagonal. The elements an are defined as follows
a2l+1 = (tanh rb)D−12 cosh2 rb , (5.4.35)Doctoral Thesis 105 Eduardo Martín Martínez
CHAPTER 5. ENTANGLEMENT THROUGH THE ACCELERATION HORIZON
a2l = √D − l√l (tanh rb)D−22 cosh4 rb . (5.4.36)Notice that the elements are completely different when the value of the label nis odd or even.As the whole matrix is the direct sum of the blocks
ηRR¯b = ∞⊕D=1 MD, (5.4.37)
the eigenvalues and, specifically, the negative eigenvalues of ηRR¯b would be thenegative eigenvalues of all the blocksMD gathered togheter. It can be shown thatthe absolute value of the negative eigenvalues of the blocks decreases quickly asthe dimension increases. Thus, the negativityNRR¯b promptly converges to a finitevalue for a given value of rb. Fig 5.7 shows the behaviour ofNRR¯b with rb, showingthat the entanglement increases unboundedly between Rob and AntiRob.
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Figure 5.7: Scalar field: Behaviour of the negativity for the bipartition Rob-AntiRob as Robaccelerates.
Let us compare these results with the fermion case. First, as it was shownin [11], the negativity of the system Alice-Rob decreases as Rob accelerates, van-
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ishing in the limit a Ï ∞, instead of remaining finite as in the fermionic cases( [11] and previous chapters of this thesis) .What may be more surprising is the behaviour of quantum correlations ofthe system Alice-AntiRob. In the fermion case negativity grows monotonicallyfrom zero (for a = 0) to a finite value (for a = ∞). Nevertheless, for scalars,Alice-AntiRob negativity is identically zero for all acceleration. Hence, there is notransfer of entanglement from Alice-Rob to Alice-AntiRob as it was the case forfermions. Still, correlations (classical) are not lost as it can be concluded from(5.4.25).Why do we obtain such loss of entanglement for the bosonic case and, con-versely, this does not happen in the fermionic case? The answer is, once again,statistics.One could think of the infinite dimensionality of the Hilbert space for scalars(compared to the finite dimension for fermions) as the cause of this differentbehaviour. However we shall prove that it has to do with the bosonic nature ofthe field rather than with the infinite dimensionality of the Hilbert space. We willsee this when we consider limited dimension bosons instead of scalars, whichis to say, limiting the occupation number for the bosonic modes to a certainfinite limit N instead of taking N Ï ∞. By doing so, we transform the infinitedimension Hilbert space for bosons into a finite dimension one. That is what wewill do in the next chapter.As for the bipartition Rob-AntiRob, we observe that entanglement grows un-boundedly for this bipartition, conversely to the fermion case in which negativityincreases up to a certain finite limit as Rob accelerates. At first glance at Fig.5.5 and 5.7 one could think that there might be some inconsistency between thebehaviour of entanglement and mutual information, as the latter grows linearlywhile negativity seems to grow exponentially. Since mutual information accountsfor all the correlations (quantum and classical) between Rob and AntiRob, the res-ult may appear paradoxical. However this apparently inconsistent results are dueto the fact that negativity cannot be identified as the entanglement itself, but as amonotone which grows as the degree of entanglement does. The specific func-tional form chosen for the monotone is not imposed by physical motivations.Actually, we could have chosen logarithmic negativity –instead of negativity– asour entanglement monotone since it is in fact better to be compared with mutualinformation due to its additivity properties [63]. The result obtained in this case,shown in Fig. 5.8, is that when acceleration grows both growths become linear.
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Figure 5.8: Scalar field: Comparison of growth of quantum and all (quantum+classical) correla-tions for the system Rob-AntiRob as acceleration increases. Quantum correlations are accountedfor by logarithmic negativity (Red dashed line). This figure compares this entanglement meas-urement with mutual information (Blue continuous line).
5.5 Discussion
This chapter focused on the bipartite correlations between different spacetimedomains in the presence of an acceleration horizon. Specifically, we analyse allthe possible bipartitions of an entangled system composed by an inertial observerand an accelerated one, who sees an acceleration horizon.First of all, we have studied the relation between the entanglement behaviourof Alice-Rob and Alice-AntiRob bipartitions, which are the ones where commu-nication is allowed.Here we have disclosed a great difference in the behaviour of quantum cor-relations for fermions and bosons. In the fermionic case we showed that, atthe same time as Unruh decoherence destroys the entanglement of the systemAlice-Rob, entanglement is created between Alice and AntiRob. This means thatthe quantum entanglement lost between Alice and the field modes in region I isgained between Alice and the modes in region II. This is expressed through the
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entanglement conservation law (5.3.31), which we have deduced for fermions.Nevertheless, for bosonic states it was shown that, as acceleration increases,entanglement is quickly and completely lost between Alice and Rob while noquantum correlations are created between Alice and AntiRob. Moreover, noentanglement of any kind survives among any physical bipartition of the systemin the limit a Ï ∞ for the bosonic case. This contrasts with the fermionic casewhere the amount of entanglement among all the physical bipartitions of thesystem remains always constant.Another remarkable result is the conservation law for mutual informationfor fermions (5.3.23) and bosons (5.4.25) shown in in Fig. 5.2 and Fig. 5.4. Thedetailed behaviour is different for both cases but the same conservation law isobtained for the mutual information of the bipartitions Alice-Rob, and Alice An-tiRob. Mutual information accounts for both classical and quantum correlations(despite the fact that in general there is no direct relation between negativity andmutual information). However in the bosonic case, mutual information distrib-utes more rapidly between the Alice-Rob and Alice-AntiRob than in the fermioncase.This result for mutual information means that correlations are always con-served for the systems Alice-Rob and Alice-AntiRob, despite the fact that quantumentanglement vanishes for the bosonic case and it is preserved (this is the effectof statistics) in the fermionic case. The fact that classical correlations behavein a similar way for fermions and bosons while quantum correlations behaveso differently suggests again that the quantum entanglement which survives theinfinite acceleration limit has a statistical origin, as if the information of ‘beingfermion’ cannot be killed by the presence of the horizon. Something to reflectupon: this scenario has some resemblance with the results found in quantummechanical fermionic systems [65] in which it was demonstrated that identicalfermions systems has some degree of entanglement that is ‘built in’ in theirwavefunction.Another difference between fermion and bosons appears when analysing thecorrelations between the wedges I and II. It is interesting to notice that, as the non-inertial partner accelerates, correlations between these two regions are created.We have found that for Dirac fields these correlations, quantum and classical,grow as Rob accelerates up to a finite value at the limit a Ï ∞. This limit isgreater than the analogous limit obtained for spinless fermions in [11] whoseHilbert space for each mode is smaller. For the bosonic case, on the contrary,those correlations grow unboundedly, diverging when aÏ∞.
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Chapter 6
Population bound effects onnon-inertial bosonic correlations1
We have seen before, studying different fermionic fields and for different kindsof states, that the Fock space dimension does not play a role in fermionic en-tanglement behaviour in non-inertial frames. In this chapter we will analyse theeffects of artificially bounding the occupation number of the modes of a bosonicfield while conserving Bose-Einstein-like statistics. Doing that we will be ableto study from the bosonic perspective if the Hilbert space dimension has anyrelevance in non-inertial entanglement behaviour.As we did in previous chapters, we will consider once again a bipartite system(Alice-Rob), in which one of the partners (Rob) is undergoing a uniform acceler-ation and therefore describing the world which Rindler coordinates. As pointedout in [11] and the previous chapter, there are 3 possible bipartitions that can beconsidered when analysing entanglement in this setting; 1) The entanglement ofthe inertial observer with field modes in Rindler’s region I (Alice-Rob, AR), 2)The entanglement of the inertial observer with field modes in Rindler’s region II(Alice-AntiRob, AR¯) and 3) The entanglement between modes in regions I and IIof the Rindler spacetime (Rob-AntiRob RR¯). Partitions AR and AR¯ are especiallyimportant as these are the partitions in which classical communication is allowed(we will refer to them as CCA bipartitions from now on).In chapter 5 we have explored the radical differences between fermionic andbosonic entanglement behaviour in the presence of Rindler and event horizons,showing that the real cause of these differences is fermionic/bosonic statistics.This contradicts the naive argument that the differences come from the finite
1E. Martín-Martínez, J. León. Phys. Rev. A, 81, 052305 (2010
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dimensional nature of the fermionic Hilbert space for each frequency as opposedto the built-in infinite dimension of the Fock space for bosons.In an attempt to settle down the discussion about what effects are influencedby the dimension of the Hilbert space and which ones are not, we are goingto study a finite dimensional analog to bosonic fields with a limited dimensionof each frequency Fock space. This means engineering a method to imposea maximum occupation number N in each scalar field frequency mode. Theconstruction of a finite dimensional scalar field state for a non-inertial observercan be problematic, thus it is an issue which will need to be tackled in order toconduct the proposed analysis.We will present results about entanglement of the CCA bipartitions that willstrengthen the argument discussed in previous chapters on the capital import-ance of statistics in the phenomenon of entanglement degradation due to theUnruh effect. Specifically we will prove that the behaviour is fundamentally in-dependent of the Fock space dimension. However, bosonic entanglement forAR is slightly sensitive to Fock space dimension variation, in opposition to whathappens with fermions.We shall point out that those variations strongly oppose once again what is saidin previous literature in which it is argued that the Unruh decoherence degradesthe entanglement quicker as the dimension of the Hilbert space is higher. Instead,we will show that quantum correlations can be more or less quickly degraded fordifferent dimensions depending on the value of the acceleration. This completelybanishes the former argument.Furthermore, we will show remarkable results concerning correlations be-tween modes in Rindler regions I and II. We will see how they are ruled by bothstatistics and Hilbert space dimension. There are differences and similaritiesbetween fermions and bosons concerning correlations RR¯. We will analyse thedifferent bosonic cases comparing them with their Fock space dimension fermio-nic analogs, in order to comprehend the relative importance of dimensionalityand statistics in the behaviour of such correlations.We will also show how classical correlations between AR and AR¯ are affectedby the bound on the occupation number. Specifically we will show that the effectof imposing a finite dimensional Fock space affects the conservation law formutual information found in previous works. We will compare this with thefermionic cases and will prove some results about mutual information to becompletely universal.
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6.1 Limiting the occupation number
The Minkowski vacuum state for a ω-frequency mode of a scalar field seen fromthe perspective of an accelerated observer is
|0ω〉 = 1cosh r ∞∑n=0 tanhn r |n〉I |n〉II . (6.1.1)We will drop the frequency label as we will study single Unurh mode states aswe did in previous chapters.The Minkowskian Unruh one particle state results from applying the creationoperator to the vacuum state. Its translation to the Rindler basis is
|1〉U = 1cosh2 r
∞∑
n=0 tanhn r
√n + 1 |n + 1〉I |n〉II . (6.1.2)
Now we will consider the following maximally entangled state in the Minkowskibasis |Ψ〉 = 1√2 (|0〉 |0〉+ |1〉U |1〉U) . (6.1.3)This is a qubit state which is a superposition of the bipartite vacuum and the bi-partite one particle state completely equivalent to that studied in chapters before.For our purposes we need to limit the dimension of the Hilbert space. To doso we are going to limit the maximum occupation number for the Rindler modesup to N .If we want to go beyond qualitative effects and do a completely rigorous ana-lysis we would run into important problems. Namely, we would not be able tonormalise both states (6.1.1), (6.1.2) simultaneously. In other words, the trans-lation into the Rindler basis of the Minkowskian creation operator applied onthe vacuum state would not preserve normalisation and it would be no longertrue that applying the annihilation operator to the one particle state we recoverthe vacuum of the theory. Therefore the canonical quantisation rules of bosonicfields would be ill-defined (for instance, problems would appear when applyingthe commutator to the one particle state). As statistics is fundamental to explainthe Unruh decoherence mechanism, a rigorous analysis would require that weconsider the vacuum of our theory as expressed in (6.1.1) with an unboundedoccupation number.Alternately, we will define finite dimension analogs to the vacuum and oneparticle states
|0N〉U = 1cosh r N∑n=0 tanhn r |n〉I |n〉II , (6.1.4)
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|1N〉U = 1cosh2 r
N−1∑
n=0 tanhn r
√n + 1 |n + 1〉I |n〉II , (6.1.5)
in which we have cut off the higher occupation numbers and thus these twostates are not exactly the vacuum of our theory and the first excitation. Instead,they could be understood as approximations in which Rob is not able to noticeoccupation numbers larger than N . Indeed this is a consistent approximation asthe coefficients of higher n become more and more smaller as n grows. Thissimple construct allows us to consider a bounded occupation number along withbosonic statistics. Therefore we can now disentangle the statistical effects fromthe ones derived from the dimensionality of the Hilbert space.We will then consider the following entangled state in Minkowski coordinates
|Ψ〉 = 1CN(r) (|0〉U |0N〉U + |1〉U |1N〉U) , (6.1.6)in which the one particle state and the vacuum for Rob are substituted by thebounded occupation number approximations2.Notice that a factor 1/CN(r) must now be included as our occupation numbercutoff implies that |0N〉U and |1N〉U are not normalised. Its value is
CN(r) =√〈0N |0N 〉U + 〈1N |1N 〉U, (6.1.7)
or, explicitly,
CN(r) =√2− tanh2N r(tanh2 r + 1 + Ncosh2 r
). (6.1.8)
In the limit N Ï ∞, CN(r) Ï √2 recovering the standard scalar maximallyentangled state (6.1.3).Since we have restricted our whole Hilbert space to the sector of N particlesand no operation takes us out from it we can guarantee that Unruh decoherencewill not affect higher occupation number modes.The density matrix for the whole tripartite state, which includes modes inboth sides of the horizon along with Minkowskian modes, is built from (6.1.6)
2Alternatively, we could have considered a scalar field which is quantised with the follow-ing commutation rules: [a, a†] = 1 + (N − 1) |N〉〈N|. This field would share the same Rindler-Minkowski Bogoliubov coefficients than the standard scalar field and a maximum occupationnumber N would be naturally imposed. Although the state normalisation of (6.1.4) and (6.1.5)would have not been the same, (6.1.6) would have exactly the same form once it is normalised.The two approaches are equivalent for our purposes and produce the same results.
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changing to the Rindler basis for Rob
ρARR¯ = |Ψ〉〈Ψ| . (6.1.9)
The partial subsystems are obtained as usual
ρAR = TrII ρARR¯, (6.1.10)ρAR¯ = TrI ρARR¯, (6.1.11)ρRR¯ = TrU ρARR¯, (6.1.12)and the density matrix for each individual subsystem
ρA = TrI ρAR = TrII ρAR¯, (6.1.13)ρR = TrII ρRR¯ = TrU ρAR, (6.1.14)ρR¯ = TrI ρRR¯ = TrU ρAR¯. (6.1.15)
The bipartite systems are characterized by the following density matrices
ρAR ={N−1∑n=0 tanh
2n rcosh2 r
[|0n〉〈0n|+ √n + 1cosh r ( |0n〉〈1n + 1| + |1n + 1〉〈0n|)
+ n + 1cosh2 r |1n + 1〉〈1n + 1|
]+ tanh2N rcosh2 r |0N〉〈0N|
} 1CN(r)2 , (6.1.16)
ρAR¯ = {N−1∑n=0 tanh
2n rcosh2 r
[|0n〉〈0n|+√n + 1cosh r tanh r(|0n + 1〉 〈1n|+ |1n〉〈0n + 1|)
+ n + 1cosh2 r |1n〉〈1n|
]+ tanh2N rcosh2 r |0N〉〈0N|
} 1CN(r)2 , (6.1.17)
ρRR¯ = 1CN(r)2
{ N∑
n=0m=0
tanhn+m rcosh2 r |nn〉〈mm|
+ N−1∑n=0m=0
tanhn+m rcosh4 r √n + 1√m + 1 |n + 1n〉〈m + 1m|
}, (6.1.18)
where the bases are respectively
|nm〉 = ∣∣nA〉U ∣∣mR〉I , (6.1.19)|nm〉 = ∣∣nA〉U |mR¯〉II, (6.1.20)|nm〉 = ∣∣nR〉I |mR¯〉II (6.1.21)
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for (6.1.16), (6.1.17) and (6.1.18).On the other hand, the density matrices for the individual subsystems (6.1.13),(6.1.14),(6.1.15) are
ρR = 1CN(r)2
N∑
n=0
tanh2n rcosh2 r
[1 + nsinh2 r
] |n〉〈n| , (6.1.22)
ρR¯ = 1CN(r)2
[N−1∑
n=0
tanh2n rcosh2 r
(1 + n + 1cosh2 r
) |n〉〈n|+ tanh2N rcosh2 r |N〉〈N|
] , (6.1.23)
ρA = 1CN(r)2 (D0N(r) |0〉〈0|+D1N(r) |1〉〈1|) , (6.1.24)where
D0N(r) = N∑n=0 tanh
2n rcosh2 r = 1− (tanh r)2(N+1), (6.1.25)
D1N(r)=N−1∑n=0(n + 1)tanh
2n rcosh2 r = 1−
(1 + Ncosh2 r
) tanh2Nr. (6.1.26)
Notice that D0N(r) +D1N(r) = C2N(r) and consequently all the density matrix tracesare 1 as it must be. As all the probability is within the modes that we are consid-ering, all the possible ‘decoherence’ is confined to the finite occupation numberHilbert space we are studying. We are not just taking part of the complete va-cuum and one particle states losing probability in our approximation, instead wehave artificially imposed that the Unruh effect will only excite every mode up toa maximum occupation number N .As an effect of the imposition of the finite dimension ρA Ï |0〉〈0| as a Ï ∞for any finite N , but it tends to 12 (|0〉〈0| + |1〉〈1|) when N Ï ∞ for all a. It isimportant to notice that both limits do not commute. The limit N Ï ∞ shouldbe taken first in order to recover the standard scalar field result.
6.2 Analysis of correlations
In this section we will analyse the correlations tradeoff among all the possiblebipartitions of the system. We will account for the entanglement by means ofthe negativity, and we will study the total correlations by means of the mutualinformation, which accounts for both classical and quantum.
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6.2.1 Quantum entanglement
We will study quantum entanglement for the three bipartitions in this settings.For this, we will use negativity as an entanglement measure. To compute negativ-ity we need the partial transpose of the bipartite density matrices (6.1.16), (6.1.17)and (6.1.18), which we will notate as ηAR, ηAR¯ and ηRR¯ respectively.
ηAR ={N−1∑n=0 tanh
2n rcosh2 r
[|0n〉〈0n|+ √n + 1cosh r ( |0n + 1〉〈1n| + |1n〉〈0n + 1|)
+ n + 1cosh2 r |1n + 1〉〈1n + 1|
]+ tanh2N rcosh2 r |0N〉〈0N|
} 1CN(r)2 , (6.2.1)
ηAR¯ = {N−1∑n=0 tanh
2n rcosh2 r
[|0n〉〈0n|+√n + 1cosh r tanh r(|0n〉 〈1n + 1|+ |1n + 1〉〈0n|)
+ n + 1cosh2 r |1n〉〈1n|
]+ tanh2N rcosh2 r |0N〉〈0N|
} 1CN(r)2 , (6.2.2)
ηRR¯ = 1CN(r)2
{ N∑
n=0m=0
tanhn+m rcosh2 r |nm〉〈mn|
+ N−1∑n=0m=0
tanhn+m rcosh4 r √n + 1√m + 1 |n + 1m〉〈m + 1n|
}. (6.2.3)
In the following subsections we shall compute the negativity of each bipartitionof the system.
Alice-Rob Bipartition
Apart from the diagonal elements corresponding to |00〉〈00| and |1N〉〈1N| (whichform two 1 × 1 blocks themselves), the partial transpose of the density matrixρAR (6.2.1) has a 2× 2 block structure in the basis {|0n + 1〉 , |1n〉}N−1n=0
tanh2n rC(r)2 cosh2 r
 tanh2 r
√n + 1cosh r√n + 1cosh r nsinh2 r
 . (6.2.4)
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Hence, the eigenvalues of (6.2.1) are
λ±n = tanh2n r2CN(r)2 cosh2 r
[( nsinh2 r + tanh2 r
)±√( nsinh2 r + tanh2 r
)2+ 4cosh2 r
N−1
n=0
,
λN = 1CN(r)2 cosh2 r ; λN+1 = N(tanh r)2N−2CN(r)2 cosh4 r . (6.2.5)
Here, the notation |aNn=a1 means that n takes all the integer values from a1 to aN .Therefore the negativity for this bipartition is
NAR=N−1∑n=0 tanh
2n r2CN(r)2 cosh2 r
∣∣∣∣∣∣
( nsinh2 r + tanh2 r
)−√( nsinh2 r + tanh2 r
)2+ 4cosh2 r
∣∣∣∣∣∣.(6.2.6)
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Figure 6.1: Bundle of curves displaying the negativity for the bipartition AR for all values of Nas a function of the acceleration.
Figure 6.1 shows the behaviour of negativity for all values of N , which isclearly similar for all cases no matter how many dimensions we are allowing
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for each mode. Despite this, negativity AR is slightly sensitive to dimensionvariations.NAR is shown in figure 6.2 as a function of r for different values of N , com-paring them with the case N = 1. A very interesting result emerges here, forany pair of values for the maximum occupation number N1 < N2 both negativitycurves cross in a point a = ac(N1, N2). This means that for any finite value of theHilbert space dimension there is a region a < ac(N1, N2) (low accelerations) inwhich entanglement is more degraded for higher dimension, and another regiona > ac(N1, N2) (high accelerations) in which entanglement is more degraded forlower dimension.
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Figure 6.2: Same as fig. 6.1 particularised for different values of the occupation number boundN showing the existence of crossing points. To the right (left) of these points entanglementdegrades less (more) for lesser N . Solid blue line N = 1, dashed red line N = 2, dotted purpleline N = 15, black dash-dotted line N =∞.
This disagrees the naive argument that higher dimension would lead to higherUnruh decoherence which is not necessarily true. Figure 6.3 shows the behaviourof rc(1, N) as N grows. The crossing point with the negativity curve for N = 1grows as we consider larger N curves. rc(N1, N2) is related with ac(N1, N2) by
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means of the relationship (5.1.2).
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Figure 6.3: r for which negativity curves for a bound N cross the negativity curve for N = 1. Inthe region above the curve entanglement degrades faster for N = 1 than for N > 1.
For the limit N2 Ï ∞, ac(N1, N2) Ï ∞, which means that infinite dimensionnegativity is below all the finite dimensional curves.
Bipartition Alice-AntiRob
Excepting the diagonal elements corresponding to |10〉〈10| and |0N〉〈0N| (whichform two 1 × 1 blocks themselves), the partial transpose of the density matrixρAR¯ (6.2.2) has a 2× 2 block structure in the basis {|0n〉 , |1n + 1〉}N−1n=0
tanh2n rC(r)2 cosh2 r
 1
tanh rcosh r√n + 1tanh rcosh r√n + 1 tanh2 rcosh2 r (n + 2)
 . (6.2.7)
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Hence, the eigenvalues of (6.2.2) are
λ±n = tanh2n r2C(r)2 cosh2 r
[(1+(n+2) tanh2 rcosh2 r
)±
√√√√(1 + (n + 2) tanh2 rcosh2 r
)2− 4 tanh2 rcosh2 r

N−1
n=0
,
λN = 1C(r)2 cosh4 r ; λN+1 = tanh2N rC(r)2 cosh2 r . (6.2.8)
Therefore, the negativity for this bipartition is always 0, independently of thevalue of the acceleration parameter and the occupation number bound N .From this results can be concluded that limiting the dimension has no effectin the creation or not of quantum correlations between Alice and AntiRob. Asfar as the field is bosonic, no entanglement is created in the CCA bipartitions ofthe system no matter how we limit the dimension of the Hilbert space.
Bipartition Rob-AntiRob
The partial transpose of the density matrix ρRR¯ (6.2.3) has a block structure.Namely, it is formed by 2N + 1 blocks whose dimension varies. In the followingwe will detailedly analyse the blocks.
1. First of all, we have N + 1 blocks {MD}N+1D=1 which are endomorphisms thatact in the subspace (of dimension D) expanded by the basis BD = {|mn〉}in which m + n = D − 1 ≤ N .
2. Then we have N more blocks {M ′D}ND=1 that act in the subspace (of dimen-sion D) expanded by the basis B′D = {|m′n′〉} in whichm′+n′ = 2N−D+1 >N . Notice that not all the possiblem′ and n′ are allowed due to the limitationto the occupation number m′, n′ ≤ N .
As an example which will perfectly clarify this construction, if N = 4 there willbe 9 blocks, M1,M2,M3,M4,M5,M ′4,M ′3,M ′2,M ′1 each one is an endomorphism
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which acts in the subspace expanded by the bases
B1 = {|00〉} ,B2 = {|01〉 , |10〉} ,B3 = {|02〉 , |20〉 , |11〉} ,B4 = {|03〉 , |30〉 , |12〉 , |21〉} ,B5 = {|04〉 , |40〉 , |13〉 , |31〉 , |22〉} ,B′4 = {|14〉 , |41〉 , |23〉 , |32〉} ,B′3 = {|24〉 , |42〉 , |33〉} ,B′2 = {|34〉 , |43〉} ,B′1 = {|44〉} (6.2.9)
respectively.In this fashion, the whole matrix is an endomorphism within the subspaceR=⊕N+1i=1 Si ⊕⊕Nj=1 S′j , being Si the subspace (of dimension D = i) expanded bythe basis Bi and S′j the subspace (of dimension D = j) expanded by the basis B′j .The blocks M1, . . . ,MN+1 and M ′1, . . . ,M ′N which form the matrix (6.2.3) havethe following form
MD =

0 a1 0 0 · · · · · · · · · 0a1 0 a2 0 · · · · · · · · · 00 a2 0 a3 · · · · · · · · · 00 0 a3 0 a4 · · · · · · 00 0 0 . . . . . . . . . · · · 0... ... ... ... . . . . . . . . . ...0 0 0 0 · · · . . . 0 aD−10 0 0 0 0 . . . aD−1 aD

. (6.2.10)
M ′D =

0 b1 0 0 · · · · · · · · · 0b1 0 b2 0 · · · · · · · · · 00 b2 0 b3 · · · · · · · · · 00 0 b3 0 b4 · · · · · · 00 0 0 . . . . . . . . . · · · 0... ... ... ... . . . . . . . . . ...0 0 0 0 · · · . . . 0 bD−10 0 0 0 0 . . . bD−1 bD

. (6.2.11)
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The matrix elements an and bn are defined as follows
a2l+1 = (tanh r)D−1C(r)2 cosh2 r ,
a2l = √D − l√l (tanh r)D−2C(r)2 cosh4 r ,
b2l+1 = (tanh r)2N−D+1C(r)2 cosh2 r ,
b2l = √N + 1− l√l +N −D + 1 (tanh r)2N−DC(r)2 cosh4 r . (6.2.12)Notice that the elements are completely different when the value of the label nis odd or even.As the whole matrix is the direct sum of the blocks
ηRR¯ = (N+1⊕D=1 MD
)⊕( N⊕D=1 M ′D
) , (6.2.13)
the eigenvalues and, specifically, the negative eigenvalues of ηRR¯ would be thenegative eigenvalues of all the blocks MD and M ′D gathered togheter, which canbe easily computed numerically. Figure 6.4 shows the behaviour of NRR¯ with rand for different values of N .We can now compare the finite N bosonic case with their same dimensionanalog for fermions. Namely, a Grassmann scalar field (spinless fermion) hasthe same Hilbert space dimension as the scalar case with N = 1, the relevant dif-ference is the anticommutation of the field operators instead of the commutationwhich applies for bosons. On the other hand, scalars limited to N = 3 and N = 2can be considered as two different analogs to the Dirac field as the former hasthe same Hilbert space dimension as Dirac modes and the latter would share thesame possible maximum occupation number.This comparison can be seen in figures 6.5, 6.6. We see that the behaviour issimilar (monotonic growth from zero to a finite limit for a Ï ∞) but the func-tional dependence is still very different in both cases. Specifically, as a increasesthe bosonic cases grow a higher entanglement between the modes of the fieldon both sides of the horizon than the same dimension fermionic analogs.This clearly shows another important difference between fermionic and bo-sonic fields. Pauli exclusion principle prevents the total degradation of fermionicentanglement in CCA bipartitions, whereas, conversely, impedes entanglementcreation between RR¯.
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Figure 6.4: Negativity RR¯ for different values of N , showing the upper bound reached whenaÏ∞. Negativity diverges when aÏ∞ only for N Ï∞.
6.2.2 Mutual information
Mutual information accounts for correlations (both quantum and classical) be-tween two different partitions of a system (see section 1.2). It is defined as
IAB = SA + SB − SAB, (6.2.14)
where SA, SB and SAB are respectively the Von Neumann entropies for the indi-vidual subsystems A and B and for the joint system AB.To compute the mutual information for each bipartition we will need theeigenvalues of the corresponding density matrices. We shall go through all theprocess detailedly in the lines below.
Alice-Rob Bipartition
Excepting the element |0N〉〈0N| (which forms a 1 × 1 block itself) the densitymatrix for the system Alice-Rob (6.1.16) consists on N 2 × 2 blocks in the basis
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Figure 6.5: Negativity of the bipartition RR¯ for fermion fields. Grassmann scalar (red dashedline) and Dirac (blue solid line). Negativity upper bound is greater for the Dirac case asdim(HDirac) > dim(HGrassmann). Notice that here r = atan(e−pik0/a) instead of the hyperbolictangent and therefore r Ï pi/4Ñ aÏ∞.
{|0n〉 , |1n + 1〉}N−1n=0 which have the form
tanh2n rCN(r)2 cosh2 r
 1
√n + 1cosh r√n + 1cosh r n + 1cosh2 r
 . (6.2.15)
Hence, the eigenvalues of (6.1.16) are
λn = tanh2n rCN(r)2 cosh2 r
(1 + n + 1cosh2 r
)∣∣∣∣∣
N−1
n=0λN = tanh2N rCN(r)2 cosh2 r , (6.2.16)
along with N identically zero eigenvalues.
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Figure 6.6: Same as fig. 6.5 but for bounded occupation number scalar fields. N = 1 (red dashedline) is dimensionally analogous to the Grassmann scalar case. N = 3 (black dash-dotted line) isdimensionally analogous to the Dirac case. N = 2 (blue solid line) is analogous to the Dirac fieldin maximum occupation number.
Alice-AntiRob Bipartition
Except from the diagonal element corresponding to |00〉〈00| (which forms one1×1 block itself) the density matrix for the system Alice-AntiRob (6.1.17) consistson (N − 1) 2× 2 blocks in the basis {|0n〉 , |1n − 1〉}Nn=1 which have the form
tanh2n rCN(r)2 cosh2 r
 1
√nsinh r√nsinh r nsinh2 r
 . (6.2.17)
Therefore the eigenvalues of (6.1.17) are
λn = tanh2n rCN(r)2 cosh2 r
(1 + nsinh2 r
)∣∣∣∣∣
N
n=0 , (6.2.18)along with N identically zero eigenvalues.
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Rob-AntiRob Bipartition
The density matrix for Rob-AntiRob (6.1.18) consists in the direct sum of twoblocks ρRR¯ = X ⊕ Y (6.2.19)
of dimensions dim(X) = N + 1, dim(Y ) = N . The matrix elements of X and Y are
Xij = (tanh r)i+j−2CN(r)2 cosh2 r Yij = √i√j (tanh r)i+j−2CN(r)2 cosh4 r (6.2.20)
in the bases {|nn〉}Nn=0 and {|n + 1n〉}N−1n=0 respectively.It is easy to see that rank(X) = rank(Y ) = 1. This means that all the eigenval-ues of (6.1.18) are zero except for two of them, which we can readily compute
λRR¯X = D0N(r)C(r)2 λRR¯Y = D1N(r)C(r)2 , (6.2.21)
where D0N(r) and D1N(r) are given by (6.1.25) and (6.1.26).
Von Neumann entropies for each subsystem and mutual information
To compute the Von Neumann entropies we need the eigenvalues of every bipar-tition and the individual density matrices. The eigenvalues of ρAR, ρAR¯, ρRR¯ arerespectively (6.2.16), (6.2.18) and (6.2.21).The eigenvalues of the individual systems density matrices can be directlyread from (6.1.22), (6.1.23) and (6.1.24) since ρR, ρR¯ and ρA have diagonal formsin the Fock basis. The Von Neumann entropy for a partition B of the system isS = −Tr(ρ log2 ρ). Therefore their entropies are
SR = − N∑n=0 tanh
2n rCN(r)2 cosh2 r
[1 + nsinh2 r
] log2 [ tanh2n rCN(r)2 cosh2 r
(1 + nsinh2 r
)] ,
SR¯ = − N−1∑n=0 tanh
2n rCN(r)2 cosh2 r
[1 + n + 1cosh2 r
] log2 [ tanh2n rCN(r)2 cosh2 r
(1 + n + 1cosh2 r
)] ,
− tanh2N rCN(r)2 cosh2 r log2
( tanh2N rCN(r)2 cosh2 r
)
SA = 2 log2 [CN(r)]− 1CN(r)2 ∑i=0,1DiN(r) log2 [DiN(r)] . (6.2.22)
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We obtain a universal result which relates the entropies of the different bi-partitions of the system,
SAR = SR¯, SAR¯ = SR, SRR¯ = SA. (6.2.23)
These results can be summarised in the expression
SIJ = SK, (6.2.24)
where I, J and K labels represent different subsystems. Whichever values I 6=J 6= K will satisfy the identity. This is also true for standard scalar fields, Grass-mann scalar fields (spinless fermions) and Dirac fields. These relationships arecompletely universal, being independent of statistics and dimension, and reflect afundamental aspect of Unruh decoherence in terms of the entropy of the partialsystems, namely, the way in which the entropy of the bipartitions behaves asacceleration increases is not independent from the way the individual entropiesdo.The mutual information for all the possible bipartitions of the system will be
IAR = SA + SR − SAR = SA + SR − SR¯,IAR¯ = SA + SR − SAR¯ = SA + SR¯ − SR,IRR¯ = SR + SR¯ − SRR¯ = SA + SR¯ + SR.
The first notable difference from the standard bosonic field is that we donot obtain here the conservation law of the mutual information for the systemAlice-Rob and Alice-AntiRob, instead
IAR + IAR¯ = 2SA, (6.2.25)
where for any finite N , SA goes to zero when aÏ∞. Only in the limit of N Ï∞where SA Ï 1 ∀a the conservation law is restored.Figure 6.7 shows the mutual information tradeoff of the systems AR and AR¯from N = 1 to N = 104, along with the limit N Ï ∞ in which the conservationlaw is fulfilled for all values of a.As it can be seen in Figure 6.8 the largest deviation from the conservationlaw is obtained for N = 1. As it is shown in the Figure, for a given N theconservation law is fulfilled until the acceleration reaches a critical value a = al,then correlations go rapidly to zero. This critical value increases logarithmicallywith N .
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Figure 6.7: Mutual information for the systems Alice-Rob (blue continuous lines) and Alice-AntiRob (red dashed lines) as the acceleration parameter varies. Several values of N are plottedalong with the N = ∞ case. A conservation law is satisfied until acceleration reaches a criticalvalue which is displaced to the right logarithmically as N increases.
We showed above that quantum correlations between AR are quickly lost as aincreases for all N and no entanglement is created between AR¯. This means thatfor the high acceleration regime (where quantum entanglement vanishes) clas-sical correlations dominate mutual information. Therefore, what we learn frommutual information in this regime is the behaviour of purely classical3 correla-tions which are usually very difficult to be studied separately from entanglment.For the scalar field we have seen that, conversely to fermionic fields, limitingthe dimension produces boundary effects which make classical correlations go tozero. Here, conservation of these correlations for all values of a requires infinitedimension. In other words, finite dimensions schemes kill classical correlationsas Rob accelerates in the bosonic case.One would expect something similar for fermions since their states are nat-
3There might be also quantum discord [66], but it is irrelevant in our analysis since our interesthere is to distinguish entanglement from the rest of correlations.
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Figure 6.8: Violation of mutual information conservation law for the systems AR and AR¯. Theconservation law is fulfilled until a reaches a critical value which is logarithmically displaced tothe right as N increases. The conservation law is completely restored when N Ï∞.
urally of finite dimension. Hence, similar ‘border effects’ in classical correlationsshould appear in the same fashion as for bosons. Despite this fact, mutual inform-ation for fermions does not vanish. The explanation for this difference betweenbosons and fermions comes from fermionic quantum correlations. As shown inchapter 5, there is a conservation law for fermionic quantum entanglement
NARfermions +NAR¯fermions = 12 . (6.2.26)Since classical correlations for the finite dimensional case eventually go to zero,quantum correlations rule mutual information behaviour for fermions. There-fore, it can be concluded that the conservation law for the mutual informationfor fermions must be strongly related with the conservation of the fermionicentanglement which has its origin in statistics.We can conclude then that the origin of the universal mutual informationconservation law is different for fermions and bosons. On one hand, for bosons,it appears as a classical correlations conservation law. On the other hand, for
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fermions, this law reflects a quantum correlations conservation. This can alsoexplain why mutual information behaves so similarly to negativity for fermionsas it was obtained in chapter 5.To finish this work and complete the analysis of mutual information let usshow in Figure 6.9 how the behaviour of IRR¯ changes as N is increased andhow the divergent limit is obtained when N Ï ∞. The results about mutualinformation here are coherent with the thorough analysis of the correlations forthe RR¯ bipartition performed above when we analysed negativity.
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Figure 6.9: Mutual information for the system R-R¯ as acceleration varies for different values ofN . Only for N Ï∞ Mutual information diverges.
6.3 Discussion
In this chapter we answer the question of the actual impact of Fock space di-mensionality on the Unruh entanglement degradation phenomena. To do so, wehave studied the dimensional dependence of scalar field correlations when oneobserver is non-inertial. With this end in sight we have built a scalar field en-tangled state in which we have imposed a maximum occupation number N for
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Rindler modes.We have shown that the entanglement for AR and AR¯ is only slightly influ-enced by N . In other words, the qualitative behaviour (quick loss of entanglementfor AR as shown in Figure 6.1 and no entanglement creation for the system AR¯)is the same for finite and infinite N . This again points to the argument given inprevious chapters that it is statistics and not dimensionality that conditions thebehaviour of correlations in the presence of horizons.However, we have shown that AR entanglement is sensitive to variations ofN . This opposes what we found for fermions, whose correlations are completelyinsensitive to Hilbert space dimension variations (for example going from Grass-mann scalars to Dirac fields).In previous works we found a universal behaviour for the fermionic entan-glement of the bipartition AR. Specifically the functional form of the negativitywas exactly the same; independent of the maximally entangled state selected, thespin of the field, and the number of modes considered going beyond SMA. In allthe cases Unruh decoherence degrades fermionic entanglement exactly in thesame way. Here we see that for bosons this universality principle does exist butit is not as strong due to the sensitivity of AR to dimension changes.We have also seen that lesser N does not necessarily imply faster entangle-ment degradation. Instead, we have shown that for two different finite valuesof N , namely N1 < N2 there is a region a < ac in which entanglement is moredegraded for N2 and another region a > ac in which entanglement is more de-graded for N1. In other words, for high accelerations, higher dimension meansless entanglement degradation by Unruh effect. This result clashes again withthe extended idea that lesser dimension would protect correlations better thanhigher dimension, one misconception that after all this research should be ban-ished from the explanation of these phenomena.We have also showed that, since ac shifts to the right as N is increased, in thelimit N Ï ∞, ac Ï ∞, so that entanglement is more degraded for the infinitedimensional case than for any finite N whatever the value of the acceleration.It is remarkable that there is no entanglement tradeoff in the CCA biparti-tions even for finite dimension; no entanglement appears in the bipartition AR¯whatever the dimension limit N . This reflects again that the differences betweenfermions and bosons have nothing to do with the finite dimensionality, but withthe different statistics.Concerning mutual information, we have shown that the conservation law
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found for scalar fields in chapter 5 for the systems AR and AR¯ is violated for finitevalues of N . We have obtained that for a finite N the conservation law is fulfilleduntil acceleration reaches a critical value, in which correlations quickly drop. Thiscritical value grows logarithmically with N , which means that the conservationlaw is satisfied for all a whenN Ï∞. Therefore, the violation of this conservationlaw can be associated with the boundary effects of imposing a dimensional limit.It is important to observe that in the bosonic case, mutual information is mainlyaccounting for classical correlations since quantum entanglement in the bosoniccase are quickly lost as a increases.One could expect something similar in the fermionic case since fermionshave a limited dimension Hilbert space for each mode. However, they lackthese boundary effects. This big difference between fermions and bosons is re-lated with the conservation of quantum entanglment in the aÏ∞ for fermions:in the high acceleration regime fermionic entanglement does not die (unlikethe bosonic case) and therefore, for fermions, mutual information is accountingfor quantum entanglement. This entanglement satisfies itself a conservation law(6.2.26) which is ‘inherited’ by mutual information. This also explains the simil-itude between mutual information and negativity behaviour for fermions foundin chapter 5.The conclusion here is that the universal conservation law for mutual in-formation is found for both fermions and bosons, however the nature of thisconservation is completely different in each case. For bosons it is due to clas-sical correlations conservation, whereas for fermions it is due to quantum entan-glement conservation. This illustrates once again that statistics is a paramountfeature in order to explain how correlations behave in the presence of horizons.The dimension of the Fock space has the largest impact in the behaviour ofcorrelations between regions I and II separated by the horizon. Comparing thelimited dimension scalar fields with their fermionic analogs we have found thatthe behaviour of correlations RR¯ is somewhat similar for bosons and fermionsand mainly ruled by the dimensionality of the Hilbert space. For both fermio-nic and bosonic fields, entanglement is always created between RR¯ reaching amaximum value when aÏ∞ for any finite dimension.The scalar cases of finite N present, important differences compared withtheir fermionic Fock space dimensional analogs (namely N = 1 is analogous tothe Grassmann scalar case and N = 2, 3 to the Dirac field case). In the infiniteacceleration limit, scalar states entanglement created between I and II modes isgreater than in the fermionic case.
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This implies that, regarding correlations between Rob and AntiRob modes, theeffect of statistics is the opposite to what happened for the CCA bipartitions. Herebosonic correlations reach higher values than their corresponding fermionicanalogs.
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Chapter 7
Quantum entanglement near ablack hole event horizon1
In previous chapters we studied the entanglement degradation phenomenon pro-duced when one of the partners of an entangled bipartite system undergoes aconstant acceleration; this phenomenon, sometimes called Unruh decoherence, isstrongly related to the Unruh effect. Its study revealed that there are very strongdifferences between fermionic and bosonic field entanglement ([10,11,58,60] andprevious chapters). The reason for these differences was traced back to fermio-nic/bosonic statistics and not to the difference between bosonic and fermionicmode population as previously thought (see previous chapters). In these earlierstudies some conclusions were drawn about the infinite acceleration limit, inwhich the situation is similar to being arbitrarily close to an event horizon of aSchwarzschild black hole.However there are many subtleties and differences between Rindler andSchwarzschild spacetimes. For example Schwarzschild spacetime presents a realcurvature singularity while Rindler metric is nothing but the usual Minkowskimetric represented in different coordinates and, therefore, has no singularities.The Rindler horizon is also of very different nature from the Schwarzschild’sevent horizon. Namely, the Rindler horizon is an acceleration horizon experi-enced only by accelerated observers (at rest in Rindler coordinates). On the otherhand, a Schwarzschild horizon is an event horizon, which affects the global causalstructure of the whole spacetime, independently of the observer. Also, for theRindler spacetime there are two well defined families of timelike Killing vectorswith respect to which modes can be classified according to the criterion of being
1E. Martín-Martínez, L. J. Garay, J. León. Phys. Rev. D, 82, 064006 (2010)
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of positive or negative frequency. Contrarily, Schwarzschild spacetime has onlyone timelike Killing vector (outside the horizon).Therefore, to analyse the entanglement degradation produced due to theHawking effect near a Schwarzschild black hole we must be careful, above all ifwe want to do a deeper study than simply taking the limit in which the Rindleracceleration parameter becomes infinite. In this chapter we will see how wecan use the tools coming from the study of the Unruh degradation in uniformlyaccelerated scenarios without restricting only to the exact infinite accelerationlimit and controlling to what extent such tools are valid.Consequently, we will be able to compute the entanglement degradation intro-duced by the Hawking effect as a precise function of three physical parameters,the distance of Rob to the event horizon, the mass of the black hole, and thefrequency of the mode that Rob has entangled with Alice’s field state. As a resultof this study we will obtain not only the explicit form of the quantum correlationsas a function of the physical parameters mentioned above, but also a quantitat-ive control on what distances from the horizon can be still analysed using themathematical toolbox coming from the Rindler results.The setting consists in two observers (Alice and Rob), one of them free-fallinginto a Schwarzschild black hole close to the horizon (Alice) and the other onestanding at a small distance from the event horizon (Rob). Alice and Rob arethe observers of a bipartite quantum state which is maximally entangled forthe observer in free fall. The Hawking effect will introduce degradation in thestate as seen by Rob, impeding all the quantum information tasks between bothobservers.In this context, we will analyse not only the classical and quantum correlationsbetween Alice and Rob, but also those that both observers would acquire withthe mode fields on the part of the spacetime that is classically unaccessible dueto the presence of the event horizon.By means of this study we will show that all the interesting entanglement be-haviour occurs in the vicinity of the event horizon. What is more, we will arguethat as the entangled partners go away from the horizon the effects on entangle-ment become unnoticeably small and, as a consequence, quantum informationtasks in universes that contain event horizons are not jeopardised.We will also see that the phenomenon of Hawking degradation is universalfor every Schwarzschild black hole, which is to say, it is ruled by the presenceof the event horizon and is not fundamentally influenced by the specific value ofthe black hole parameters when the analysis is performed using natural units to
Doctoral Thesis 136 Eduardo Martín Martínez
7.1. Revisiting entanglement degradation due to acceleration
the black hole. Furthermore, we will discuss the validity of the results obtainedwhen instead of the usual plane wave basis we work in a base of wave packets,for which the states of Alice and Rob can be spatially localised.
7.1 Revisiting entanglement degradation due to ac-celeration
To introduce the new notation that we will need to use in this chapter we willnow summarise the results that have been obtained concerning the effects of anuniform acceleration on quantum correlations.As seen in previous chapters, the Minkowski vacuum state of the field |0〉 isannihilated by the annihilation operators aωˆi,M as well as by the operators aωi,Uand a′ωi,U. For the excited states of the field, we will work with the orthonormalbasis {ψUωi , ψ′Uωi} defined in (2.6.1) such that
|1ωi〉U = a†ωi,U |0〉 , |1′ωi〉U = a′†ωiU |0〉 (7.1.1)
are solutions of the free Klein-Gordon equation which are not monochromatic,but linear superpositions of plane waves of positive frequency ωˆj .We have learnt that we can express the Minkowski vacuum state and the firstUnruh excitation in terms of the Rindler Fock space basis,
|0ωi〉M = 1cosh rb,ωi
∞∑
n=0(tanh rb,ωi)n |nωi〉I |nωi〉II . (7.1.2)and |1ωi〉U = 1(cosh rb,ωi)2
∞∑
n=0(tanh rb,ωi)n
√n + 1 |n + 1ωi〉I |nωi〉II . (7.1.3)
where2 tanh rb,ωi = exp(−piωi/a). (7.1.4)The mode |1′ωi〉U is analogous but swapping the labels I and II.Analogously, same states can be obtained for a Dirac field. As for the scalarcase, the vacuum state of the field |0〉 is annihilated by the annihilation operatorscωˆi,σ,M and dωˆi,σ,M for all ωˆi, σ as well as by the operators cωi,σ,U and dωi,σ,U for allωi, σ .
2In this chapter we employ (for convenience) the natural system of units ~ = c = G = 1
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For the excited states of the field, we will work with the orthonormal basis(2.6.5) such that |σωi〉U = c†ωi,σ,U |0〉 (7.1.5)are positive frequency solutions of the free Dirac equation which are not mono-chromatic, but linear superpositions of plane waves of positive frequency ωˆi.As it can be seen in chapter 3, the projection onto the unprimed sector ofthe basis (2.6.5) of the Minkowski vacuum state written in the Rindler basis, is asfollows
|0ωi〉 = (cos rf,ωi)2 |0〉I |0〉II + sin rf,ωi cos rf,ωi (|↑ωi〉I |↓ωi〉II + |↓ωi〉I |↑ωi〉II)+ (sin rf,ωi)2 |pωi〉I |pωi〉II , (7.1.6)where tan rf,ωi = exp(−piωi/a). (7.1.7)It is straightforward to check that the vacuum is annihilated by cωi,σ,U and dωi,σ,Usimply using (2.6.6) and applying both operators to (7.1.6).The one particle state (projected onto the sector ψMωi of (2.6.5)) in the Rindlerbasis can be readily obtained by applying the particle creation operator c†ωi,σ to(7.1.6):
|↑ωi〉M = cos rf,ωi |↑ωi〉I |0〉II + sin rf,ωi |pωi〉I |↑ωi〉II ,|↓ωi〉M = cos rf,ωi |↓ωi〉I |0〉II − sin rf,ωi |pωi〉I |↓ωi〉II . (7.1.8)
Let us first consider the following maximally entangled state for a scalar field:
|Ψ〉s = 1√2 (|0〉 |0〉+ |1A〉 |1ωR〉U) , (7.1.9)where the label A denotes Alice’s subsystem and R denotes Rob’s subsystem. Inthis expression, |0〉A,R represents the Minkowski vacuum for Alice and Rob, |1〉A isan arbitrary one particle state excited from the Minkowski vacuum for Alice, andthe one particle state for Rob is expressed in the basis (2.6.1) and characterisedby the frequency ωR observed by Rob. As usual, since the second partner (Rob)—who observes the bipartite state (7.1.9)— is accelerated, it is convenient to mapthe second partition of this state into the Rindler Fock space basis, which can becomputed using equations (7.1.2) and (7.1.3).
|Ψ〉s = ∞∑n=0 (tanh rb)
n√2 cosh rb
( |0〉A |nωR〉I |nωR〉II + √n + 1cosh rb |1〉A |n + 1ωR〉I |nωR〉II
) .
(7.1.10)
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Figure 7.1: Flat spacetime conformal diagram showing Alice, Rob and AntiRob trajectories. i0denotes the spatial infinities, i−, i+ are respectively the timelike past and future infinities, I − and
I + are the null past and future infinities respectively, and H ± are the Rindler horizons.
The same can be done in the case of a Dirac field. Let us now consider thefollowing maximally entangled state for a Dirac field in the Minkowskian basis
|Ψ〉d = 1√2 (|0〉 |0〉+ |↑〉A |↓ωR〉U) . (7.1.11)As for the bosonic case, if Rob, who observes this bipartite state, is accelerated,it is convenient to map the second partition of this state into the Rindler Fockspace basis, which can be computed using Eqns. (7.1.6) and (7.1.8). The explicitform of such state can be seen in chapter 3.Notice that we have chosen a specific maximally entangled state (7.1.11) of allthe possible choices. This election has no relevance since in previous chapters
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it was shown the universality of the degradation of fermionic entanglement. Allfermionic maximally entangled states are equally degraded by the Unruh effect,no matter what kind of maximally entangled state is (either occupation numberor spin Bell state), or even if we work with a Grassmann scalar field instead of aDirac field.Let us denote ρsARR¯ = |Ψs〉〈Ψs| , ρdARR¯ = |Ψd〉〈Ψd| , (7.1.12)the tripartite density matrices for the bosonic and fermionic cases, in which weuse the Minkowski basis for Alice and the Rindler basis for Rob-AntiRob.In the standard Unruh entanglement degradation scenario we must trace overAntiRob degrees of freedom when accounting for the quantum state shared byAlice and Rob. This provokes, for instance, the observation of a thermal bath byRob while Alice observes the Minkowski vacuum as it can be seen elsewhere ( [11,49] and sections 2.4 and 3.1.1). As a consequence the state becomes mixed, whichcan cause some degree of correlation loss in the system AR as we increase thevalue of the acceleration a. In references [10,11,58,60] and in previous chaptersit was studied how this phenomenon affects the entanglement for different fields.The correlation trade-off among the all possible bipartitions of the system,Alice-Rob (AR), Alice-AntiRob (AR¯), and Rob-AntiRob (RR¯) It has been also stud-ied in chapter 5.Classical communication between the two partners is only allowed for the bi-partitions AR and AR¯. We refer to these bipartitions as ‘Classical communicationallowed’. These bipartitions are the only ones in which quantum informationtasks are possible.On the other hand, no quantum information tasks can be performed usingRR¯ correlations since classical communication between Rob and AntiRob is notallowed. Anyway, studying this bipartition is still necessary to give a completedescription of the behaviour of the correlation created between the spacetimeregions separated by the horizon.The partial quantum states for each bipartition are obtained by tracing overthe third subsystem as usualρAR = TrII ρARR¯, ρAR¯ = TrI ρARR¯, ρRR¯ = TrA ρARR¯. (7.1.13)
The properties of the correlations among these subsystems have been ana-lysed in previous chapters, showing a completely different behaviour of quantumcorrelations for the CCA bipartitions depending on whether the system is fer-mionic or bosonic.
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For fermionic fields we saw that quantum correlations are conserved as Robaccelerates (see subsection 5.3.2). Specifically, as entanglement in the bipartitionAR is reduced, entanglement in the system AR¯ is increased. In the limit of aÏ∞some entanglement survives in all the bipartitions of the system.For the scalar field the situation is radically different, namely, no entangle-ment is created in the CCA bipartitions (see subsection 5.4.2). Moreover, theentanglement in the AR bipartition is very quickly lost as Rob accelerates, evenif we artificially limit the dimension of the Hilbert space (see chapter 6).We have seen that this different behaviour is only ruled by statistics, whichplays a crucial role in the phenomenon of Unruh entanglement degradation. Therole of statistics is so important that, for fermions, the behaviour of quantumcorrelations has been proven to be universal. Also, the survival of entanglementfor the fermionic case, is arguably related to statistical correlations as we will seelater. All these aspects will be discussed in depth later on, when we present theresults for the Schwarzschild black hole.
7.2 The “Black Hole Limit”: fromRindler to Kruskal
In this section we will study a completely new setting using the tools learned fromprevious chapters. We will prove in a constructive way that the entanglementdegradation in the vicinity of an eternal black hole can be studied in detail withthese well-known tools. By means of the construction shown below we will beable to deal with new problems such as computing entanglement loss between afree-falling observer and another one placed at fixed distance to the event horizonas a function of the distance, studying the behaviour of quantum correlations inthe presence of black holes.To begin this section let us work a little bit with the Schwarzschild metric
ds2 = −(1− 2mr
)dt2 + (1− 2mr
)−1 dr2 + r2dΩ2, (7.2.1)
where m is the black hole mass and dΩ2 is the line element in the unit sphere.Due to the symmetry of the problem we are going to restrict the analysis to theradial coordinate. To shorten notation let us write the radial part of metric as
ds2 = −fdt2 + f−1dr2, (7.2.2)
where f = 1− 2m/r.
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We can choose to write the metric in terms of the proper time t0 of anobserver placed in r = r0 as follows,
ds2 = − ff0dt20 + f−1dr2, (7.2.3)where f0 = 1− 2m/r0. The relationship between t0 and t is given by the norm ofthe timelike Killing vector ξ = ∂t in r = r0, namely t0 = √f0 t.We can now change the spatial coordinate such that the new coordinate van-ishes at the Schwarzschild radius r = Rb = 2m. Let us define z in the followingway r − 2m = z28m Ñ f = (κz)21 + (κz)2 , (7.2.4)with κ = 1/(4m) being the surface gravity of the black hole. Then the metric(7.2.3) results ds2 = − 1f0 (κz)21 + (κz)2dt20 + [1 + (κz)2]dz2. (7.2.5)Near the event horizon (z ≈ 0), we can expand this metric to lowest order in zand approximate it by ds2 = −( κz√f0
)2 dt20 + dz2, (7.2.6)
which is a Rindler metric with acceleration parameter κ/√f0.On the other hand, Eq. (7.2.6) represents the metric near the event horizonin terms of the proper time of an observer placed at r = r0. The next step isgiving a physical meaning to this Rindler-like acceleration parameter. For this,we need to compute the proper acceleration of a Schwarzschild observer placedat r = r0, which is, indeed, different from κ (as κ would be the acceleration of anobserver arbitrarily close to the horizon as seen from a free-falling frame).To compute a for this observer as seen by himself (proper acceleration) wemust start from the Schwarzschild metric. The value of the proper accelerationfor an accelerated observer at arbitrary fixed position r is a = √aµaµ whereaµ = vν∇νvµ is the observer 4-acceleration at such position, whereas vµ is his4-velocity.The 4-velocity for a Schwarzschild observer in an arbitrary position r is
vµ = ξµ/|ξ|, (7.2.7)
where ξ ≡ ∂t is the Schwarzschild timelike Killing vector. As ξµ = (1, 0, 0, 0) inSchwarzschild coordinates, |ξ| = √|g00| = √f , and therefore vµ = ξµ/√f . Thus,
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we can compute the acceleration 4-vector
aµ = vν∇νvµ = 1|ξ|ξν∇ν ξµ|ξ| . (7.2.8)Taking into account that ξµ is a Killing vector and, therefore, it satisfies ∇µξν +∇νξµ = 0, we easily obtain
aµ = 12 ∂µ|ξ|2|ξ|2 = ∂µf2f = 12f (0, ∂rf, 0, 0) . (7.2.9)Hence, since grr = f , the proper acceleration for this observer is
a =√gµνaµaν =√ (∂rf )24f . (7.2.10)
For an observer placed at r = r0,
a0 = κ√f0 (1− f0)2. (7.2.11)
We know from (7.2.4) that 1− f0 = [1 + (κz0)2]−1. So, if the observer in r = r0is close to the event horizon (r0 ≈ Rb), then, to lowest order, 1 + (κz0)2 ≈ 1 and
a ≈ κ/√f0. (7.2.12)
Therefore, under this approximation, we can re-write (7.2.6) as
ds2 = − (a0z)2 dt20 + dz2. (7.2.13)
This shows that the Schwarzschild metric can be approximated, in the proximitiesof the event horizon, by a Rindler metric whose acceleration parameter is theproper acceleration of an observer resisting in a position r0 close enough to theevent horizon.This approximation holds if ( z02Rb
)2  1 (7.2.14)
or, in other words, if ∆0RS  1, (7.2.15)where ∆0 ≡ r0 − RS is the coordinate distance from r0 to the event horizon. Inthe limit r0 Ï Rb we obtain that f0 Ï 0 and, from (7.2.12), a0 Ï ∞. This showsrigorously that being very close to the event horizon of a Schwarzschild black
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hole can be very well approximated by the infinite acceleration Rindler case, asit was suggested in [10,11]. This also enables us to study what would happen withthe entanglement between observers placed at different distances of the eventhorizon as far as the Rindler approximation holds.Now let us identify again who is who in this new scenario. For this, weintroduce the null Kruskal-Szeckeres coordinates
u = −κ−1 exp[−κ(t − r∗)], v = κ−1 exp[κ(t + r∗)], (7.2.16)
where r∗ = r + 2m log |1 − r/2m|. In terms of these coordinates the radial partof the Schwarzschild metric is
ds2 = −12κre−2κrdudv, (7.2.17)where r is implicitly defined by (7.2.16). The Penrose diagram for the maximalanalytic extension of Schwarzschild spacetime obtained from these coordinates isshown in fig. 7.2. In this coordinates, near the horizon the metric can be writtento lowest order as ds2 = −e−1dudv (7.2.18)and uv = −(κz)2.
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Figure 7.2: Kruskal spacetime conformal diagram showing trajectories for Alice, Rob and Anti-Rob. i0 denotes the spatial infinities, i−, i+ are respectively the timelike past and future infinities,
I − and I + are the null past and future infinities respectively, and H ± are the event horizons.
Hence, there are three regions in which we can clearly define physical time-like vectors respect to which we can classify positive and negative frequencies:
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• ∂tˆ ∝ (∂u + ∂v). The parameter tˆ for this timelike vector corresponds tothe proper time of a free-falling observer close to the horizon, and it isanalogous to the Minkowskian timelike Killing vector. Positive frequencymodes associated to this timelike vector define a vacuum state known asthe Hartle-Hawking vacuum |0〉H, which is analogous to |0〉M in the Rindlercase.
• ∂t ∝ (u∂u − v∂v). This is the Schwarzschild timelike Killing vector, which(when properly normalised) corresponds to an observer whose accelerationat the horizon equals the surface gravity κ of the black hole with respectto a Minkowskian observer, or, in other words, with proper accelerationa0 ≈ κ/√f0 close to the horizon. The vacuum state corresponding to positivefrequencies associated to this timelike Killing vector is called the Boulwarevacuum |0〉B. This state is analogous to the Rindler vacuum |0〉I.• There is another timelike Killing vector −∂t (as in Rindler) for region IIthat will allow us to define another Boulware vacuum in region II. We willcall it AntiBoulware vacuum |0〉B¯, analogous to |0〉II in the Rindler case.
Now, in this scenario, |1ωˆ〉H = a†ˆω,H |0〉H are free scalar field modes, in otherwords, solutions of positive frequency ωˆ with respect to ∂tˆ of the free Klein-Gordon equation close to the horizon
|1ωˆ〉H ≡ uHˆω ∝ 1√2ωˆe−iωˆtˆ. (7.2.19)The label H just means that those states are expressed in the Hartle-HawkingFock space basis.An observer located at a fixed distance from the black hole can also definehis own vacuum and excited states of frequency ω respect to the Killing vector∂t . Actually, there are two natural vacuum states associated with the positivefrequency modes in both sides of the horizon these are |0〉B and |0〉B¯, vacua for thepositive frequency modes in regions I and II respectively (fig. 7.2). Subsequently,for a scalar field, we can define the field excitations as
|1ω〉B = a†ω,B |0〉B ≡ uBω ∝ 1√2ωe−iωt,|1ω〉B¯ = a†ω,B¯ |0〉B¯ ≡ uB¯ω ∝ 1√2ωeiωt. (7.2.20)
Then, the analogy between the Rindler-Minkowski and the Boulware-Hartle-Hawking states, and their relation with the standard Alice-Rob-AntiRob notation
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is as follows: |0〉R ↔ |0〉I ↔ |0〉B ,|0〉R¯ ↔ |0〉II ↔ |0〉B¯ ,|0〉A ↔ |0〉M ↔ |0〉H . (7.2.21)The change of basis between Hartle-Hawking modes and Boulware modes iscompletely analogous to the change of basis between Minkowskian modes andRindler modes with an acceleration parameter a0 = κ/√f0.In the same fashion as for Rindler we define an orthonormal basis of Hartle-Hawking scalar field modes {ψHωj , ψ′Hωj } whose elements are superpositions ofpositive-frequency solutions uHˆωi of the Klein-Gordon equation with respect tothe Kruskal time tˆ such that each element corresponds to Boulware modes ofone single frequency in the Kruskal regions I and II (uBωj and uB¯∗ωj ). The same canbe done for the Dirac field.We can express the Hartle-Hawking vacuum state in terms of the BoulwareFock space basis. To do so, we use what we learned from the Rindler case.Taking into account that |0〉H =⊗i |0ωi〉H, we have that
|0ωi〉H = 1coshqb,ωi
∞∑
n=0(tanhqb,ωi)n |nωi〉B |nωi〉B¯ , (7.2.22)where tanhqb,ωi = exp(−pi√f0 ωi/κ) . (7.2.23)The unprimed Hartle-Hawking one particle state in the basis {ψHωj , ψ′Hωj } resultsfrom applying the corresponding creation operator to the vacuum state. We canalso translate this state to the Boulware basis:
|1ωi〉H = 1(coshqb,ωi)2
∞∑
n=0(tanhqb,ωi)n
√n + 1 |n + 1ωi〉B|nωi〉B¯ . (7.2.24)
The Hartle-Hawking vacuum (projected onto the unprimed sector) for theDirac case is expressed in the Boulware basis as follows
|0ωi〉H = (cos qf,ωi)2 |0ωi〉B |0ωi〉B¯ + sin qf,ωi cos qf,ωi (|↑ωi〉B |↓ωi〉B¯ + |↓ωi〉B |↑ωi〉B¯)+ (sin qf,ωi)2 |pωi〉B |pωi〉B¯ , (7.2.25)whereas the projected Hartle-Hawking one particle state is expressed in the Boul-ware basis as
|↑ωi〉H = cos qf,ωi |↑ωi〉B |0ωi〉B¯ + sinqf,ωi |pωi〉B |↑ωi〉B¯ ,|↓ωi〉H = cos qf,ωi |↓ωi〉B |0ωi〉B¯ − sinqf,ωi |pωi〉B |↓ωi〉B¯ , (7.2.26)
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where this time tanqf,ωi = exp(−pi√f0 ωi/κ) . (7.2.27)
Thus, in this new scenario, we can consider a bipartite states for fermionsand bosons analogous to the states (7.1.9) and (7.1.11) for the Rindler scenario,which have the following form in the basis of a free-falling observer (Alice)
|Ψ〉s = 1√2 (|0〉 |0〉+ |1〉A |1ωR〉H) , (7.2.28)|Ψ〉d = 1√2 (|0〉 |0〉+ |↑〉A |↓ωR〉H) . (7.2.29)
This bipartite system consists in two subsystems, the first one is going to be ob-served by Alice, who is free-falling into the black hole and close to the eventhorizon, and the second one will be observed by Rob, who is near the eventhorizon at r = r0 ≈ RS. Therefore, the second partner who observes the bipart-ite states (7.2.28) and (7.2.29) describes (7.2.28) and (7.2.29) using the Boulwarebasis, so that it is convenient to map the second partition of these states into theBoulware Fock space basis.Following the notation (7.2.21), to analyse the correlations among the bipartitesubsystems we need to trace out the third subsystem analogously to what we didin (7.1.13):
ρAR = TrII ρARR¯,ρAR¯ = TrR ρARR¯,ρRR¯ = TrA ρARR¯. (7.2.30)
It can be seen in fig. 7.2 that all the information beyond the event horizoncannot be accessed by Rob. Actually, what happens beyond the horizon is de-termined by the information that Rob can access along with the information thatAntiRob can access. In this context it makes sense to say that studying the systemρRR¯ gives an idea of the correlations across the horizon.
7.3 Correlations behaviour
In this section we will use the machinery we already have from the Rindler set-ups to compute the entanglement degradation as a function of the position ofRob.
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First we will consider that Rob’s frequency ωR is measured in natural unitsadapted to each black hole. This will show how modes of different frequenciessuffer different correlation degradation. It will also show how less massive blackholes produce a higher degradation than the heavier ones. Furthermore, thisanalysis will show the universality of the phenomenon of the Hawking entangle-ment degradation for Schwarzschild black holes.After that, we will analyse the different degree of entanglement degradationexperimented by an observer of fixed Boulware frequency ωR standing at fixeddistances from the event horizon for different black hole masses.In the following subsections we will see that all the interesting behaviour hap-pens in regions in which the Rindler approximation (7.2.13) is valid. Specifically,we will see in the plots below that the values of the distance to the horizon wherethe interesting entanglement behaviour appears are in the regime ∆0 . 0.05RSin all the cases considered in this section for which, consequently, the approxim-ation (7.2.13) holds.
7.3.1 Adapted frequency
In terms of the mode frequency measured by Rob (written in units natural to theblack hole, i.e. in terms of the surface gravity κ) and his position measured inSchwarzschild radii,
Ω = 2piωR/κ = 8pimωR, (7.3.1)R0 = r0/RS = r0/(2m), (7.3.2)
Eqns. (7.2.23) and (7.2.27) can be written as
tanhqs = exp(−Ω2
√1− 1R0
) , (7.3.3)
tanqd = exp(−Ω2
√1− 1R0
) , (7.3.4)
showing that the phenomenon of Hawking entanglement degradation presentsuniversality, which is to say, if the frequency is measured in natural units, everySchwarzschild black hole behaves in the same way, as expected.
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Quantum correlations
We will use the negativity (N) to account for the quantum correlations betweenthe different bipartitions of the system. Hence, to compute it, we will need thepartial transpose of the bipartite density matrices (7.2.30). The details associatedto the diagonalisation of the partial transposed density matrices for each subsys-tem are technically very similar to the Rindler case, and are not of much interestfor the purposes of this article. All the technical aspects of such calculations canbe found in chapter 5 for Dirac and scalar fields. The results of those calculationsare shown in Figs. 7.3 to 7.6. In Figs. 7.3 and 7.4 we can see the behaviour ofthe negativity on the CCA bipartitions for different values of Rob’s frequency Ω.For the scalar field we can see that as Rob is closer to the event horizon theentanglement shared between Alice and Rob decreases. In the limit in whichRob is very close to the horizon, entanglement is completely lost. With the studyperformed here we can see the functional dependence of the entanglement withthe distance to the horizon. As seen in the figures, the degradation phenomenonoccurs in a narrow region very close to the event horizon. If Rob is far enoughfrom the black hole he will not appreciate any entanglement degradation effectsunless either the mass of the black hole or the frequency of the mode consideredare extremely small. There must be, indeed, a minimum residual effect associatedto the Hawking thermal bath experienced in the asymptotically flat region of thespacetime, far from the region in which this approximation is valid, but it isunnoticeably small. Certainly, as it will be seen in fig. 7.9 and the discussionbelow, even very close to the horizon no effective entanglement degradationoccurs for physically meaningful values of mass and frequency.If we keep the frequency measured by Rob (ωR) constant, Ω will grow pro-portional to the black hole mass. With this in mind, fig. 7.3 shows that thedegradation is stronger for less massive black holes. This result is consistentwith the fact that the Hawking temperature increases as the mass of the blackhole goes to zero. In the next section (specifically in fig. 7.9) we will show thatthis is not an effect of choosing natural units, when an observer is at a fixeddistance of a black hole, the degradation will be higher for less massive blackholes.In any case, for the scalar field, the entanglement in the system AR is com-pletely degraded when one of the observers is resisting very close to the eventhorizon of the black hole. Hence, in this scenario, no quantum information re-sources can be used (for instance to perform quantum teleportation or quantumcomputing) between a free-falling observer and an observer arbitrarily close to
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Figure 7.3: Scalar field: Entanglement of the system Alice-Rob as a function of the positionof Rob for different values of Ω. Entanglement vanishes as Rob approaches the Schwarzschildradius while no entanglement is created between Alice and AntiRob. The smaller the value of Ωthe more degradation is produced by the black hole.
an event horizon. Moreover, no entanglement of any kind is created amongthe CCA bipartitions of the system (the ones where classical communication isallowed). Therefore, all useful quantum correlations between a free-falling ob-server and an observer at the event horizon are lost due to the Hawking effectdegrading all the entanglement in the system.For the Dirac field (fig. 7.4) something very different happens. We see thatcorrelations in the bipartition AR decrease to a certain finite limit, which meansthat there is entanglement survival even when Rob is asymptotically close tothe event horizon. This survival is a well known phenomenon in the Rindlercase [11]. At the same time that entanglement is destroyed in the AR bipartition,entanglement is created in the complementary AR¯ bipartition so that negativityin the CCA bipartitions fulfils a conservation law regardless of the distance tothe event horizon and the mass of the black hole
NAR +NAR¯ = 12 . (7.3.5)Doctoral Thesis 150 Eduardo Martín Martínez
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The nature of this entanglement and the survival of correlations, even in the limitof positions arbitrarily close to the horizon, is discussed in chapters 5 and 6 forthe Rindler case. When we deal with fermionic fields there are correlations thatcome from the statistical fermionic nature of the field which we cannot get ridof. The hypothesis is that this entanglement, which is purely statistical, is thesecond quantised version of the statistical entanglement disclosed in [65]. Herewe see that the same conclusions drawn in that case can be perfectly applied tothe Schwarzschild black hole case.
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Figure 7.4: Dirac field: Entanglement Alice-Rob (blue solid line) and Alice-AntiRob (red dashedline). Universal conservation law for fermions is shown for different values of Ω. The entangle-ment degradation in AR is quicker when Ω is smaller. The maximum degradation is not totaland its value is independent of Ω.
About the dependence of the entanglement degradation on the frequency ofthe Boulware mode, Fig. 7.3 shows that, for a scalar field, the loss of entangle-ment between a free falling observer and an observer outside but very close tothe event horizon (AR) is greater for modes of lower frequency. This makessense because, energetically speaking, it is cheaper to excite those modes and,therefore, they are more sensitive to the Hawking thermal noise. For a Dirac
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field (Fig. 7.4) we see a similar behaviour. However, the surviving entanglementin the limit in which Rob is infinitely close to the event horizon is not sensitiveto the frequency of the mode considered; remarkably, the entanglement decaysdown to the same finite value for all modes. This is in line with the idea that theentanglement that survives the event horizon is merely due to statistical correla-tions, and the only information that survives when Rob is exactly at the horizonis the fact that the field is fermionic as suggested in chapter 5.From Figs. 7.3 and 7.4 we can also conclude that all the relevant entanglementdegradation phenomena is produced in the proximities of the event horizon sothat the Rindler approximation that we are carrying out is valid (Eq. 7.2.15). Wecan also see that the degradation is small even in regions in which the approxim-ation still holds. Therefore for longer distances from the horizon the presenceof event horizons is not expected to perturb entangled systems.
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Figure 7.5: Scalar field: Entanglement of the system Rob-AntiRob (entanglement between re-gions I and II) as a function of the position of Rob for different values of Ω. Entanglementdiverges as Rob approaches the Schwarzschild radius.
In Figs. 7.5 and 7.6 we can see the behaviour of the negativity on the RR¯bipartition for scalar and Dirac fields respectively. Here we see that quantum
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correlations between I and II are created as Rob is standing closer to the eventhorizon. In other words, as Rob is getting closer to the event horizon the partialsystem RR¯ gains quantum correlations. This result shows that, when Rob isnear the horizon, the field states in both sides of the event horizon are notcompletely independent. Instead, they get more and more correlated. However,this RR¯ entanglement is useless for quantum information tasks because classicalcommunication between both sides of an event horizon is forbidden. It is wellknown for the Rindler case that quantum correlations are created between Roband AntiRob when the acceleration increases. Here we see the direct translationto the Kruskal scenario. The growth of those correlations encodes informationabout the dimension of the Fock space for each field mode as seen in chapter 6.
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Figure 7.6: Dirac field: Entanglement of the system Rob-AntiRob (entanglement between regionsI and II) as a function of the position of Rob for different values of Ω. Entanglement tends to afinite value as Rob approaches the Schwarzschild radius.
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Mutual information
To compute the mutual information for each bipartition we will need the eigen-values of the corresponding density matrices. Again the technicalities of thisanalysis can be found in previous chapters. The results for the CCA bipartitionsare shown in Figs. 7.7 and 7.8.
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Figure 7.7: Scalar field: Mutual information Alice-Rob (blue solid line) and Alice-AntiRob (reddashed line). Mutual information AR decreases as Rob is closer to the horizon and mutualinformation AR¯ grows.
We see here that we obtain the black hole version of the mutual informa-tion universal conservation law found in previous chapters for the Rindler case.Namely, for any distance to the horizon or black hole mass it is fulfilled thatIAR + IAR¯ = 2. (7.3.6)Although, as we can see by comparing Figs. 7.7 and 7.8, the behaviour of themutual information is very similar for both fermions and bosons, the origin ofthis conservation law near the event horizon is completely different.For scalar fields this conservation near the horizon responds to a conserva-tion of classical correlations only. This can be deduced from Fig. 7.3 which
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Figure 7.8: Dirac field: Mutual information Alice-Rob (blue solid line) and Alice-AntiRob (reddashed line). Mutual information AR decreases as Rob is closer to the horizon and mutualinformation AR¯ grows.
shows that quantum correlations drop very quickly as the distance of Rob to thehorizon decreases and, consequently, the only correlations left must be classical.However, the conservation of classical correlations in the CCA bipartitions hasto do with the infiniteness of the dimension of the Hilbert space, as it is shown inchapter 6. If the dimension of a bosonic field is limited to a finite value, classicalcorrelations also drop as Rob is closer to the horizon (as quantum correlationsdo).On the other hand, a Dirac field has a built-in dimensional limit for the Hil-bert space of each mode imposed by Pauli exclusion principle. Although pre-vious chapters demonstrated that this limit in the dimension has nothing to dowith the behaviour of quantum correlations, it does limit the creation of clas-sical correlations. Analogously to what is discussed in chapter 6, the origin forthe conservation law (7.3.6) in the fermionic case is a direct consequence of thequantum correlations conservation law (7.3.5) while for scalar fields it respondsto a conservation of classical correlations.
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Mutual information for the RR¯ bipartition does not add any new result as itinherits the quantum correlations behaviour showed in figs. 7.3 and 7.4.
7.3.2 Entanglement degradation dependence on the black holemass
In this section we will analyse the entanglement degradation for an observer withthe same characteristics in the presence of different black holes. To do so weare going to use the full dimensional quantities ωR and ∆0.We will consider that Rob’s mode frequency is ωR = 1.5 Mhz, and he isstanding at a distance ∆0 = 1 cm and ∆0 = 10 cm from the event horizon ofblack holes with different masses, while he shares an entangled state (7.2.28) or(7.2.29) with a free-falling observer Alice.The quantum correlations that Rob and Alice share are shown in Figs. 7.9and 7.10 for scalar and Dirac fields, respectively. From these figures we seethat for a really close distance from the event horizon, only small black holeswould produce significant entanglement degradation. Actually, the degradationdecreases very quickly as the black hole mass is increased.Furthermore, we can see that the effects on the entanglement decrease veryquickly as the distance to the event horizon is increased. This shows that quan-tum information tasks can be safely performed in universes that present eventhorizons since only in the closest vicinity of the less massive black holes theHawking effect impedes the application of quantum information protocols.
7.4 Localisation of the states
Along this work we have used a plane-wave-like basis to express the quantumstate of the field for the inertial an accelerated observers. These plane wavemodes are completely delocalised, and therefore, they are not the most naturalelection of modes if we want to think of the observers Alice and Rob as spa-tially localised to some degree. We will present the method to build such states,although this topic will be more deeply treated in chapter 8.A very similar analysis to the one carried out in sections 7.2 and 7.2 can beperformed using a complete set of wave packet modes for both the Minkowskiand Rindler solutions of the wave equation. These modes can be spatially loc-alised and provide a clearer physical interpretation for Alice and Rob, which
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Figure 7.9: Scalar field: Entanglement Alice-Rob when Rob stands at a distance of 1 cm and10 cm from the event horizon for a fixed frequency ωR = 1.5 Mhz as a function of the blackhole mass. Notice that, for these values of ∆0, the approximation holds perfectly for any massm > 10−5 solar masses.
will eventually have to carry out measurements on the field. The way to buildthese wave packet modes can be found in chapter 8 and, among many others,in [21, 28, 49].The elements of this basis are defined as a function of the plane wave modes(2.3.4) as
uMˆω,l = 1√ε
∫ ωˆ+ε
ωˆ dν e−iνluMν , (7.4.1)
where ωˆ and l label each wave packet.We can define creation an annihilation operators associated to these wave-packets aωˆ,l,M, a†ˆω,l,M such that aωˆ,l,M annihilates the Minkowski vacuum anda†ˆω,l,M |0〉M = |1ωˆ,l〉M represents a wavepacket peaked for a frequency ωˆ and whosespatial localisation can be associated to the maximum of uMω,l as a function of xˆand tˆ.
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Figure 7.10: Dirac field: Entanglement AR (blue continuous line) and AR¯ (red dashed line) whenRob stands at a distance of 1 cm and 10 cm from the event horizon for a fixed frequency ωR = 1.5Mhz as a function of the black hole mass. Notice that, for these values of ∆0, the approximationholds perfectly for any mass m > 10−5 solar masses.
A similar analysis can be done for the Rindler basis
uIω,l′ = 1√ε
∫ ω+ε
ω dν e−iνl′uIν,uIIω,l′ = 1√ε
∫ ω+ε
ω dν e−iνl′uIIν , (7.4.2)ω and l′ label each wave packet. We can define creation an annihilation operatorsassociated to these wavepackets aω,l′,R, a†ω,l′,R (where R = I, II) such that aω,l′,R an-nihilates the region Rindler region R vacuum and a†ω,l′,R |0〉R = |1ω,l′〉R representsa wavepacket peaked for a Rindler frequency ω and whose spatial localisationcan be associated to the maximum of uRω,l′ as a function of x and t.We can compute then the Bogoliubov transformation between the Minkowskiwavepackets and the Rindler wavepackets [21]
aωˆ,l,M = αI∗ω,l′,ωˆ,l aω,l′,I − βII∗ω,l′,ωˆ,l a†ω,l′,II. (7.4.3)
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Where the Bogoliubov coefficients are computed in the same fashion as for theplane wave case
αIω,l′,ωˆ,l = (uIω,l′, uMˆω,l) , βIIω,l′,ωˆ,l = − (uIIω,l′, uM∗ωˆ,l ) . (7.4.4)
It is shown in [21] that, apart from an irrelevant phase factor, the Bogoliubovcoefficients are related with (2.6.2) as follows
αIω,l′,ωˆ,l = αˆIij Gα(ωˆ, l, ω, l′),βIω,l′,ωˆ,l = βˆIIij Gβ(ωˆ, l, ω, l′). (7.4.5)
It is shown in [21] that Gα(ωˆ, l, ω, l′) ≈ δωωαδllα and Gβ(ωˆ, l, ω, l′) ≈ δωωβδllβ , wherelα = lα(l′) and ωα = ωα(ω, l′).The key feature of this transformations is that they have again a diagonalform. As it can be read from (7.4.5), a Minkowski wavepacket |1ω,l′〉M is connectedwith a pair of Rindler wavepackets in regions I and II. Moreover, the functionalform of the dependence of this coefficients with the acceleration is effectivelythe same. This analysis made for the Rindler and Minkowskian modes canbe straightforwardly translated to the Boulware and Hartle-Hawking modes. Acompletely analogous analysis can be done for the fermionic case.Consequently all the conclusions extracted in this article for delocalised modesare also valid for the localised modes defined above.
7.5 Discussion
We have analysed the entanglement degradation produced in the vicinity of aSchwarzschild black hole.With this aim, we have carried out a detailed study of the Schwarzschild metricin the proximity of the horizon, showing how we can adapt the tools developed inthe study of the entanglement degradation for uniformly accelerated observersto the black hole case. In particular, we have shown that, regarding entangle-ment degradation effects, the Rindler limit of infinite acceleration reproduces ablack hole scenario in which Rob is arbitrarily close to the event horizon. Moreimportantly, we have shown the fine structure of this limit, making explicit thedependence of the entanglement degradation phenomena on the distance to thehorizon, the mass of the black hole, and the Boulware frequency ωR of the en-tangled mode under consideration, while keeping control of the approximation to
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make sure that the toolbox developed for the Rindler case can be still rigorouslyused here.By means of this analysis we have seen that all the interesting entanglementdegradation phenomena due to the Hawking effect are produced very close to theevent horizon of the Schwarzschild black hole. The entanglement degradationintroduced by the Hawking effect becomes quickly negligible as Rob is furtheraway from the event horizon. In other words, quantum information tasks donefar away from event horizons are not perturbed by the existence of such hori-zons.We have also shown that for a fixed Rob’s mode frequency and at a fixeddistance from the event horizon the entanglement degradation is greater for lessmassive black holes. This is consistent with the fact that the Hawking temperat-ure is higher for less massive black holes. Furthermore, the Hawking entangle-ment degradation is a universal phenomenon in the sense that the degradationdepends only on Rob’s mode frequency and his distance to the horizon in unitsnatural to the black hole (namely, the surface gravity for frequencies and theSchwarzschild radius for distances). In these units, there is no extra dependenceon the black hole mass, as expected.We have been able to adapt all the conclusions drawn for the Rindler caseto the Schwarzschild scenario. In particular, we have seen that bosonic andfermionic entanglement behave in a very different way in the proximity of ablack hole. As it was known for the Rindler case in chapter 5, entanglementon the CCA bipartitions is completely lost for the scalar field while there is aquantum correlation conservation law for the Dirac field.In chapters 3 and 4 it was shown that for two different kinds of fermionic fields(Dirac fields or Grassmann scalars) and also for different maximally entangledstates (occupation number or spin Bell states) the entanglement in the CCA bi-partitions behaves exactly the same way. This fact was used to argue that it isstatistics and not dimensionality that determines the behaviour of correlations inthe CCA bipartitions in the case of uniformly accelerated observers. This studyproves that this argument is also valid for Schwarzschild black holes, not only inthe limit in which Rob is on the event horizon, but in the whole region in whichthe interesting entanglement degradation phenomena are produced. Therefore,the universal fermionic entanglement behaviour is also manifest in the presenceof a black hole.For the Schwarzschild case, there also appears the universal mutual inform-ation conservation law found for both scalar and Dirac fields in the Rindler case
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in chapter 5. In the fermionic case, it is due to a conservation of quantum correl-ations while, for bosons, it only reflects the conservation of classical correlationsthat happens in the case of infinite dimensional Hilbert spaces for each mode.Moreover, as Rob is getting closer to the event horizon, quantum correlationsbetween modes on both sides of bifurcated the event horizon are created, namelythe correlations between field modes in region I and II of the Kruskal spacetimegrow up to a value determined by the dimension of the Hilbert space of eachmode, which is finite for the fermionic case and infinite for the scalar field.The problem of the localisation of the Rindler and Minkowski modes has alsobeen analysed, showing that the results obtained here can be extrapolated to thecase in which we consider a complete set of localised wave packets as a basis ofthe Fock space for the inertial and accelerated observers.
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Part II
Beyond the single modeapproximation
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Chapter 8
Relativistic quantum informationbeyond the single-modeapproximation1
In previous chapters we have seen that entanglement between modes of bosonicor fermionic fields can be degraded from the perspective of observers movingin uniform acceleration. In this chapter, we analyse the validity and correctinterpretation of the single-mode approximation, commonly used in previousliterature, and show that the approximation is justified only for a special familyof states.The single-mode approximation, which was introduced in [3, 38], has beenextensively used in the literature not only in discussions concerning entanglementbut also in other relativistic quantum information scenarios [10, 11, 52–60, 67–70].Although it has been briefly dealt with in section 2.6, we will analyse it here infull detail.As in previous chapters, the field, from the inertial perspective, is consideredto be in a state where all modes are in the vacuum state except for two of themwhich are in a two-mode entangled state. For example, the Bell state analysedmany times previously
|Ψ〉M = 1√2 (|0ω〉M |0ω′〉M + |1ω〉M |1ω′〉M) , (8.0.1)where M labels Minkowski states and ω, ω′ are two Minkowski frequencies. Twoinertial observers, Alice and Bob, each carrying a monocromatic detector sensit-ive to frequencies ω and ω′ respectively, would find maximal correlations in their
1D. Bruschi, J. Louko, E. Martín-Martínez, A. Dragan, I. Fuentes, Phys. Rev. A 82, 042332 (2010)
165
CHAPTER 8. RELATIVISTIC QI BEYOND THE SINGLE-MODE APPROXIMATION
measurements since the Bell state is maximally entangled. It is then interestingto investigate to what degree the state is entangled when described by observersin uniform acceleration. In the simplest scenario, Alice is again considered tobe inertial and an uniformly accelerated observer Rob is introduced, who car-ries a monocromatic detector sensitive to mode ω′. To study this situation, thestates corresponding to Rob must be transformed into the appropriate basis, inthis case, the Rindler basis. It is then when the single-mode approximation is in-voked to relate Minkowski single particle states |1ω′〉M to states in Rindler space.We argue that the single-mode approximation is not valid for general states.However, the approximation holds for a family of peaked Minkowski wave pack-ets provided constraints imposed by an appropriate Fourier transform are satis-fied. We show that the state analysed canonically in the literature correspondsto an entangled state between a Minkowski and a special type of Unruh mode.We therefore revise previous results for both bosonic and fermionic field en-tanglement. The results are qualitatively similar to those obtained under thesingle-mode approximation. We confirm that entanglement is degraded with ac-celeration, vanishing in the infinite acceleration limit in the bosonic case andreaching a non-vanishing minimum for fermionic fields. However, we find thatin the fermionic case, the degree to which entanglement is degraded dependson the election of Unruh modes.
8.1 Minkowski, Unruh and Rindler modes
For the sake of clarity and to introduce the new notation that we will need for thischapter, let us start with a brief review of section 2.3, revisiting the transformationbetween the Fock bases natural to an inertial and an accelerated observer.We consider a real massless scalar field φ in a two-dimensional Minkowskispacetime. The field equation is the massless Klein-Gordon equation, 2φ = 0.The (indefinite) Klein-Gordon inner product reads
(φ1, φ2) = i ∫Σ φ∗1ÎÏ∂aφ2 na dΣ, (8.1.1)
where na is a future-pointing normal vector to the spacelike hypersurface Σ anddΣ is the volume element on Σ.The Klein-Gordon equation can be solved in Minkowski coordinates (t, x)which are an appropriate choice for inertial observers. The positive energy
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mode solutions with respect to the timelike Killing vector field ∂t are given by
uω,M(t, x) = 1√4piω exp[−iω(t − εx)], (8.1.2)where ω > 0 is the Minkowski frequency and the discrete index ε takes the value1 for modes with positive momentum (the right-movers) and the value −1 formodes with negative momentum (the left-movers). As the right-movers and theleft-movers decouple, we have suppressed the index ε on the left-hand side of(8.1.2) and we continue to do so in all the formulas. The mode solutions and theircomplex conjugates are normalised in the usual sense of Dirac delta-functionsin ω as
(uω,M, uω′,M) = δωω′,(u∗ω,M, u∗ω′,M) = −δωω′,(u∗ω,M, uω′,M) = 0. (8.1.3)
The Klein-Gordon equation can also be separated in coordinates that are adap-ted to the Rindler family of uniformly accelerated observers. Let region I (re-spectively region II) denote the wedge |t| < x (x < −|t|). In each of the wedges,we introduce the Rindler coordinates (η, χ) by [28]
η = atanh( tx
) , χ = √x2 − t2, (8.1.4)
where 0 < χ < ∞ and −∞ < η < ∞ individually in each wedge. The curveχ = 1/a, where a is a positive constant of dimension inverse length, is thenthe world line of a uniformly-accelerated observer whose proper accelerationequals a, and the proper time of this observer is given by η/a in I and by −η/ain II. Note that ∂η is a timelike Killing vector in both I and II, and it is future-pointing in I but past-pointing in II.Separating the Klein-Gordon equation in regions I and II in Rindler coordin-ates yields the solutions
uΩ,I(t, x) = 1√4piΩ
(x − εtlΩ
)iεΩ,
uΩ,II(t, x) = 1√4piΩ
(εt − xlΩ
)−iεΩ, (8.1.5)
where ε = 1 again corresponds to right-movers and ε = −1 to left-movers, Ω is apositive dimensionless constant and lΩ is a positive constant of dimension length.
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Since ∂ηuΩ,I = −iΩuΩ,I and ∂ηuΩ,II = iΩuΩ,II, uΩ,I and uΩ,II are the positive fre-quency mode functions with respect to the future-pointing Rindler Killing vectors±∂η in their respective wedges. Notice that, for convenience, we have introducedhere the dimensionless Rindler frequency Ω. The dimensional frequency withrespect to the proper time of a Rindler observer located at χ = 1/a is given interms of the dimensionless Ω by Ωa = aΩ. The modes are delta-normalised inΩ in their respective wedges as usual.Note that the choice of the constant lΩ is equivalent to specifying the phaseof the Rindler modes. This choice is hence purely a matter of convention, and itcan be made independently for each Ω and ε. We shall shortly specify the choiceso that the transformation between the Minkowski and Rindler modes becomessimple.A third basis of interesting solutions to the field equation is provided by theUnruh modes, defined by
uΩ,R = cosh(rΩ)uΩ,I + sinh(rΩ)u∗Ω,II,uΩ,L = cosh(rΩ)uΩ,II + sinh(rΩ)u∗Ω,I, (8.1.6)
where tanh rΩ = e−piΩ. While the Unruh modes have a sharp Rindler frequency,an analytic continuation argument shows that they are purely positive frequencylinear combinations of the Minkowski modes [30, 49]. It is hence convenient toexamine the transformation between the Minkowski and Rindler modes in twostages:
• The well-known transformation (8.1.6) between the Unruh and Rindler modesisolates the consequences of the differingMinkowski and Rindler definitionsof positive frequency.
• The less well-known transformation between the Minkowski and Unruhmodes [28] shows that a monochromatic wave in the Rindler basis corres-ponds to a non-monochromatic superposition in the Minkowski basis.
It is these latter effects from which the new observations in this paper will stem.To find the Bogoliubov transformations that relate the bases, we expand thefield in each of the bases as
φ = ∫ ∞0 (aω,Muω,M + a†ω,Mu∗ω,M)dω= ∫ ∞0 (AΩ,RuΩ,R+A†Ω,Ru∗Ω,R+AΩ,LuΩ,L+A†Ω,Lu∗Ω,L)dΩDoctoral Thesis 168 Eduardo Martín Martínez
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= ∫ ∞0 (aΩ,IuΩ,I+a†Ω,Iu∗Ω,I+aΩ,IIuΩ,II+a†Ω,IIu∗Ω,II)dΩ, (8.1.7)where aω,M, AΩ,R, AΩ,L, and aΩ,I, aΩ,II are the Minkowski, Unruh and Rindlerannihilation operators, respectively. The usual bosonic commutation relations[aω,M, a†ω′,M] = δωω′ , [AΩ,R, A†Ω′,R] = [AΩ,L, A†Ω′,L] = δΩΩ′ and [aΩ,I, a†Ω′,I] = [aΩ,II, a†Ω′,II] =δΩΩ′ hold, and commutators for mixed R, L and mixed I, II vanish. The transform-ation between the Unruh and Rindler bases is given by (8.1.6). The transformationbetween the Minkowski and Unruh bases can be evaluated by taking appropriateinner products of formula (8.1.7) with the mode functions [28], with the result
uω,M = ∫ ∞0 (αRωΩuΩ,R + αLωΩuΩ,L)dΩ,uΩ,R = ∫ ∞0 (αRωΩ)∗uω,M dω,uΩ,L = ∫ ∞0 (αLωΩ)∗uω,M dω, (8.1.8)where
αRωΩ = 1√2piω
√Ω sinhpiΩpi Γ(−iεΩ)(ωlΩ)iεΩ,
αLωΩ = 1√2piω
√Ω sinhpiΩpi Γ(iεΩ)(ωlΩ)−iεΩ. (8.1.9)
By the properties of the Gamma-function ( [71], formula 5.4.3), we can take ad-vantage of the arbitrariness of the constants lΩ and choose them so that (8.1.9)simplifies to
αRωΩ = 1√2piω (ωl)iεΩ,αLωΩ = 1√2piω (ωl)−iεΩ, (8.1.10)where l is an overall constant of dimension length, independent of ε and Ω.The transformations between the modes give rise to transformations betweenthe corresponding field operators. From (8.1.8), the Minkowski and Unruh op-erators are related by
aω,M = ∫ ∞0 [(αRωΩ)∗AΩ,R + (αLωΩ)∗AΩ,L]dΩ,AΩ,R = ∫ ∞0 αRωΩaω,M dω,Doctoral Thesis 169 Eduardo Martín Martínez
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AΩ,L = ∫ ∞0 αLωΩ aω,M dω, (8.1.11)and from (8.1.6), the Unruh and Rindler operators are related by
aΩ,I = cosh(rΩ)AΩ,R + sinh(rΩ)A†Ω,L,aΩ,II = cosh(rΩ)AΩ,L + sinh(rΩ)A†Ω,R. (8.1.12)
We can now investigate how the vacua and excited states defined with re-spect to the different bases are related. Since the transformation between theMinkowski and Unruh bases does not mix the creation and annihilation operat-ors, these two bases share the common Minkowski vacuum state |0〉M = |0〉U =∏Ω |0Ω〉U, where AΩ,R|0Ω〉U = AΩ,L|0Ω〉U = 0. However, |0〉U does not coincide withthe Rindler vacuum: if one makes the ansatz
|0Ω〉U =∑n fΩ(n) |nΩ〉I|nΩ〉II, (8.1.13)where |nΩ〉I is the state with n Rindler I-excitations over the Rindler I-vacuum|0Ω〉I, and similarly |nΩ〉II is the state with n Rindler II-excitations over the RindlerII-vacuum |0Ω〉II, use of (8.1.12) shows that the coefficient functions are givenby fΩ(n) = tanhnrΩ/ cosh rΩ. |0〉U is thus a two-mode squeezed state of Rindlerexcitations over the Rindler vacuum for each Ω.Although states with a completely sharp value of Ω are not normalisable,we may approximate normalisable wave packets that are sufficiently narrowlypeaked in Ω by taking a fixed Ω and renormalising the Unruh and Rindler com-mutators to read [AΩ,R, A†Ω,R] = [AΩ,L, A†Ω,L] = 1 and [aΩ,I, a†Ω,I] = [aΩ,II, a†Ω,II] = 1,with the commutators for mixed R, L and mixed I, II vanishing. In this idealisa-tion of sharp peaking in Ω, the most general creation operator that is of purelypositive Minkowski frequency and sharply peaked in Ω can be written as a linearcombination of the two Unruh creation operators, in the form
a†Ω,U = qLA†Ω,L + qRA†Ω,R, (8.1.14)
where qR and qL are complex numbers with |qR|2+|qL|2 = 1. Note that [aΩ,U, a†Ω,U] =1. From (8.1.13) and (8.1.14) we then see that adding into Minkowski vacuum oneidealised particle of this kind, of purely positive Minkowski frequency, yields thestate
a†Ω,U|0Ω〉U = ∞∑n=0 fΩ(n)
√n + 1cosh rΩ |ΦnΩ〉,|ΦnΩ〉 = qL |nΩ〉I|(n + 1)Ω〉II + qR|(n + 1)Ω〉I|nΩ〉II. (8.1.15)
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In previous studies on relativistic quantum information, it has been alwaysconsidered a state of the form (8.1.15) with qR = 1 and qL = 0 invoking the socalled ‘single mode approximation’2 whose problems were discussed in section2.6. The above discussion shows that this choice for qR and qL is rather special;in particular, it breaks the symmetry between the right and left Rindler wedges.We shall address next how entanglement is modified for these sharp Ω stateswhen both qR and qL are present, and we then turn to examine the assumptionof sharp Ω.
8.2 Entanglement revised beyond the single modeapproximation
In the relativistic quantum information literature, the single mode approximationaω,M ≈ aω,U is considered to relate Minkowski and Unruh modes. The mainargument for taking this approximation is that the distribution
aω,M = ∫ ∞0 [(αRωΩ)∗AΩ,R + (αLωΩ)∗AΩ,L]dΩ (8.2.1)is peaked. However, we can see from equations (8.1.10) that this distribution infact oscillates and it is not peaked at all. Entanglement in non-inertial frames canbe studied provided we consider the state
|Ψ〉 = 1√2 (|0ω〉M |0Ω〉U + |1ω〉M |1Ω〉U) , (8.2.2)where the states corresponding to Ω are Unruh states. In this case, a singleUnruh frequency Ω corresponds to the same Rindler frequency. In the specialcase qR = 1 and qL = 0 we recover the results canonically presented in theliterature [10,11,69]. In this section, we will revise the analysis of entanglement innon-inertial frames for the general Unruh modes. However, since a Minkowskimonochromatic basis seems to be a natural choice for inertial observers, we willshow in the section 8.3 that the standard results also hold for Minkowski statesas long as special Minkowski wavepackets are considered.Having the expressions for the vacuum and single particle states in the Min-kowski, Unruh and Rindler basis enables us to return to the standard scenario
2In previous chapters we worked implicitly with this choice of Unruh modes without invokingany misleading approximation. Indeed, the unprimed basis defined in (2.6.1) can be obtained byacting with (8.1.14) and qR = 1 on the Minkowski vacuum. The primed basis corresponds toqL = 1
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for analysing the degradation of entanglement from the perspective of observersin uniform acceleration. Let us consider the maximally entangled state Eq. (8.2.2)from the perspective of inertial observers. By choosing different qR we can varythe states under consideration. An arbitrary Unruh single particle state has dif-ferent right and left components where qR, qL represent the respective weighs.When working with Unruh modes, there is no particular reason why to choosea specific qR. In fact, and as as we will see later, feasible elections of Minkowskistates are in general, linear superpositions of different Unruh modes with differ-ent values of qR.The Minkowski-Unruh state under consideration can be viewed as an en-tangled state of a tri-partite system. The partitions correspond to the three setsof modes: Minkowski modes with frequency ω and two sets of Unruh modes(left and right) with frequency Ω. Therefore, it is convenient to define the fol-lowing bi-partitions: the Alice-Bob bi-partition corresponds to Minkowski andright Unruh modes while the Alice-AntiBob bipartition refers to Minkowski andleft Unruh modes. We will see that the distribution of entanglement in thesebi-partitions becomes relevant when analysing the entanglement content in thestate from the non-inertial perspective.We now want to study the entanglement in the state considering that the Ωmodes are described by observers in uniform acceleration. Therefore, Unruhstates must be transformed into the Rindler basis. The state in the Minkowski-Rinder basis is also a state of a tri-partite system. Therefore, we define the Alice-Rob bi-partition as the Minkowski and region I Rindler modes while the Alice-AntiRob bi-partitions corresponds to Minkowski and region II Rindler modes. Inthe limit of very small accelerations Alice-Rob and Alice-AntiRob approximate toAlice-Bob and Alice-AntiBob bi-partitions respectively. This is because, as shownin (8.1.6) and (8.1.12), region I (II) Rindler modes tend to R (L) Unruh modes insuch limit. Likewise, region II Rindler modes tend to L Unruh modes in the smallacceleration limit.The entanglement can be quantified using the negativity (1.1.9) as in previouschapters. In what follows we will study the entanglement between the Alice-Roband Alice-AntiRob modes. For this we will go through the standard procedurelearnt in previous chapters: after expressing Rob’s modes in the Rindler basis,the Alice-Rob density matrix is obtained by tracing over the region II, with theresult
ρAR = 12 ∞∑n=0
[ tanhn rΩcosh rΩ
]2ρnAR, (8.2.3)
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where
ρnAR = |0n〉〈0n|+ n + 1cosh2 rΩ
(|qR|2 |1n + 1〉〈1n + 1|+ |qL|2 |1n〉〈1n|)
+ √n + 1cosh rΩ(qR |1n + 1〉〈0n|+ qL tanh rΩ |1n〉〈0n + 1|)+ √(n + 1)(n + 2)cosh2 rΩ qR q∗L tanh rΩ |1n + 2〉〈1n|+ (H.c.)non-diag. . (8.2.4)Here (H.c.)non-diag. means Hermitian conjugate of only the non-diagonal terms.The Alice-AntiRob density matrix is obtained by tracing over region I. However,due to the symmetry in the Unruh modes between region I and II, we can obtainthe Alice-AntiRob matrix by interchanging qR and qL. The partial transpose σRof ρR with respect to Alice is given by
σAR = 12 ∞∑n=0 [
[ tanhn rΩcosh rΩ
]2]2σnAR, (8.2.5)
where
σnAR = |0n〉〈0n|+ n + 1cosh2 rΩ
(|qR|2 |1n + 1〉〈1n + 1|+ |qL|2 |1n〉〈1n|)
+ √n + 1cosh rΩ(qR |0n + 1〉〈1n|+ qL tanh rΩ |0n〉〈1n + 1|)+ √(n + 1)(n + 2)cosh2 rΩ qR q∗L tanh rΩ |1n + 2〉〈1n|+ (H.c.)non-diag. . (8.2.6)The eigenvalues of σAR only depend on |qR| and |qL| and not on the relative phasebetween them. This means that the entanglement is insensitive to the election ofthis phase.The two extreme cases when qR = 1 and qL = 1 are analytically solvablesince the partial transpose density matrix has a block diagonal structure as itwas shown in previous works [10]. However, for all other cases, the matrix is nolonger block diagonal and the eigenvalues of the partial transpose density matrixare computed numerically. The resulting negativity between Alice-Rob and Alice-AntiRob modes is plotted in Fig. 8.1 for different values of |qR| = 1, 0.9, 0.8, 0.7.|qR| = 1 corresponds to the canonical case studied in the literature [10].In the bosonic case, the entanglement between the Alice-Rob and Alice-AntiRobmodes always vanishes in the infinite acceleration limit. Interestingly, there is nofundamental difference in the degradation of entanglement for different choicesof |qR|. The entanglement always degrades with acceleration at the same rate.There is no special Unruh state which degrades less with acceleration.
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Figure 8.1: Scalar field: negativity for the bipartition Alice-Rob (Blue continuous) and Alice-AntiRob (red dashed) as a function of rΩ = artanh e−piΩa/a for various choices of |qR|. Theblue continuous (red dashed) curves from top to bottom (from bottom to top) correspond, to|qR| = 1, 0.9, 0.8, 0.7 respectively. All entanglement in both bipartitions vanishes in the infiniteacceleration limit.
8.3 Wave packets: recovering the single-mode ap-proximation
The entanglement analysis of section 8.2 assumes Alice’s state to be a Minkowskimode with a sharp Minkowski momentum and Rob’s state to be an Unruh modewith sharp Unruh frequency, such that Rob’s linear combination of the two Unruhmodes is specified by the two complex-valued parameters qR and qL satisfying|qR|2 + |qL|2 = 1. The Alice and Rob states are further assumed to be orthogonalto each other, so that the system can be treated as bipartite. We now discuss thesense in which these assumptions are a good approximation to Alice and Robstates that can be built as Minkowski wave packets.Recall that a state with a sharp frequency, be it Minkowski or Unruh, is notnormalisable and should be understood as the idealisation of a wave packet thatcontains a continuum of frequencies with an appropriate peaking. Suppose that
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the Alice and Rob states are initially set up as Minkowski wave packets, peakedabout distinct Minkowski momenta and having negligible overlap, so that thebipartite assumption is a good approximation. The transformation between theMinkowski and Unruh bases is an integral transform, given by (8.1.8) and (8.1.10):can the Rob state be arranged to be peaked about a single Unruh frequency? If so,how are the frequency uncertainties on the Minkowski and Unruh sides related?
8.3.1 Massless scalar field
We focus first on the massless scalar field of section 8.2. The massive scalarfield will be discussed in section 8.3.2. We expect the analysis for fermions to bequalitatively similar.Consider a packet of Minkowski creation operators a†ω,M smeared with aweight function f (ω). We wish to express this packet in terms of Unruh creationoperators A†Ω,R and A†Ω,L smeared with the weight functions gR(Ω) and gL(Ω), sothat ∫ ∞
0 f (ω)a†ω,M dω =
∫ ∞
0
(gR(Ω)A†Ω,R + gL(Ω)A†Ω,L)dΩ. (8.3.1)
From (8.1.11) it follows that the smearing functions are related by
gR(Ω) = ∫ ∞0 αRωΩf (ω)dω,gL(Ω) = ∫ ∞0 αLωΩf (ω)dω,f (ω) = ∫ ∞0 [(αRωΩ)∗gR(Ω) + (αLωΩ)∗gL(Ω)]dΩ. (8.3.2)By (8.1.10), equations (8.3.2) are recognised as a Fourier transform pair betweenthe variable ln(ωl) ∈ R on the Minkowski side and the variable ±Ω ∈ R on theUnruh side: the full real line on the Unruh side has been broken into the Unruhfrequency Ω ∈ R+ and the discrete index R, L. All standard properties of Fouriertransforms thus apply. Parseval’s theorem takes the form∫ ∞
0 |f (ω)|2 dω =
∫ ∞
0
(|gR(Ω)|2 + |gL(Ω)|2)dΩ, (8.3.3)
and the uncertainty relation reads
(∆Ω)(∆ ln(ωl)) ≥ 12 , (8.3.4)
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where ∆Ω is understood by combining contributions from gR(Ω) and gL(Ω) in thesense of (8.3.2). Note that since equality in (8.3.4) holds only for Gaussians, anystate in which one of gR(Ω) and gL(Ω) vanishes will satisfy (8.3.4) with a genuineinequality.As a concrete example, with a view to optimising the peaking both in Min-kowski frequency and in Unruh frequency, consider a Minkowski smearing func-tion that is a Gaussian in ln(ωl),
f (ω) = ( λpiω2
)1/4 exp{−12λ[ln(ω/ω0)]2} (ω/ω0)−iµ, (8.3.5)
where ω0 and λ are positive parameters and µ is a real-valued parameter. λ andµ are dimensionless and ω0 has the dimension of inverse length. Note that f isnormalised, ∫∞0 |f (ω)|2 dω = 1. The expectation value and uncertainty of ln(ωl)are those of a standard Gaussian, 〈ln(ωl)〉 = ln(ω0l) and ∆ ln(ωl) = (2λ)−1/2, whilethe expectation value and uncertainty of ω are given by
〈ω〉 = exp (14λ−1) ,∆ω = 〈ω〉[exp(12λ−1)− 1]1/2. (8.3.6)
The Unruh smearing functions are cropped Gaussians,
gR(Ω) = 1(piλ)1/4 exp[−12λ−1(Ω− εµ)2] (ω0l)iεΩ,gL(Ω) = 1(piλ)1/4 exp [−12λ−1(Ω + εµ)2] (ω0l)−iεΩ. (8.3.7)
For εµ λ1/2, gL(Ω) is small and gR(Ω) is peaked around Ω = εµ with uncertainty(λ/2)1/2; conversely, for εµ −λ1/2, gR(Ω) is small and gL(Ω) is peaked aroundΩ =−εµ with uncertainty (λ/2)1/2. Note that in these limits, the relative magnitudesof gL(Ω) and gR(Ω) are consistent with the magnitude of the smeared Minkowskimode function ∫∞0 f (ω)uω,M dω in the corresponding regions of Minkowski space:a contour deformation argument shows that for εµ  λ1/2 the smeared modefunction is large in the region t + x > 0 and small in the region t + x < 0, whilefor εµ −λ1/2 it is large in the region t−x > 0 and small in the region t−x < 0.Now, let the Rob state have the smearing function (8.3.5), and choose for Aliceany state that has negligible overlap with the Rob state, for example by takingfor Alice and Rob distinct values of ε. For |µ|  λ1/2 and λ not larger than oforder unity, the combined state is then well approximated by the single Unruhfrequency state of section 8.2 with Ω = |µ| and with one of qR and qL vanishing.
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In this case we hence recover the results in [10]. To build a Rob state that ispeaked about a single Unruh frequency with comparable qR and qL, so that theresults of section 8.2 are recovered, we may take a Minkowski smearing functionthat is a linear combination of (8.3.5) and its complex conjugate.While the phase factor (ω/ω0)−iµ in the Minkowski smearing function (8.3.5)is essential for adjusting the locus of the peak in the Unruh smearing functions,the choice of a logarithmic Gaussian for the magnitude appears not essential.We have verified that similar results ensue with the choices
f (ω) = 2λ(ω/ω0)λ−iµ exp(−ω/ω0)√ωΓ(2λ) (8.3.8)and
f (ω) = (ω/ω0)−iµ√2ωK0(2λ) exp
[−λ2
( ωω0 + ω0ω
)] , (8.3.9)
for which the respective Unruh smearing functions can be expressed respectivelyin terms of the gamma-function and a modified Bessel function.
8.3.2 Massive scalar field
For a scalar field of mass m > 0, the Minkowski modes of the Klein-Gordonequation are
uk,M(t, x) = 1√4piω exp(−iωt + ikx), (8.3.10)
where k ∈ R is the Minkowski momentum and ω ≡ ωk = √m2 + k2 is theMinkowski frequency. These modes are delta-normalised in k as usual. TheRindler modes are [28]
uΩ,I(t, x) = NΩ exp [−iΩ2 ln
(x + tx − t
)] ,
uΩ,II(t, x) = NΩ exp [−iΩ2 ln
(−x + t−x − t
)] , (8.3.11)
where NΩ = √sinhpiΩpi KiΩ(m√x2 − t2 ) and Ω > 0 is the (dimensionless) Rindlerfrequency. These modes are delta-normalised in Ω. The Unruh modes uΩ,R anduΩ,L are as in (8.1.6). Note that in the Minkowski modes (8.3.10) the distinctionbetween the left-movers and the right-movers is in the sign of the label k ∈ R,but in the Rindler and Unruh modes the right-movers and the left-movers do
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not decouple, owing to the asymptotic behaviour of the solutions at the Rindlerspatial infinity. The Rindler and Unruh modes do therefore not carry an index εthat would distinguish the right-movers and the left-movers.The transformation between the Minkowski and Unruh modes can be foundby the methods of [28]. In our notation, the transformation reads
uΩ,R = ∫ ∞−∞(αRkΩ)∗uk,M dk,uΩ,L = ∫ ∞−∞(αLkΩ)∗uk,M dk,uk,M = ∫ ∞0 (αRkΩuΩ,R + αLkΩuΩ,L)dΩ, (8.3.12)
where
αRkΩ = 1√2piω
(ω + km
)iΩ,
αLkΩ = 1√2piω
(ω + km
)−iΩ. (8.3.13)
Transformations for the various operators read hence as in section 8.2 but withthe replacements ω → k, ∫ ∞0 dω −Ï
∫ ∞
−∞ dk (8.3.14)and no ε. In particular,
AΩ,R = ∫ ∞−∞ αRkΩ ak,M dkAΩ,L = ∫ ∞−∞ αLkΩ ak,M dk (8.3.15)ak,M = ∫ ∞0 ((αRkΩ)∗AΩ,R + (αLkΩ)∗AΩ,L)dΩ.
To consider peaking of Minkowski wave packets in the Unruh frequency, wenote that the transform (8.3.15) with (8.3.13) is now a Fourier transform betweenthe Minkowski rapidity tanh−1(k/ω) = ln[(ω + k)/m] ∈ R and ±Ω ∈ R. The bulkof the massless peaking discussion of section 8.3.1 goes hence through with thereplacements (8.3.14) and ωl → (ω+k)/m. The main qualitative difference is thatin the massive case one cannot appeal to the decoupling of the right-movers andleft-movers when choosing for Alice and Rob states that have negligible overlap.
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8.4 Unruh entanglement degradation for Dirac fields
Statistics plays a very important role in the behaviour of entanglement describedby observers in uniform acceleration. While entanglement vanishes in the limitof infinite acceleration in the bosonic case [10], it remains finite for Dirac fields[11]. Therefore, it is interesting to revise the analysis of entanglement betweenDirac fields for different elections of Unruh modes.
8.4.1 Dirac fields
In a parallel analysis to the bosonic case, we consider a Dirac field φ satisfying theequation {iγµ(∂µ − Γµ) +m}φ = 0 where γµ are the Dirac-Pauli matrices and Γµare spinorial affine connections3. The field expansion in terms of the Minkowskisolutions of the Dirac equation is
φ = NM∑k
(ck,M u+k,M + d†k,M u−k,M) , (8.4.1)
Where NM is a normalisation constant and the label ± denotes respectively pos-itive and negative energy solutions (particles/antiparticles) with respect to theMinkowskian Killing vector field ∂t . The label k is a multilabel including energyand spin k = {Eω, s} where s is the component of the spin on the quantisationdirection. ck and dk are the particle/antiparticle operators that satisfy the usualanticommutation rule
{ck,M, c†k′,M} = {dk,M, d†k′,M} = δkk′, (8.4.2)and all other anticommutators vanishing. The Dirac field operator in terms ofRindler modes is given by
φ = NR∑j
(cj,Iu+j,I + d†j,Iu−j,I + cj,IIu+j,II + d†j,IIu−j,II) , (8.4.3)
where NR is, again, a normalisation constant. cj,Σ, dj,Σ with Σ = I, II representRindler particle/antiparticle operators. The usual anticommutation rules againapply. Note that operators in different regions Σ = I, II do not commute butanticommute. j = {EΩ, s′} is again a multi-label including all the degrees offreedom. Here u±k,I and u±k,II are the positive/negative frequency solutions ofthe Dirac equation in Rindler coordinates with respect to the Rindler timelikeKilling vector field in region I and II, respectively. The modes u±k,I, u±k,II do not
3See Appendix A
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have support outside the right, left Rindler wedge. The annihilation operatorsck,M, dk,M define the Minkowski vacuum |0〉M which must satisfy
ck,M |0〉M = dk,M |0〉M = 0, ∀k. (8.4.4)
In the same fashion cj,Σ, dj,Σ, define the Rindler vacua in regions Σ = I, II
cj,R |0〉Σ = dj,R |0〉Σ = 0, ∀j, Σ = I, II. (8.4.5)
The transformation between the Minkowski and Rindler modes is given by
u+j,M =∑k [αIjku+k,I + βIjku−k,I + αIIjku+k,II + βIIjku−k,II] . (8.4.6)
The coefficients which relate both set of modes are given by the inner product4coming from the continuity equation derived from the Dirac equation
(uk, uj) = ∫ d3x u†kuj , (8.4.7)
so that he Bogoliubov coefficients are, after some elementary but lengthy algebra[61, 72], αIjk = eiθEΩ 1 + i2√piEω epiEΩ/2√epiEΩ + e−piEΩ δss′, (8.4.8)
βIjk = −e−iθEΩ 1 + i2√piEω e−piEΩ/2√epiEΩ + e−piEΩ δss′, (8.4.9)where EΩ is the energy of the Rindler mode k, Eω is the energy of the Minkowskimode j and θ is a parameter defined such that it satisfies the condition EΩ =m cosh θ and |kΩ| = m sinh θ (see [61]). One can verify that αII = (αI)∗ andβII = (βI)∗. Defining tan rΩ = e−piEΩ the coefficients become
αIjk = eiθEΩ 1 + i2√piEω cos rΩ δss′,βIjk = −e−iθEΩ 1 + i2√piEω sin rΩ δss′. (8.4.10)Finally, taking into account that cj,M = (φ, u+j,M) we find the Minkowski particleannihilation operator to be
cj,M =∑k
[αI∗jkck,I + βI∗jkd†k,I + αII∗jk ck,II + βII∗jk d†k,II] . (8.4.11)
4Note that the Dirac inner product properties are slightly different from the Klein-Gordoninner product (2.3.12). Namely, (u1, u2)∗ = (u∗1, u∗2) = (u2, u1)
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We now consider the transformations between states in different basis. Forthis we define an arbitrary element of the Dirac field Fock basis for each modeas |Fk〉 = |Fk〉R ⊗ |Fk〉L , (8.4.12)where |Fk〉R = |n〉+I |m〉−II , |Fk〉L = |p〉−I |q〉+II .Here the ± indicates particle/antiparticle. Operating with the Bogoliubov coeffi-cients making this tensor product structure explicit we obtain
cj,M = Nj∑k
[χ∗(Ck,R ⊗ 1 L) + χ(1 R ⊗Ck,L)], (8.4.13)
where Nj = 12√piEω χ = (1 + i)eiθEΩ , (8.4.14)and the operators Ck,R ≡ (cos rk ck,I − sin rk d†k,II) ,Ck,L ≡ (cos rk ck,II − sin rk d†k,I) (8.4.15)are the so-called Unruh operators.It can be shown [73] that for a massless Dirac field the Unruh operators havethe same form as Eq. (8.4.15) however in this case tan rk = e−piΩa/a.In the massless case, to find the Minkowski vacuum in the Rindler basis weconsider the following ansatz |0〉M =⊗Ω |0Ω〉M , (8.4.16)where |0Ω〉M = |0Ω〉R ⊗ |0Ω〉L. We find that|0Ω〉R = ∑n,s (Fn,Ω,s |nΩ,s〉+I |nΩ,−s〉−II)|0Ω〉L = ∑n,s (Gn,Ω,s |nΩ,s〉−I |nΩ,−s〉+II) , (8.4.17)where the label ± denotes particle/antiparticle modes and s labels the spin. Theminus signs on the spin label in region II show explicitly that spin, as all themagnitudes which change under time reversal, is opposite in region I with respectto region II.We obtain the form of the coefficients Fn,Ω,s, Gn,Ω,s for the vacuum by impos-ing that the Minkowski vacuum is annihilated by the particle annihilator for allfrequencies and values for the spin third component.
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8.4.2 Grassmann scalars
Since the simplest case that preserves the fundamental Dirac characteristics cor-responds to Grassmann scalars, we study them in what follows. Moreover, theentanglement in non-inertial frames between scalar fermionic fields has beenextensively studied under the single mode approximation in the literature [11].In this case, the Pauli exclusion principle limits the sums (8.4.17) and only thetwo following terms contribute
|0Ω〉R = F0 |0Ω〉+I |0Ω〉−II + F1 |1Ω〉+I |1Ω〉−II ,|0Ω〉L = G0 |0Ω〉−I |0Ω〉+II +G1 |1Ω〉−I |1Ω〉+II . (8.4.18)Due to the anticommutation relations we must introduce the following sign con-ventions
|1Ω〉+I |1Ω〉−II = c†Ω,Id†Ω,II|0Ω〉+I |0Ω〉−II = −d†Ω,IIc†Ω,I|0Ω〉+I |0Ω〉−II ,|1Ω〉−I |1Ω〉+II = d†Ω,Ic†Ω,II|0Ω〉−I |0Ω〉+II = −c†Ω,IId†Ω,I|0Ω〉−I |0Ω〉+II . (8.4.19)We obtain the form of the coefficients by imposing that cω,M |0Ω〉M = 0 whichtranslates into CΩ,R |0Ω〉R = CΩ,L |0Ω〉L = 0. ThereforeCΩ,R (F0 |0Ω〉+I |0Ω〉−II + F1 |1Ω〉+I |1Ω〉−II) = 0,CΩ,L (G0 |0Ω〉−I |0Ω〉+II +G1 |1Ω〉−I |1Ω〉+II) = 0. (8.4.20)These conditions imply that
F1 cos rΩ − F0 sin rΩ = 0Ñ F1 = F0 tan rΩ,G1 cos rΩ + G0 sin rΩ = 0Ñ G1 = −G0 tan rΩ, (8.4.21)which together with the normalisation conditions 〈0Ω|R |0Ω〉R = 1 and 〈0Ω|L |0Ω〉L =1 yield
F0 = cos rΩ, F1 = sin rΩ, (8.4.22)G0 = cos rΩ G1 = − sin rΩ.Therefore the vacuum state is given by,
|0Ω〉 = (cos rΩ |0Ω〉+I |0Ω〉−II + sin rΩ |1Ω〉+I |1Ω〉−II)⊗ (cos rΩ |0Ω〉−I |0Ω〉+II − sin rΩ |1Ω〉−I |1Ω〉+II), (8.4.23)which is compatible with the result obtained with the Unruh modes. For con-venience, we introduce the following notation,
|nn′n′′n′′′〉Ω ≡ |nΩ〉+I |n′Ω〉−II |n′′Ω〉−I |n′′′Ω〉+II , (8.4.24)
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in which the vacuum state is written as,|0Ω〉 = cos2 rΩ |0000〉Ω−sin rΩ cos rΩ |0011〉Ω+sin rΩ cos rΩ |1100〉Ω−sin2 rΩ |1111〉Ω .(8.4.25)The Minkowskian one particle state is obtained by applying the creation op-erator to the vacuum state |1j〉U = c†Ω,U |0〉M, where the Unruh particle creator isa combination of the two Unruh operators C†Ω,R and C†Ω,L,c†k,U=qR(C†Ω,R ⊗ 1 L) + qL(1 R ⊗C†Ω,L). (8.4.26)Since C†Ω,R ≡ (cos rΩ c†Ω,I − sin rΩ dΩ,II) , (8.4.27)C†Ω,L ≡ (cos rΩ c†Ω,II − sin rΩ dΩ,I) ,with qR, qL complex numbers satisfying |qR|2 + |qL|2 = 1, we obtain,|1Ω〉+R = C†Ω,R |0Ω〉R = |1Ω〉+I |0Ω〉−II (8.4.28)|1Ω〉+L = C†Ω,L |0Ω〉L = |0Ω〉−I |1Ω〉+IIand therefore, |1k〉+U = qR |1Ω〉R ⊗ |0Ω〉L + qL |0Ω〉R ⊗ |1Ω〉L . (8.4.29)In the short notation we have introduced the state reads,|1k〉+U = qR [cos rk |1000〉Ω − sin rΩ |1011〉Ω]+ qL [sin rΩ |1101〉Ω + cos rΩ |0001〉Ω] .(8.4.30)
8.4.3 Fermionic entanglement beyond the single mode approx-imation
Let us now consider the following fermionic maximally entangled state
|Ψ〉 = 1√2 (|0ω〉M |0Ω〉U + |1ω〉+M |1Ω〉+U) , (8.4.31)which is the fermionic analog to (8.2.2) and where the modes labeled with U areGrassmann Unruh modes. To compute Alice-Rob partial density matrix we traceover region II in in |Ψ〉〈Ψ| and obtain,
ρAR = 12[C4 |000〉〈000|+ S2C2(|010〉〈010|+ |001〉〈001|)S4 |011〉〈011|+ |qR|2(C2 |110〉〈110|+ S2 |111〉〈111|) + |qL|2(S2|110〉〈110|+C2|100〉〈100|)+ q∗R(C3|000〉〈110|+ S2C|001〉〈111|)− q∗L(C2S|001〉〈100|+ S3|011〉〈110|)− qRq∗LSC|111〉〈100| ]+ (H.c.)non-diag. (8.4.32)
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in the basis were C = cos rΩ and S = sin rΩ. To compute the negativity, we firstobtain the partial transpose density matrix (transpose only in the subspace ofAlice or Rob) and find its negative eigenvalues. The partial transpose matrix isblock diagonal and only the following two blocks contribute to negativity,
• {|100〉 , |010〉 , |111〉}
12
 C2|qL|2 C3q∗R −q∗RqLSCC3qR S2C2 −qLS3−qRq∗LSC −q∗LS3 |qR|2S2
 , (8.4.33)
• {|000〉 , |101〉 , |011〉}
12
 C4 −qLC2S 0−q∗LC2S 0 q∗RS2C0 qRS2C S4
 . (8.4.34)
were the basis used is |ijk〉 = |i〉M Rob︷ ︸︸ ︷|j〉+I |k〉−I . Notice that although the system isbipartite, the dimension of the partial Hilbert space for Alice is lower than thedimension of the Hilbert space for Rob, which includes particle and antiparticlemodes. The eigenvalues only depend on |qR| and not on the relative phase be-tween qR and qL.The density matrix for the Alice-AntiRob modes is obtained by tracing overregion I in |Ψ〉〈Ψ|,
ρAR¯ = 12[C4 |000〉〈000|+ S2C2(|010〉〈010|+ |001〉〈001|) + S4 |011〉〈011|+ |qR|2(C2 |100〉〈100|+ S2 |101〉〈101|) + |qL|2(S2 |111〉〈111|+C2|101〉〈101|)+ q∗L(C3|000〉〈101|+ S2C|010〉〈111|) + q∗R(C2S|010〉〈100|+ S3|011〉〈101|)+ qRq∗LSC|100〉〈111| ]+ (H.c.)non-diag. . (8.4.35)In this case the blocks of the partial transpose density matrix which contributeto the negativity are,
• {|111〉 , |001〉 , |100〉}
12
 S2|qL|2 S3q∗R q∗RqLSCS3qR C2S2 qLC3qRq∗LSC q∗LC3 |qR|2C2
 , (8.4.36)
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• {|011〉 , |110〉 , |000〉}
12
 S4 qLS2C 0q∗LS2C 0 q∗RC2S0 qRC2S C4
 , (8.4.37)
where we have considered the basis |ijk〉 = |i〉M Anti-Rob︷ ︸︸ ︷|j〉−II |k〉+II . Once more, the ei-genvalues only depend on |qR| and not on the relative phase between qR andqL. In Fig. 8.2 we plot the entanglement between Alice-Rob (solid line) and Alice-AntiRob (dashed line) modes quantified by the negativity as a function of accel-eration for different choices of |qR| (in the range 1 ≥ |qR| > 1/√2).
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Figure 8.2: Grassmann field: negativity for the bipartition Alice-Rob (Blue continuous) andAlice-AntiRob (red dashed) as a function of rΩ = arctan e−piΩa/a for various choices of |qR|.The blue continuous (red dashed) curves from top to bottom (from bottom to top) correspond, to|qR| = 1, 0.9, 0.8, 0.7 respectively. All the curves for Alice-AntiRob entanglement have a minimum,except from the extreme case |qR| = 1.
We confirm that the case |qR| = 1 reproduced the results reported in theliterature [11]. The entanglement between Alice-Rob modes is degraded as the
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acceleration parameter increases reaching a non-vanishing minimum value inthe infinite acceleration limit aÏ∞. However, while the entanglement Alice-Robdecreases, entanglement between the Alice-AntiRob partition (dashed line) grows.Interestingly, the quantum correlations between the bipartitions Alice-Rob andAlice-AntiRob fulfill a conservation law N(Alice-Rob) +N(Alice-AntiRob) = 1/2.Note that the choice |qR| = 0 corresponds to an exchange of the Alice-Rob andAlice-AntiRob bipartitions. In such case, the entanglement between Alice andAnti-Robs’s modes degrades with acceleration while the entanglement betweenAlice and Rob’s modes grows. In fact, regarding entanglement, the role of theAlice-Rob and Alice-AntiRob partitions are exchanged when |qR| < |qL|. This isbecause there is an explicit symmetry between field excitations in the Rindlerwedges. Therefore, we will limit our analysis to |qR| > |qL|.In the fermionic case different choices of |qR| result in different degrees ofentanglement between modes. In particular, the amount of entanglement in thelimit of infinite acceleration depends on this choice. Therefore, we can finda special Unruh state which is more resilient to entanglement degradation. Thetotal entanglement is maximal in the infinite acceleration limit in the case |qR| = 1(or |qL| = 1) in which N∞(Alice-Rob) = N∞(Alice-AntiRob) = 0.25. In this case,the entanglement lost between Alice-Rob modes is completely compensated bythe creation of entanglement between Alice-AntiRob modes.In the case |qR| = |qL| = 1/√2 we see in Fig. 8.2 that the behaviour of bothbipartitions is identical. The entanglement from the inertial perspective is equallydistributed between between the Alice-Bob and Alice-AntiBob partitions and addsup to N(Alice-Bob) +N(Alice-AntiBob) = 0.5 which corresponds to the total en-tanglement between Alice-Bob when |qR| = 1. In the infinite acceleration limit,the case |qR| = |qL| reaches the minimum total entanglement. To understandthis we note that the entanglement in the Alice-Rob bipartition for |qR| > |qL| isalways monotonic. However, this is not the case for the entanglement betweenthe Alice-AntiRob modes. Consider the plot in Fig. 8.2 for the cases |qR| < 1, forsmall accelerations, entanglement is degraded in both bipartitons. However, asthe acceleration increases, entanglement between Alice-AntiRob modes is createdcompensating the entanglement lost between Alice-Rob. The equilibrium pointbetween degradation and creation is the minimum that Alice-AntiRob entangle-ment curves present. Therefore, if |qR| < 1 the entanglement lost is not entirelycompensated by the creation of entanglement between Alice-AntiRob resultingin a less entangled state in the infinite acceleration limit.
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In the case |qR| = |qL| = 1/√2 entanglement is always degraded betweenAlice-AntiRob modes resulting in the state, among all the possible elections ofUnruh modes, with less entanglement in the infinite acceleration limit.
8.5 Discussion
We have shown here that the single-mode approximation used in the relativisticquantum information literature, especially to analyse entanglement between fieldmodes from the perspective of observers in uniform acceleration, does not hold.The single-mode approximation attempts to relate a single Minkowski frequencymode (observed by inertial observers) with a single Rindler frequency mode(observed by uniformly accelerated observers).We show that the state canonically analysed in earlier literature correspondsto a maximally entangled state of a Minkowski mode and a very specific kindof Unruh mode (qR = 1). We analyse the entanglement between two bosonicor fermionic modes in the case when, from the inertial perspective, the statecorresponds to a maximally entangled state between a Minkowski frequencymode and an arbitrary Unruh frequency mode.We find that the entanglement between modes described by an Unruh ob-server and a Rindler observer constrained to move in Rindler region I (Alice-Rob) is always degraded with acceleration. In the bosonic case, the entanglementbetween the inertial modes and region II Rindler modes (Alice-AntiRob) are alsodegraded with acceleration. We find that, in this case, the rate of entanglementdegradation is independent of the choice of Unruh modes.For the fermionic case the entanglement between the inertial and region IRindler modes (Alice-Rob) is degraded as the acceleration increases reaching aminimum value when it tends to infinity. There is, therefore, entanglement sur-vival in the limit of infinite acceleration for any choice of Unruh modes. However,we find an important difference with the bosonic case: the amount of survivingentanglement depends on the specific election of such modes.We also find that the entanglement between inertial and region II Rindlermodes (Alice-AntiRob) can be created and degraded depending on the electionof Unruh modes. This gives rise to different values of entanglement in the infiniteacceleration limit. Interestingly, in the fermionic case one can find a state whichis most resilient to entanglement degradation. This corresponds to the Unruhmode with |qR| = 1 which is the Unruh mode considered in the canonical studies
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of entanglement [3, 10, 11, 67–69]. It could be argued that this is the most naturalchoice of Unruh modes since for this choice (|qR| = 1) the entanglement forvery small accelerations (a Ï 0) is mainly contained in the subsystem Alice-Rob. In this case, there is nearly no entanglement between the Alice-AntiRobmodes. However, other choices of Unruh modes become relevant if one wishesto consider an entangled state from the inertial perspective which involves onlyMinkowski frequencies. We have shown that a Minkowski wavepacket involvinga superposition of general Unruh modes can be constructed in such way that thecorresponding Rindler state involves a single frequency. This result is especiallyinteresting since it presents an instance where the single-mode approximationcan be considered recovering the standard results in the literature.
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Particle and anti-particleentanglement in non-inertialframes1
We have discussed in previous chapters that entanglement between modes of bo-sonic and fermionic fields is degraded from the perspective of observers movingin uniform acceleration. Interestingly, entanglement is completely degraded inthe infinite acceleration limit in the bosonic case while for fermionic fields a finiteamount of entanglement remains in the limit. However, the reasons for thesedifferences were not completely clear. In this chapter we show that a redistribu-tion of entanglement between particle and anti-particle modes plays a key rolefor the preservation of fermionic field entanglement in the infinite accelerationlimit.In our analysis we consider entangled states which involve particle and anti-particle field modes from the perspective of inertial observers. Previous studiesconsidered entangled states involving exclusively particle modes from the iner-tial perspective. To study particle and antiparticle entangled states we developa generalisation of the formalism introduced in the previous chapter whichrelates general Unruh and Rindler modes. This formalism refines the single-mode approximation [3, 38] which has been extensively used in the literature.In particular, we will consider in our analysis a fermionic maximally entangledstate which has no neutral bosonic analog. This state which is entangled in theparticle/antiparticle degree of freedom can be produced, for example, in particle-antiparticle pair creation or in the production of Cooper pairs. The analysis of
1E. Martín-Martínez and I. Fuentes. Phys. Rev. A 83, 052306 (2011)
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such states is only possible under the mode transformations we introduce heresince the single mode approximation does not hold in this case.Considering a more general set of states from the inertial perspective al-lows us to understand that, in non-inertial frames, entanglement redistributesbetween particle and anti-particle modes. This is a somewhat similar effect tothat observed in the inertial case: entanglement redistributes between spin andposition degrees of freedom from the perspective of different inertial observ-ers [74,75]. Interestingly, one can conclude that fermionic entanglement remainsfinite in the infinite acceleration limit due to this redistribution of entanglement,which does not occur in the bosonic case. Our results are in agreement with theresults in previous chapters which show that main differences in the behaivourof entanglement in the bosonic and fermionic case are due to Fermi-Dirac andBose-Einstein statistics, contrary to the idea that the dimension of the Hilbertspace played an important role.
9.1 Dirac field states for uniformly accelerated ob-servers
We consider a Dirac field in 1 + 1 dimensions. The field can be expressed fromthe perspective of inertial and uniformly accelerated observers. In this sectionwe introduce the transformations which relate the mode operators and statesfrom both perspectives. Such transformations have been introduced in chapter8 for particle states. Here we extend this results including transformations foranti-particle modes which will be needed in our analysis.Minkowski coordinates (t, x) are an appropriate choice of coordinates to ex-press the field from the perspective of inertial observers. However, in the uni-formly accelerated case Rindler coordinates (η, χ) must be employed. The co-ordinate transformation is given by (8.1.4).The Dirac field φ satisfies the equation {iγµ(∂µ − Γµ) + m}φ = 0 where γµare the Dirac-Pauli matrices and Γµ are spinorial affine connections2. The fieldexpansion in terms of the Minkowski and Rindler solutions of the Dirac equation
2See appendix A
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was given in the previous chapter in equations (8.4.1) and (8.4.3)
φ = NM∑k
(ck,M u+k,M + d†k,M u−k,M) , (9.1.1)
φ = NR∑j
(cj,Iu+j,I + d†j,Iu−j,I + cj,IIu+j,II + d†j,IIu−j,II) . (9.1.2)
The transformation between the Minkowski and Rindler particle and antiparticlemodes is given by
u+j,M =∑k [αIjku+k,I + βIjku−k,I + αIIjku+k,II + βIIjku−k,II] ,
u−j,M =∑k [γIjku+k,I + ηIjku−k,I + γIIjku+k,II + ηIIjku−k,II] .As discussed in section 8.4, the coefficients which relate both set of modes aregiven by the Dirac inner product, so that he Bogoliubov coefficients yield [61,72],
αIjk = eiθEΩ 1 + i2√piEω cos rΩ δss′,βIjk = −e−iθEΩ 1 + i2√piEω sin rΩ δss′,γIjk = −βI*jk, ηIjk = αI*jk,
αII = (αI)∗, βII = (βI)∗, γII = (γI)∗, ηII = (ηI)∗,
(9.1.3)
where tan rΩ = e−piEΩ , EΩ is the energy of the Rindler mode k, Eω is the energyof the Minkowski mode j and θ is a parameter defined such that it satisfies theconditions EΩ = m cosh θ and |kΩ| = m sinh θ (see [61]). Finally, taking intoaccount that cj,M = (φ, u+j,M) and d†j,M = (φ, u−j,M), we find
cj,M =∑k
[αI∗jkck,I + βI∗jkd†k,I + αII∗jk ck,II + βII∗jk d†k,II] ,
d†j,M =∑k
[γI∗jkck,I + ηI∗jkd†k,I + γII∗jk ck,II + ηII∗jk d†k,II] . (9.1.4)
We now consider the transformations between states in different basis. Forthis we define an arbitrary element of the Dirac field Fock basis for each modeas |Fk〉 = |Fk〉R ⊗ |Fk〉L , (9.1.5)where |Fk〉R = |n〉+I |m〉−II , |Fk〉L = |p〉−I |q〉+II . (9.1.6)
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In the same fashion as in the previous chapter, here the ± signs denote particleor antiparticle. It is now convenient to introduce a new basis for inertial observ-ers which corresponds to a superposition of Minkowski monocromatic modes.As seen in the previous chapter, the reason for this is that the new modes(Unruh modes), and Rindler modes have a simple Bogoliubov transformation:each Unruh mode transforms to a single frequency Rindler mode. This trans-formation is given by
Ck,R =(cos rk ck,I − sin rk d†k,II) ,Ck,L =(cos rk ck,II − sin rk d†k,I) ,D†k,R =(sin rk ck,I + cos rk d†k,II) ,D†k,L =(sin rk ck,II + cos rk d†k,I) , (9.1.7)were Ck,R,L and Dk,R,L are the Unruh mode operators.The corresponding transformation between Minkowski and Unruh modes isgiven by
cj,M =Nj∑k
[χ∗(Ck,R ⊗ 1 L) + χ(1 R ⊗Ck,L)], (9.1.8)
d†j,M =Nj∑k
[χ(D†k,R ⊗ 1 L) + χ∗(1 R ⊗D†k,L)], (9.1.9)
where Nj = 12√piEω , χ = (1 + i)eiθEΩ . (9.1.10)Here we have expressed the tensor product structure (9.1.5) explicitly.For massless fields it can be shown [73] that the Unruh operators have thesame form as Eq. (9.1.7) however in this case tan rk = e−piΩ/a.In the massless case, to find the Minkowski vacuum in the Rindler basis weconsider the same ansatz as in the previous chapter
|0〉M =⊗Ω |0Ω〉M , (9.1.11)where |0Ω〉M = |0Ω〉R ⊗ |0Ω〉L. We find that|0Ω〉R = ∑n,s (Fn,Ω,s |nΩ,s〉+I |nΩ,−s〉−II)|0Ω〉L = ∑n,s (Gn,Ω,s |nΩ,s〉−I |nΩ,−s〉+II) , (9.1.12)
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where the notation and sign conventions are the same as in chapter 8.For the case of Grassmann scalars, we recall expression (8.4.23), obtainedafter imposing that cω,M |0Ω〉M = 0 for all ω which is equivalent to CΩ,R |0Ω〉R =CΩ,L |0Ω〉L = 0 for all Ω. The vacuum state then yields
|0Ω〉 = (cos rΩ |0Ω〉+I |0Ω〉−II + sin rΩ |1Ω〉+I |1Ω〉−II)⊗ (cos rΩ |0Ω〉−I |0Ω〉+II − sin rΩ |1Ω〉−I |1Ω〉+II), (9.1.13)
Using equation (9.1.9) we see that this vacuum state also satisfies dω,M |0Ω〉M = 0 ∀ω,which is equivalent to DΩ,R |0Ω〉R = DΩ,L |0Ω〉L = 0 ∀Ω. For convenience, weintroduce the following compact notation,
|ijkl〉Ω ≡ |iΩ〉+I |jΩ〉−I |kΩ〉+II |lΩ〉−II . (9.1.14)
Notice that this notation for our basis is slightly different from the one em-ployed in the previous chapter (equation (8.4.24)). We do this because it is moreconvenient for our purposes in this chapter. In this notation the vacuum state iswritten as,
|0Ω〉 = cos2 rΩ |0000〉Ω−sin rj cos rΩ |0110〉Ω+sin rΩ cos rΩ |1001〉Ω−sin2 rΩ |1111〉Ω .(9.1.15)instead of (8.4.25).The Minkowskian one particle/antiparticls state is obtained by applying thecreation operator of particle or antiparticle to the vacuum state |1j〉+U = c†Ω,U |0〉M,|1j〉−U = d†Ω,U |0〉M where the Unruh particle/antiparticle creator is a combinationof the two Unruh operators
c†Ω,U =qR(C†Ω,R ⊗ 1 L) + qL(1 R ⊗C†Ω,L),d†Ω,U =pR(D†Ω,R ⊗ 1 L) + pL(1 R ⊗D†Ω,L). (9.1.16)
qR, qL, pR, pL are complex numbers satisfying |qR|2 + |qL|2 = 1, |pR|2 + |pL|2 = 1.The parameters pR,L are not independent of qR,L. We demand that the Unruhparticle and antiparticle operators are referred to particle and antiparticle modesin the same Rindler wedges. Therefore to be coherent with a particular electionof qR and qL, we have to choose pL = qR and pR = qL,
c†k,U =qR(C†Ω,R ⊗ 1 L) + qL(1 R ⊗C†Ω,L),d†k,U =qL(D†Ω,R ⊗ 1 L) + qR(1 R ⊗D†Ω,L). (9.1.17)
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The Unruh L and R field excitations are given by
|1Ω〉+R = C†Ω,R |0Ω〉R = |1Ω〉+I |0Ω〉−II ,|1Ω〉+L = C†Ω,L |0Ω〉L = |0Ω〉−I |1Ω〉+II ,|1Ω〉−R = D†Ω,R |0Ω〉R = |0Ω〉+I |1Ω〉−II ,|1Ω〉−L = D†Ω,L |0Ω〉L = |1Ω〉−I |0Ω〉+II , (9.1.18)and therefore,
|1k〉+U = qR |1Ω〉+R ⊗ |0Ω〉L + qL |0Ω〉R ⊗ |1Ω〉+L ,|1k〉−U = qL |1Ω〉−R ⊗ |0Ω〉L + qR |0Ω〉R ⊗ |1Ω〉−L . (9.1.19)In the short notation we have introduced the state reads,
|1k〉+U = qR [cos rk |1000〉Ω − sin rΩ |1110〉Ω]+ qL [cos rΩ |0010〉Ω + sin rΩ |1011〉Ω] ,
|1k〉−U = qL [cos rk |0001〉Ω − sin rΩ |0111〉Ω]+ qR [cos rΩ |0100〉Ω + sin rΩ |1101〉Ω] .(9.1.20)
9.2 Particle and Anti-particle entanglement in non-inertial frames
Having the expressions for the vacuum and single particle states in the Unruh andRindler bases enables us to analyse the degradation of entanglement from theperspective of observers in uniform acceleration. Let us consider the followingmaximally entangled states from the inertial perspective
|Ψ+〉 = 1√2 (|0ω〉M |0Ω〉U + |1ω〉σM |1Ω〉+U) , (9.2.1)|Ψ−〉 = 1√2 (|0ω〉M |0Ω〉U + |1ω〉σM |1Ω〉−U) , (9.2.2)|Ψ1〉 = 1√2 (|1ω〉+M |1Ω〉−U + |1ω〉−M |1Ω〉+U) , (9.2.3)where the modes labeled with U are Grassmann Unruh modes and the labelσ = ± denotes particle and antiparticle modes. The first two states correspondto entangled states with particle and antiparticle Unruh excitations, respectively.These two states are analogous to the bosonic state 1√2 (|0〉M |0〉U+ |1〉M |1〉U) whichis entangled in the occupation number degree of freedom. The third state hasno analog in the neutral bosonic scenario since in this case the state is entangled
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in the particle/antiparticle degree of freedom. In spite of the fact that fermionicentanglement in non-inertial frames has been extensively studied in the literature[11], states (9.2.2) and (9.2.3) have not been considered before.We consider Alice to be an inertial observer with a detector sensitive to ωmodes while her partner Rob who is in uniform acceleration carries a detectorsensitive to Ω modes. To study the entanglement in the states from their perspect-ive we must rewrite the Ω modes in terms of Rindler modes. Therefore, Unruhstates must be transformed into the Rindler basis. The state in the Minkowski-Rinder basis becomes effectively a tri-partite system. As it is commonplace inthe literature, we define the Alice-Rob bipartition as the Minkowski and regionI Rindler modes, while the Alice-AntiRob bipartition corresponds to Minkowskiand region II Rindler modes. To study distillable entanglement we will employthe negativity N as in previous chapters.Two cases of interest will be considered. In the first case we assume thatAlice and Rob have detectors which do not distinguish between particles andantiparticles. In this case, particles and antiparticles together are considered to bea subsystem. In the second case we consider that Rob and AntiRob have detectorswhich are only sensitive to particles (antiparticles) therefore, antiparticle (particle)states must be traced out. Our results will show that when Rob is accelerated,the entanglement redistributes between particles and antiparticles as a functionof his acceleration. This effect is a unique feature of fermionic fields and playsan important role in the behaviour of fermionic entanglement in the infiniteacceleration limit.
9.2.1 Entanglement in states |Ψ+〉 and |Ψ−〉
Full sensitivity
Let us revisit the results presented in the previous chapter where Rob was sensit-ive to both, particle and antiparticle modes. To compute Alice-Rob partial densitymatrix in (9.2.1) we trace over region II in |Ψ+〉〈Ψ+| and obtain,
ρ+AR = 12[C4 |000〉〈000|+ S2C2(|010〉〈010|+ |001〉〈001|) + S4 |011〉〈011|+ |qR|2(C2 |110〉〈110|+ S2 |111〉〈111|) + |qL|2(S2|110〉〈110|+C2|100〉〈100|)+ q∗R(C3|000〉〈110|+ S2C|001〉〈111|)− q∗L(C2S|001〉〈100|+ S3|011〉〈110|)− qRq∗LSC|111〉〈100| ]+ (H.c.)non-diag., (9.2.4)
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where C = cos rΩ and S = sin rΩ.The density matrix for the Alice-AntiRob modes is obtained by tracing overregion I,
ρ+AR¯ = 12[C4 |000〉〈000|+ S2C2(|001〉〈001|+ |010〉〈010|) + S4 |011〉〈011|+ |qR|2(C2 |100〉〈100|+ S2 |110〉〈110|) + |qL|2(S2 |111〉〈111|+C2|110〉〈110|)+ q∗L(C3|000〉〈110|+ S2C|001〉〈111|) + q∗R(C2S|001〉〈100|+ S3|011〉〈110|)+ qRq∗LSC|100〉〈111| ]+ (H.c.)non-diag.. (9.2.5)
These are the same matrices (8.4.32) and (8.4.35) but with the different nota-tion employed in this chapter. Negativity for the bipartitions AR and AR¯ werecalculated in chapter 8, and are shown again in Figure 9.1.
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Figure 9.1: Full sensitivity Negativity for the Alice-Rob (Blue continuous) and Alice-AntiRob(red dashed) bipartitions as a function of rΩ = arctan e−piΩ/a for various choices of |qR|. Theblue continuous (red dashed) curves from top to bottom (from bottom to top) correspond, to|qR| = 1, 0.9, 0.8, 0.7 respectively.
As discussed in the previous chapter, when the acceleration increases the en-tanglement between Alice-AntiRob modes is created compensating the entangle-
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ment lost between Alice-Rob. An analysis of the quantum entanglement betweenAlice’s modes and particle/antiparticle modes of Rob and AntiRob will be usefulto disclose why correlations present this behaviour.
Sensitivity to particles
We now analyse the entanglement when Rob’s and AntiRob’s detectors are notable to detect antiparticles. In this case the entanglement is between their particlemodes and Alice’s subsystem. Since Rob cannot detect antiparticles we must traceover all antiparticle states in (9.2.4): ρ+AR+ =∑n=0,1 〈n|−I ρ+AR |n〉−I . This yields
ρ+AR+ = 12[C2 |00〉〈00|+ S2 |01〉〈01|+ q∗RC |00〉〈11|) + (|qR|2 + |qL|2S2) |11〉〈11|+ |qL|2C2 |10〉〈10|)]+ (H.c.)non-diag., (9.2.6)
which is the partial state of Alice and the particles sector of Rob.The partial transpose (ρ+AR+)pT has only one block whose negative eigenvaluecontributes to negativity
• Basis: {|10〉 , |01〉}
12
( |qL|2C2 q∗RCqRC S2
) . (9.2.7)
The same procedure can be carried out for the system AR¯ tracing over theantiparticle sector in (9.2.5) obtaining
ρ+AR¯+ = 12[C2 |00〉〈00|+ S2 |01〉〈01|+ q∗LC |00〉〈11|+ (|qL|2 + |qR|2S2) |11〉〈11|+ |qR|2C2 |10〉〈10| ]+ (H.c.)non-diag.. (9.2.8)
The partial transpose (ρ+AR¯+)pT has only one block whose negative eigenvaluecontributes to negativity
• Basis: {|10〉 , |01〉}
12
( |qR|2C2 q∗LCqLC S2
) . (9.2.9)
Entanglement for ρ+AR+ and ρ+AR¯+ is plotted in Fig. 9.2.
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Figure 9.2: Negativity in the particle sector (Rob and AntiRob can only detect particle modes)for the bipartition Alice-Rob (Blue continuous) and Alice-AntiRob (red dashed) for the state (9.2.1)as a function of rΩ = arctan e−piΩ/a for various choices of |qR|. The blue continuous (red dashed)curves from top to bottom (from bottom to top) correspond, to |qR| = 1, 0.9, 0.8, 0.71 respectively.For |qR| = 1 Alice-AntiRob curve is zero ∀a.
Sensitivity to antiparticles
A similar calculation can be carried out considering that Rob and AntiRob de-tectors are only sensitive to antiparticles, i.e. tracing over particle states. In thiscase we obtain that ρ+AR− =∑n=0,1 〈n|+I ρ+AR |n〉+I , and therefore, from (9.2.4),
ρ+AR− = 12[C2 |00〉〈00|+ S2 |01〉〈01| − q∗LS |01〉〈10|+ (|qL|2 + |qR|2C2) |10〉〈10|+ |qR|2S2 |11〉〈11|)]+ (H.c.)non-diag. (9.2.10)
is the partial state of Alice and the particles sector of Rob.The only block giving negative eigenvalues is
• Basis: {|11〉 , |00〉}
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12
( |qR|2S2 −q∗LS−qLS C2
) . (9.2.11)
The density matrix for the Alice-AntiRob antiparticle modes is obtained bytracing over the particle sector in (9.2.5)
ρ+AR¯− = 12[C2 |00〉〈00|+ S2 |01〉〈01|+ (|qR|2 + |qL|2C2) |10〉〈10|+ |qL|2S2|11〉〈11|+ q∗RS |01〉〈10|)]+ (H.c.)non-diag.. (9.2.12)
Again only one block of the density matrix contributes to negativity
• Basis: {|11〉 , |00〉}
12
( |qL|2S2 q∗RSqRS C2
) . (9.2.13)
Entanglement for ρ+AR− and ρ+AR¯− is plotted in Fig. 9.3.The analysis of entanglement in the state (9.2.2) is done in a completely ana-logous way. We find that the entanglement behaves exactly the same way as instate (9.2.1) only that the role of particles is replaced by anti-particles. Thereforenegativities are related in the following way:
N+AR+ =N−AR− , N+AR¯+ =N−AR¯− ,N+AR− =N−AR+ , N+AR¯− =N−AR¯+ ,N+AR =N−AR, N+AR¯ =N−AR¯. (9.2.14)We see in Figure 9.1 that the total entanglement between Alice and AntiRobstarts decreasing and presents a minimum before starting to grow again forhigher accelerations. If |qR| < 1 the entanglement in the limit aÏ 0 is distributedbetween the bipartitions AR and AR¯ as shown in chapter 8. The entanglement lostin the bipartition AR¯ is not entirely compensated by the creation of entanglementin AR¯ and therefore, this results in a state containing less entanglement in theinfinite acceleration limit.Interestingly, the correlations between Alice and the particle sector of Roband AntiRob always decrease while the correlations between Alice and the anti-particle sector of Rob and AntiRob always grow. This behaviour explains whyentanglement always survive the infinite acceleration limit for any election of qRand qL. As Rob accelerates there is a process of entanglement transfer betweenthe particle and antiparticle sector of his Hilbert space. The same happens with
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Figure 9.3: Negativity in the antiparticle sector (Rob and AntiRob can only detect antiparticlemodes) for the bipartition Alice-Rob (Blue continuous) and Alice-AntiRob (red dashed) for thestate (9.2.1) as a function of rΩ = arctan e−piΩ/a for various choices of |qR|. The red dashed curvesfrom top to bottom correspond, to |qR| = 1, 0.9, 0.8, 0.71 respectively. The two blue curves seencorrespond (from bottom to top) to |qR| = 0.8, 0.71 respectively.
AntiRob, such that for neither AR nor AR¯ the entanglement vanishes for anyvalue of the acceleration.For the simplest case |qR| = 1 we see that all the entanglement is initially(aÏ 0) in the particle sector of the bipartition AR. As the acceleration increasesthe entanglement is transferred to the antiparticle sector of the bipartition AR¯such that, in the limit of infinite acceleration entanglement has been equallydistributed between these two bipartitions.The tensor product structure of the particle and antiparticle sectors plays animportant role in the behaviour of entanglement in the infinite acceleration limit.In the case of neutral scalar fields there are no antiparticles and entanglementis completely degraded. Note that in the case of charged bosonic fields thereare indeed charged conjugate antiparticles. However, in this case the Hilbertspace has a similar structure to the uncharged field [10]. The existence of bo-
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sonic antiparticles simply adds another copy of the same Hilbert space and noentanglement transfer is possible between particle and antiparticles.Now, if we move to less trivial cases where qR 6= 1 the situation gets morecomplicated. In these scenarios we initially start with some entanglement in theparticle sector of AR¯, and there can also be an entanglement transfer betweenthis sector and AR antiparticle sector. However no entanglement at all is trans-ferred to the antiparticle sector of the subsystem AR unless the accelerationreaches a threshold given by
cos2 r = |qL|2|qR|2 = 1|qR|2 − 1. (9.2.15)The maximum value of cos [r(a)] is cos [r(aÏ∞)]Ï 1/√2 therefore for |qR|2 >2/3 entanglement is not transferred to the antiparticle sector of Alice-Rob forany value of the acceleration while the opposite (transfer from AR to AR¯) alwaysoccurs. This explains why when qR 6= 1 the entanglement loss in the bipartitionAR in the limit a Ï ∞ (understood as the difference between the initial entan-glement in AR and the final entanglement) is smaller than in the extreme caseqR = 1.It is evident that the choice of Unruh modes influence the transfer of entangle-ment between particle and antiparticle sectors. When the acceleration is largerthan (9.2.15), when |qR| grows closer to 1/√2 more entanglement is transferredfrom the particle sector of AR¯ to the antiparticles of AR. In the limit qR = 1/√2the same amount of entanglement is transferred to the antiparticle sector of bothAR and AR¯.The particle entanglement (always monotonically decreasing) resembles thebehaviour of bosonic entanglement studied in previous chapters. Bosonic en-tanglement is monotonically decreasing for both AR and AR¯ subsystems. Inthe bosonic case there are not antiparticles and, hence, there is no possibilityof entanglement transfer to antiparticle sectors of AR¯. This is the origin of thedifferences in entanglement behaviour for bosons and fermions.
9.2.2 Entanglement in state |Ψ1〉
This state has no neutral bosonic analog since it is entangled in the particle/antiparticledegree of freedom. Therefore, the analysis of entanglement in this state revelsinteresting features which are of genuinely fermionic nature.To study this type of state we employ the generalisation of the formalismdeveloped in chapter 8 which relates general Unruh modes with Rindler modes.
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This formalism refines the single-mode approximation introduced in [3,38] whichhas been extensively used in the literature. For this type of state the singlemode approximation used in [11] does not hold and attempting to use it maylead to misleading results: applied just as presented in [11] one would find theerroneous result that maximally entangled states from the inertial perspectiveappear disentangled from the accelerated perspective, irrespectively of the valueof acceleration. Using the mode transformation introduced in section 9.1 leadsto sensible results: acceleration behaves regularly for accelerated observers andapproaches a maximally entangled state in the inertial limit.For convenience we will introduce a new notation for this case. For Alice, wedenote the states by |+〉 if they correspond to particles and |−〉 for antiparticles.Therefore the state is written as
|Ψ1〉 = 1√2 (|+〉M |1Ω〉−U + |−〉M |1Ω〉+U) (9.2.16)The density matrix for the subsystem Alice-Rob is obtained from |Ψ1〉〈Ψ1| tracingover region II
ρ1AR = |qR|2C2 |+10〉〈+10|+ |qR|2S2 |+11〉〈+11|+ |qL|2C2 |+00〉〈+00|+ |qL|2S2 |+10〉〈+10| − SCqRq∗L |+11〉〈+00|+ |qL|2C2 |−00〉〈−00|+ |qL|2S2 |−01〉〈−01|+ |qR|2S2 |−11〉〈−11|+ SCq∗RqL |−00〉〈−11|+ |qR|2C2 |−01〉〈−01|+ (|qR|2C2 − |qL|2S2) |+10〉〈−01|+ (H.c.)non-diag. , (9.2.17)and for the Alice-AntiRob bipartition we obtain
ρ1AR¯ = |qR|2C2 |+00〉〈+00|+ |qR|2S2 |+10〉〈+10|+ |qL|2S2 |+11〉〈+11|+ |qL|2C2 |+10〉〈+10|+ SCqRq∗L |+00〉〈+11|+ |qL|2C2 |−01〉〈−01|+ |qL|2S2 |−11〉〈−11|+ |qR|2C2 |−00〉〈−00|+ |qR|2S2 |−01〉〈−01|− SCq∗RqL |−11〉〈−00|+ (|qL|2C2 − |qR|2S2) |+10〉〈−01|+ (H.c.)non-diag. . (9.2.18)
Assuming that the observers cannot distinguish between particles and anti-particles yields matrices where only one block of the partial transpose densitymatrix gives negative eigenvalues
• Basis: {|−10〉 , |+01〉}
12
( 0 (|qR|2C2 − |qL|2S2)(|qR|2C2 − |qL|2S2) 0
) , (9.2.19)
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In this case the negativity is given by
N1AR = 12 ∣∣|qR|2C2 − |qL|2S2|∣∣ .
A similar result is obtained for the system Alice-AntiRob ρ1AR¯. In this case theonly block of the partial transpose that contributes to negativity is
• Basis: {|−10〉 , |+01〉}
12
( 0 (|qL|2C2 − |qR|2S2)(|qL|2C2 − |qR|2S2) 0
) , (9.2.20)
resulting in N1AR¯ = 12 ∣∣|qL|2C2 − |qR|2S2|∣∣ .Both negativities are shown in Fig. 9.4.Interestingly, when Rob and AntiRob are not able to detect either particle orantiparticle modes the entanglement in the state vanishes. The partial densitymatrices for AR and AR¯ in this case yield
ρ1AR+ = (|qR|2 + |qL|2S2) |+1〉〈+1|+ |qL|2C2 |+0〉〈+0|+ (|qL|2 + |qR|2C2) |−0〉〈−0|+ |qR|2S2 |−1〉〈−1|+ (H.c.)non-diag., (9.2.21)
ρ1AR¯+ = (|qL|2 + |qR|2S2) |+1〉〈+1|+ |qR|2C2 |+0〉〈+0|+ (|qR|2 + |qL|2C2) |−0〉〈−0|+ |qL|2S2 |−1〉〈−1|+ (H.c.)non-diag.,
ρ1AR− = (|qL|2 + |qR|2C2) |+0〉〈+0|+ |qL|2C2 |−0〉〈−0|+ (|qR|2 + |qL|2S2) |−1〉〈−1|+ |qR|2S2 |+1〉〈+1|+ (H.c.)non-diag., (9.2.22)
ρ1AR¯− = (|qR|2 + |qL|2C2) |+0〉〈+0|+ |qR|2C2 |−0〉〈−0|+ (|qL|2 + |qR|2S2) |−1〉〈−1|+ |qL|2S2 |+1〉〈+1|+ (H.c.)non-diag., (9.2.23)for which negativity is strictly zero. The entanglement in this state is of a differentnature as the entanglement in states |Ψ+〉 and |Ψ−〉, therefore a direct comparisonof the behaviour of entanglement cannot be done. The total entanglement hereis associated to correlations between particles and antiparticles and, therefore,
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Figure 9.4: Particle-antiparticle maximally entangled state (9.2.3): Negativity for the bipartitionAlice-Rob (Blue continuous) and Alice-AntiRob (red dashed) as a function of rΩ = arctan e−piΩ/afor various choices of |qR|. The blue continuous (red dashed) curves from top to bottom (frombottom to top) correspond, to |qR| = 1, 0.9, 0.8, 0.7 respectively. The curves for Alice-AntiRobentanglement have a minimum where the negativity vanishes.
if we trace out either the particles or antiparticles we effectively remove all thecorrelations codified in this degree of freedom.In the case when the detectors do not distinguish between particles and anti-particles we found that the entanglement in the Alice-AntiRob bipartition is de-graded with acceleration vanishing at a critical point. For higher accelerationsentanglement begins to grow again. Namely, the entanglement on the bipartitionAlice-AntiRob vanishes for a specific value of the acceleration if |qR| < 1. Thisvalue of the acceleration is given by
tan2 r = 1|qR|2 − 1. (9.2.24)What is more, the surviving entanglement in the limit aÏ∞ is
N1AR(aÏ∞) =NAR¯(aÏ∞) = 14(|qR|2 − |qL|2), (9.2.25)Doctoral Thesis 204 Eduardo Martín Martínez
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therefore, when |qR| = |qL| = 1/√2 no entanglement survives in the limit ofinfinite acceleration.This shows that entanglement has a non-vanishing minimum value in the in-finite acceleration limit (regardless of the election of Unruh modes) only whenthere is transfer of entanglement between particles and antiparticles. Otherwise,it is possible to find an Unruh mode whose entanglement vanishes in the infiniteacceleration limit as in the bosonic case. We therefore conclude that the en-tanglement transfer between particle and antiparticle sectors plays a key role inexplaining the behaviour of entanglement in the infinite acceleration limit.
9.3 Discussion
Including antiparticles in the study of fermionic entanglement allowed us to un-derstand key features which explain the difference in behaviour of entanglementin the fermionic and bosonic case. Namely, we have shown that there is an en-tanglement redistribution between the particle and antiparticle sectors when Robis in uniform acceleration. This entanglement transfer is not possible in the bo-sonic case and, therefore, the differences between the bosonic and fermioniccases arise. In particular, we have shown that this entanglement tradeoff givesrise to a non-vanishing minimum value of fermionic entanglement in the infiniteacceleration limit for any choice of Unruh modes.We also exhibit a special fermionic state for which entanglement transferbetween particle and antiparticle states is not possible. Interestingly, in this casewe can find a specific choice of Unruh modes such that entanglement vanishesin the infinite acceleration limit. Incidentally, this choice (|qR| = |qL| = 1/√2)minimises the surviving entanglement of states (9.2.1) and (9.2.2). We showedthat it is the tradeoff between the particles and antiparticles sector what protectedthem from a complete entanglement loss.Our analysis is based on an extension to antiparticles of the formalism in-troduced in chapter 8 which relates Unruh and Rindler modes. This allowed usto analyse a more general family of fermionic maximally entangled states forwhich the single-mode approximation does not hold.This study sheds light in the understanding of relativistic entanglement: thedifferences in bosonic and fermionic statistics give rise to differences in entangle-ment behaviour. This provides a deep insight on the mechanisms which makesfermionic entanglement more resilient to Unruh-Hawking radiation.
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Chapter 10
Entanglement amplification via theUnruh-Hawking effect1
We have studied in previous chapters the influence of the so-called Unruh andHawking effects on quantum entanglement. In all these previous studies it wasshown how starting with entangled states from an inertial perspective we endup with a less entangled state when one of the observers is non-inertial. Due tothose results, it has been always considered that the Unruh effect would only beable to degrade entanglement.This belief was reinforced by the intuitive argument that since the Unruheffect acts in a similar way to a thermal bath with T ∝ a, entanglement shouldbe degraded in a similar way as by thermal decoherence. This argument isflawed because the Unruh thermal state is derived for the Minkowski vaccuumstate, not for states containing excitations. Nevertheless, it was supported by thefact that all previous works under the single mode approximation (SMA) foundthat entanglement in the AR bipartition was a monotonically decreasing functionof the acceleration. Also, for maximally entangled states beyond the SMA, thesame monotonic behaviour of AR entanglement was found (see figures 8.1 and8.2). So it still seemed true that acceleration tends to degrade entanglement.When studying non-maximally entangled states these trends would be expectedto continue holding in principle.In this chapter we show an unexpected outcome of the Unruh and Hawkingeffects: the appearance of entanglement when one of the observers of a bipartitesystem undergoes a constant acceleration. We prove here that there are somestates, shared by two observers, whose degree of entanglement increases as one
1M. Montero and E. Martín-Martínez. arXiv:1011.6540
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of the observers accelerates. The phenomenon is thoroughly studied here forGrassmann scalar and bosonic scalar fields, it is thus not a peculiarity of fermionicstatistics (as it was the entanglement survival in the infinite acceleration limit) buta universal phenomenon.This entanglement amplification is promising in order to detect quantum ef-fects due to acceleration (and therefore gravity). Entanglement, unlike otherphenomena (such as thermal noise) does not admit a classical description. Thus,its observation would account for a pure quantum origin of the aforementionedeffects.On the other hand entanglement is very sensitive to any interaction withthe environment, which tends to degrade it. This made it very difficult for anyexperiment relying on entanglement degradation [10] to find evidence for theseeffects. By the same token, experiments studying entanglement creation are saferfrom these flaws: if a small amount of entanglement is created, no matter howdamped by decoherence it may be, the only possible origin is an acceleration-induced quantum effect. The entanglement amplification phenomenon providesa novel way to distinguish genuine quantum effects of gravity from classicallyinduced ones, something worth considering when trying to detect the Unruhand Hawking effects in analog gravity set-ups [76].The main reason why this phenomenon has gone unnoticed so far is thereliance in the single mode approximation (SMA) that many previous worksassumed. And, on the other hand when going beyond the single mode ap-proximation, only maximally entangled states were studied. We need to studynon-maximally entangled states beyond SMA to find the effect.
10.1 The setting
Let us consider a system composed of an inertial observer, Alice, who watchesan inertial mode of a quantum field (either a Grassmann or bosonic scalar field)and a uniformly accelerated Rindler observer either in region I or II of Rindlerspacetime. As in previous chapters we will call this observer Rob if he is in regionI and AntiRob if he is in region II. Rob (or AntiRob) watches an Unruh mode ofthe quantum field (see chapter 8), which is entangled with Alice’s. As we saw inchapter 8, consideration of two different kinds of Unruh modes is necessary fora complete description of an arbitrary solution to the field equation.We will only consider Unruh modes of a given Rindler frequency ω as seen by
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Rob or AntiRob (who moves with proper acceleration a) but which are arbitrarysuperpositions of left and right mover modes, so that the creation and annihilationoperators that we are considering here are of the general form (8.1.14) for ascalar field and (8.4.26) for the Grassmann scalar field. This is to say
Cω = qLCω,L + qRCω,R, (10.1.1)
where |qL|2 + |qR|2 = 1, qR ≥ qL and Cω,X for X = L,R are
Cω,R = cosh rb,ω aω,I − sinh rb,ω a†ω,II, (10.1.2)Cω,L = cosh rb,ω aω,II − sinh rb,ω a†ω,I, (10.1.3)
where a, a† are particle operators for the scalar field, and
Cω,R = (cos rf,ω cω,I − sin rf,ω d†ω,II) ,Cω,L = (cos rf,ω cω,II − sin rf,ω d†ω,I) , (10.1.4)
where c, c† and d, d† are respectively particle and antiparticle operators, for theGrassmann case.The family of bipartite states in which we will observe entanglament ampli-fication is of the form
|Ψ〉 = P |0〉A [α |1〉+√1− α2 |0〉]+√1− P2 |1〉A [β |1〉+√1− β2 |0〉] . (10.1.5)
Here, the subscript ‘A’ refers to Alice’s inertial mode, and |1〉 = C†ω |0〉 is the Unruhparticle excitation. All these states have an implicit dependence on Rob’s accel-eration a when expressed in the Rindler basis through the parameter definedby tan rf,ω = e−picω/a in the fermionic case, and tanh rb,ω = e−picω/a in the bosoniccase.As usual [10,11], we transform the state (10.1.5) into the Rindler basis followingthe same conventions as in chapter 8. Although the system is obviously bipartite,shifting to the Rindler basis for the second qubit the mathematical description ofthe system admits a straightforward tripartition: Minkowskian modes, Rindlerregion I modes, and Rindler region II modes.The density matrix for the state, which includes modes on both wedges ofthe spacetime along with Minkowskian modes, is built from (10.1.5). Namely,ρARR¯ = |Ψ〉〈Ψ|.As discussed previously, an accelerated observer in region I is causally dis-connected from region II (and vice-versa). For this reason when we consider
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the bipartite system Alice-Rob we need to trace over the modes that only havesupport in region II and to which Rob is causally disconnected. Equivalently,we would have to trace over modes in region I if we consider that the accel-erated observer is in region II. The density matrices for the bipartite systemsAlice-Accelerated observer areρAR = TrII ρARR¯ =∑n 〈n|II ρARR¯ |n〉II , (10.1.6)ρAR¯ = TrI ρARR¯ =∑n 〈n|I ρARR¯ |n〉I . (10.1.7)The density matrix for the subsystem Alice-Rob is, therefore, given byρAR = TrII(|Ψ〉 〈Ψ|) = P2 |0〉A 〈0|A [α2 TrII(|1〉U 〈1|U) + (1− α2) TrII(|0〉 〈0|)+α√1−α2 (TrII(|1〉U 〈0|)+TrII(|0〉 〈1|U))]+(1−P2) |1〉A 〈1|A [β2 TrII(|1〉U 〈1|U)+ (1− β2) TrII(|0〉 〈0|) + β√1− β2 (TrII(|1〉U 〈0|) + TrII(|0〉 〈1|U))]+ P√1− P2 |1〉A 〈0|A [αβ TrII(|1〉U 〈1|U) +√1− α2√1− β2 TrII(|0〉 〈0|)+ β√1− α2 TrII(|1〉U 〈0|) α√1− β2 TrII(|0〉 〈1|U)]+ (H.c.)Alice-Nondiag (10.1.8)for both cases, scalar field and Grassmann field. The kets and bras labeled withan A correspond to Alice and those inside the traces correspond to Rob. by(H.c.)Alice-Nondiag we mean the Hermitian conjugate of the terms with differentAlice indices.The relevant matrices in (10.1.8) are different for the scalar and the Grass-mann case. Specifically, for the Grassmann scalar caseTrII(|0〉 〈0|) = C4 |00〉〈00|+ S2C2(|10〉〈10|+ |01〉〈01|) + S4 |11〉〈11| ,TrII(|1〉U 〈1|U) = q2R [C2 |10〉〈10|+ S2 |11〉〈11|]+ q2L [S2 |10〉〈10|+C2 |00〉〈00|]− qRqLSC(|11〉〈00|+ |00〉〈11|), (10.1.9)andTrII(|1〉U 〈0|) = qR [C3 |10〉〈00|+ S2C |11〉〈01|]− qL [S3 |10〉〈11|+ SC2 |00〉〈01|] .(10.1.10)Where we have defined for brevity S ≡ sin rf,ω, C ≡ cos f, ω and |ij〉 is a state withi particles and j antiparticles in region I, obtained after tracing out the modes inregion II.The partial transpose with respect to Alice can be obtained by simply swappingthe Alice states in (10.1.8). The resultant matrix can be diagonalised numericallyto compute the negativity.
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We shall now compute the density matrix after tracing out region II for thescalar field. For a general state (10.1.5) , the traced density matrix is given againby (10.1.8), but now the relevant matrices have a different form, namely
TrII(|0〉 〈0|) = ∞∑n=0 f (n)2 |n〉〈n| ,
TrII(|1〉U 〈1|U) = 1cosh2 rω
∞∑
n=0 f (n)2(n + 1) (q2L |n〉〈n|+ q2R |n + 1〉〈n + 1|)+ qLqRf (n)f (n + 1)√(n + 1)(n + 2) (|n〉〈n + 2|+ |n + 2〉〈n|)(10.1.11)
and
TrII(|1〉U 〈0|) = 1cosh rω
∞∑
n=0 qLf (n)f (n + 1)
√(n + 1) |n〉〈n + 1|
+ qRf (n)2√n + 1 |n + 1〉〈n| (10.1.12)
, where |n〉 are field modes in region I and
f (n) = tanhn rΩcosh rΩ . (10.1.13)The resultant matrix is diagonalised numerically taking proper care of conver-gence issues to compute the negativity that we use to quantify the entanglementbetween Alice and Rob. Analogous operations would lead to Alice-AntiRob dens-ity matrix tracing over I instead of II as discussed in previous chapters (See forinstance chapter 8).
10.2 Entanglement amplification
For qR 6= 1 and a rather simple choice of parameters in (10.1.5) (for instance, P =0.4, α = 0, β = 1) the surprise appears: there can be entanglement amplificationdue to acceleration, as seen in fig. 10.1. Furthermore, this amplification becomesmore evident as qR approaches the extremal value qR = 1/√2. AR and AR¯ behavethe same way in this case since the symmetry between regions I and II is notexplicitly broken (see eq. (10.1.1) and chapter 8). As qR tends to 1 (limit analogousto the SMA), the effect vanishes.More importantly, it is also possible to obtain high entanglement amplificationconsidering almost separable states. In some of these cases the negativity is a
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increasing monotone function of rω (as for instance in (10.1.5) when P = 0.1,α = 0.8695, β = 0.909). Therefore, there are states for which the Unruh effectdoes exactly the opposite of what was expected. That is to say, entanglement ismonotonically created rather than being monotonically destroyed.
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Figure 10.1: Entanglement amplification in Alice-Rob and Alice-AntiRob bipartitions for theGrassmann scalar field. Negativity curves for AR (red continuous lines) and AR¯ (blue dashedlines) as a function of rω for qR = 0.85 and qR = 1/√2 (where both contributions are equal). Thestate considered is of the general form (10.1.5), with the choice of parameters P = 0.4, α = 0,β = 1.
The phenomenon of entanglement creation also shows up for the bosonicscalar field, much in the same way as it did in the Grassmann case. The maindifference is that in the bosonic case entanglement is bound to vanish in theinfinite acceleration limit, in concordance with previous results. Therefore, en-tanglement can be created only for a finite range of accelerations, as shown inFig.10.2. For qR = 1/√2, Alice-Rob negativity attains a maximum of 0.127 atrω = 0.191. This is 3.1 % above inertial level. Considering frequencies of or-der ≈ 1 GHz, which correspond to reasonable experimental possibilities [77] theacceleration corresponding to this value of rω is a ≈ 1017g , much closer to ex-perimental feasibility than previous proposals [39] which suggested accelerationsof ≈ 1025g .
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In order to study the experimental implications of this phenomenon, let usintroduce a specific scenario. Consider the family of states (10.1.5) for fixed Pand β & 0.2. This family shows an unbounded relative increase of entanglementas one approaches the limit α Ï β (separable limit). This means that thereare states for which an arbitrary small acceleration produces an arbitrary largerelative increase in negativity. The same happens as we approach a separablestate taking P Ï 0 for certain values of α and β. This behaviour is quite generaland appears for both fermionic and bosonic fields. However the more relativeentanglement increase (signal-to-background ratio) we want to achieve, the moreseparable the inertial states should be. Preparing and controlling these quasi-separable states would be the experimental challenge to detect the Unruh effectby means of these techniques.Any such experiment would be naturally interested in negativity behaviour inthe vicinity of rω = 0, easier to obtain in laboratory conditions. This means thatin order to maximise experimental feasibility we are interested in states whosenegativity shows a quick growth for small rω. We study the relative increase ofAR negativity with respect to its inertial value for the family of states (10.1.5) atfixed rω. As an example we choose rω = 0.15 which corresponds to accelerationsfrom a ≈ 5 · 1013g to 5 · 1016g for frequencies from 1 MHz to 1 GHz. Thisunbounded entanglement creation can be seen in Fig. 10.3.We obtain huge ‘signal-to-background’ ratios and the better the negativity canbe experimentally determined the bigger this ratio can become. If we relied onentanglement degradation to detect the Unruh effect [10], the percental change innegativity would be bounded by 100 %. With the plethora of new states presentedin this work, this relative change can be made arbitrarily high.The same analysis carried out for Unruhmodes can be repeated if we considerthat the excitations |1〉 are Gaussian wavepackets from the inertial perspective.As detailedly shown in section 8.3, Gaussian wavepackets of Minkowski modestransform into Gaussian wavepackets of Rindler modes. We can consider at thesame time peaked wavepackets in the Minkowskian basis and in the Rindler basissuch that the analysis would be completely analogous to the monochromatic case.In this case different choices of qR and qL represent different spatial/momentumlocalisation of the Gaussian wavepackets. This means that in principle we candefine two local bases (for Alice and Rob) in which this entanglement creationphenomenon is present.
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Figure 10.2: Entanglement creation for the bosonic scalar field. Negativity for AR (red con-tinuous) and AR¯ (blue dashed) as a function of rω for qR = 0.85 and qR = 1/√2 (where bothcontributions are equal). The state considered is of the general form (10.1.5), with P = 0.4, α = 0,β = 1.
10.3 Discussion
We have shown that the Unruh effect can not only degrade quantum entangle-ment but also amplify it, banishing previous fundamental misconceptions suchas the belief that the Unruh and Hawking effects are sources of entanglementdegradation. We have demonstrated that there are families of states whose en-tanglement can be increased by an arbitrarily high relative factor.One could ask why entanglement seems to be created in this case when thenatural way of thinking may suggest that under partial tracing correlations canonly be lost. This has to do with a mechanism related to the change of basisUnruh-Rindler. Observing an entangled state of the field from the perspectiveof an accelerated observer implies two processes: 1) a generation of entangle-ment due to the Bogoliubov relationships implied in the change of basis that wasshadowed under the SMA and 2) an erasure of correlations due to the tracing
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Figure 10.3: Relative (blue continuous) and absolute (red dashed) entanglement creation as afunction of the inertial negativity for a Grassmann field state of the family (10.1.5) with P = 0.4,β = 0.8 and different values of α for qR = 1/√2 and rω = 0.15 (accelerations from a ≈ 5 · 1013gto 5 · 1016g for frequencies from 1 MHz to 1 GHz). Notice an unbounded growth of the ‘signal-to-background’ ratio.
over one of the Rindler regions. We saw that going beyond the single modeapproximation these competing trends explain why for a certain acceleration theamplification of entanglement is maximal. In previous works under the SMA itwas simply not possible to see these two mechanisms in action.Furthermore, with these results we move the experimental difficulties fromgenerating and sustaining high accelerations to the preparation and measure-ment of quasi-separable entangled states. Hence, we are presenting a new wayto detect the Unruh effect. As a matter of fact, our results are independent ofthe specific implementation to detect the entanglement magnification, hence theycan be exported to a huge variety of experimental set-ups as for instance analoggravity settings.Besides, these results can be readily exported to a setting consisting in anobserver hovering at certain distance close to the event horizon of an Schwarz-
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schild black hole, following chapter 7, and therefore the same conclusions drawnfor the Unruh effect are also valid for the Hawking effect.
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Chapter 11
Quantum entanglement producedin the formation of a black hole1
In this chapter we analyse the issue of entanglement production in a dynamicalgravitational collapse. With this aim, we consider both a bosonic (scalar) and afermionic (Grassmann scalar) field which initially are in the vacuum state andcompute their asymptotic time evolution under the gravitational interaction in astellar collapse. The vacuum state evolves to an entangled state of modes in thefuture null infinity (which give rise to Hawking radiation [31]) and modes that donot reach it because they fall into the forming event horizon.We will argue that the initial vacuum state in the asymptotic past does not haveany quantum entanglement with information about the future black hole, and thatit evolves to a state that is physically entangled as a consequence of the creationof the event horizon. This entanglement depends on the mass of the black holeand the frequency of the field modes. In particular, for very small frequenciesor very small black holes, a maximally entangled state can be produced.The entanglement generated in a gravitational collapse thus appears as a quan-tum resource for non-demolition methods aiming to extract information aboutthe field modes which fall into the horizon from the outgoing Hawking radi-ation. These methods would be most relevant for cases such as the formationof micro-black holes and the final stages of an evaporating black hole when themass is getting smaller and, therefore, quantum correlations generated betweenthe Hawking radiation and the infalling modes grow to become even maximal,as we will show.We have seen that fermions and bosons have qualitatively different behaviours
1E. Martín-Martínez, L. J. Garay, J. León. Phys. Rev. D, 82, 064028 (2010)
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in phenomena such as the Unruh entanglement degradation. Here, we will showthat for fermions the generation of entanglement due to gravitational collapse ismore robust than for bosons. We will see that this robustness becomes moreand more evident from the peak of the thermal spectrum of Hawking radiationtowards the ultraviolet.Previous literature (see for example [21, 78–80] among many others) showedthat Hawking radiation is correlated with the field state falling into the collapsingstar. However neither the analysis of the associated entanglement entropy asa function of the black hole parameters nor the comparison between fermio-nic and bosonic behaviour have been carried out so far. The study of theseissues, the nature of the entanglement produced in a gravitational collapse and,more important, its dependence on the nature of the quantum field statistics (bo-sonic/fermionic) is decisive in order to gain a deeper understanding about quan-tum entanglement in general relativistic scenarios as it was proven for othersetups such as acceleration horizons, eternal black holes and (as we will see inthe next chapter) expanding universes.Since entanglement is a pure quantum effect, understanding its behaviour inthese scenarios can well be relevant to discern the genuine quantum Hawkingradiation from classical induced emission in black hole analogs [81] (see, forexample, Ref. [80]), where both classical and quantum perturbations obey thesame evolution laws. It will also follow from our study that fermionic modescould be more suitable for this task since they are more reliable in encodingentanglement information.Finally, we will argue that the entanglement between the infalling and theHawking radiation modes neither existed as a quantum information resourcenor could have been acknowledged by any observer before the collapse occurs,namely in the asymptotic past. This is important in order to understand the dy-namics of the creation of correlations in the gravitational collapse scenario sincethese correlations are exclusively due to quantum entanglement, as discussed inthe literature [21, 78–80].
11.1 Gravitational Collapse
Gravitational collapse is the inward fall of a body due to the influence of its owngravity. In stars, gravitational force is counterbalanced by the internal pressureincreased by the nuclear reactions taking place in their cores. If the inwards
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pointing gravitational force, however, is stronger than all outward pointing forces,this equilibrium is disturbed and a collapse occurs until the internal pressuremight rise sufficiently to counterbalance gravity again.When stars run out of nuclear fuel, thermodynamic pressure cannot stop thestar from collapsing. If the star has a mass approximatelyM ≤ 1.4 solar masses itwill reach a point in which the electron degeneracy pressure counterbalances thegravitational collapse. These are the astrophysical objects called ‘white dwarfs’.If the star has a mass between 1.4 and 3 solar masses, electron degeneracy isnot enough to stop the gravitational collapse, then electrons and protons interactforming neutrons. Neutronic degeneracy pressure may be enough to counter-balance the gravitational pull. These are the so-called ‘neutron stars’. If the starmass is above 3 solar masses no known force in nature can stop the collapse andthen a black hole is formed.In order to analyse the entanglement production induced by gravitational col-lapse we will consider the Vaidya dynamical solution to Einstein equations (seee.g. Ref. [21]) that, despite its simplicity, contains all the ingredients relevant toour study. Refinements of the model to make it more realistic only introduce sub-leading corrections. The Vaidya spacetime (Fig. 11.1), is conveniently describedin terms of ingoing Eddington-Finkelstein coordinates by the metric
ds2 = −(1− 2M(v)r
)dv2 + 2dvdr + r2 dΩ2, (11.1.1)
where r is the radial coordinate, v is the ingoing null coordinate, and M(v) =mθ(v − v0). For v0 < v this is nothing but the ingoing Eddington-Finkelsteinrepresentation for the Schwarzschild metric whereas for v < v0 it is just Min-kowski spacetime. This metric represents a radial ingoing collapsing shockwaveof radiation. As it can be seen in Fig. 11.1, vH = v0 − 4m represents the last nullray that can escape to the future null infinity I + and hence that will eventuallyform the event horizon.Let us now introduce two different bases of solutions to the Klein-Gordonequation in this collapsing spacetime. On the one hand, we shall define the ‘in’Fock basis in terms of ingoing positive frequency modes, associated with thenatural time parameter v at the null past infinity I −, which is a Cauchy surface:
uinω ∼ 14pir√ωe−iωv. (11.1.2)On the other hand, we can also consider an alternative Cauchy surface in thefuture to define another basis. In this case, the asymptotic future I + is not
Doctoral Thesis 221 Eduardo Martín Martínez
CHAPTER 11. QUANTUM ENTANGLEMENT IN THE FORMATION OF A BLACK HOLE
r = 0
r
=
0
i0
vh
i+
I +
I −
H +
i−
r = 0
r
=
0
i0
vh
v0
i+
I +
I −
H +
i−
Figure 11.1: Carter-Penrose diagrams for gravitational collapse: Stellar collapse (left) and Vaidyaspacetime (right).
enough and we also need the future event horizon H +. The ‘out’ modes definedas being outgoing positive-frequency in terms of the natural time parameter ηoutat I + are uoutω ∼ 14pir√ωe−iωηout , (11.1.3)where ηout = v−2r∗out and r∗out is the radial tortoise coordinate in the Schwarzschildregion. It can be shown (see e.g. Ref. [21]) that, for late times ηout → ∞ at
I +, these modes uoutω are concentrated near vH at I − and have the followingbehaviour: uoutω ≈ 14pir√ωe−iω(vH−4m ln |vH−v|4m )θ(vH − v). (11.1.4)These modes have only support in the region v < vH. This is evident as only thelight rays that depart from v < vH will reach the asymptotic region I + since therest will fall into the forming horizon defined by v = vH. This is the only relevantregime, as far as entanglement production is concerned.For the modes defined at H + (denoted ‘hor’), there is no such natural timeparameter. A simple way to choose these modes is defining them as the modesthat in the asymptotic past I − behave in the same way as uoutω but defined forv > vH, that is to say, as modes that leave the asymptotic past but do not reachthe asymptotic future since they will fall into the horizon. This criterion is thesimplest that clearly shows the generation of quantum entanglement between the
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field in the horizon and the asymptotic region. In any case, since we will traceover all modes at the horizon, the choice of such modes does not affect the result.Therefore, we define the incoming modes crossing the horizon by reversing thesigns of vH − v and ω in (11.1.4) so that near I − these modes are
uhorω ∼ 14pir√ωeiω(vH−4m ln |vH−v|4m )θ(v − vH). (11.1.5)
We are now ready to write the annihilation operators of bosonic field modesin the asymptotic past in terms of the corresponding creation and annihilationoperators defined in terms of modes in the future:
ainω′ = ∫ dω[α∗ωω′(aoutω − tanh rω ahorω †)+ αωω′eiφ(ahorω − tanh rω aoutω †)], (11.1.6)
where tanh rω = e−4pimω. The vacuum |0〉in is annihilated by (11.1.6) for all fre-quencies ω′, this is precisely the scenario described in section (2.5). One seesthat the precise values of φ and αωω′ are not relevant for this analysis and the‘in’ vacuum, of the form (2.5.14), is expanded as follows in terms of the ‘out-hor’basis: |0〉in = N exp(∑ω tanh rω ahorω †aoutω †
) |0〉hor |0〉out , (11.1.7)
where N = (∏ω cosh rω)−1 is a normalisation constant. We can rewrite this statein terms of modes |nω〉 with frequency ω and occupation number n as
|0〉in =∏ω 1cosh rω
∞∑
n=0(tanh rω)n |nω〉hor |nω〉out . (11.1.8)
11.2 Analysing entanglement
The ‘in’ vacuum (11.1.8) in the ‘out-hor’ basis is a two-mode squeezed state. There-fore, it is a pure entangled state of the modes in the asymptotic future and themodes falling across the event horizon. Given the tensor product structure noentanglement is created between different frequency modes. Hence, we will con-centrate the analysis in one single arbitrary frequency ω.We can compute the entropy of entanglement for this state, which is the nat-ural entanglement measure for a bipartite pure state, defined as the Von Neumannentropy of the reduced state obtained upon tracing over one of the subsystemsof the bipartite state. To compute it we need the partial state ρout = Trhor(|0〉in〈0|),
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which turns out to be ρout =∏ω ρout,ω, where
ρout,ω = 1(cosh rω)2
∞∑
n=0(tanh rω)2n |nω〉out〈nω| . (11.2.1)This is, indeed, a thermal radiation state whose temperature is nothing but theHawking temperature (8pim)−1, as it can be easily seen. However, this is onlythe partial state of the field, not the complete quantum state, which is globallyentangled. If we compute the entropy of entanglement SE,ω = Tr(ρout,ω log2 ρout,ω)for each frequency, after some calculations, we obtain
SE,ω = (cosh rω)2 log2 (cosh rω)2 − (sinh rω)2 log2 (sinh rω)2 , (11.2.2)
which is displayed in Fig. 11.2. As (11.1.8) is a pure state, all the correlationsbetween modes at the horizon and modes in the asymptotic region are due toquantum entanglement.
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Figure 11.2: Entanglement between bosonic (continuous blue) and fermionic (red dashed) fieldmodes in H + and in I +. The lesser the mass of the star or the mode frequency, the higher theentanglement reached.
Analogously we can compute the entanglement for fermionic fields. If weconsider a spinless Dirac field (either one dimensional or a Grassmann scalar),the analysis is entirely analogous considering now both particle and antiparticlemodes. We assume again that the initial state of the field is the vacuum that, aftersome calculations completely analogous to those in chapter 8, can be expressed
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in the Fock basis at the asymptotic future and the ‘hor’ modes:
|0〉in =∏ω
[(cos r˜ω)2 |00〉hor |00〉out − sin 2r˜ω2 ( |01ω〉hor |1ω0〉out − |1ω0〉hor |01ω〉out )
− (sin r˜ω)2 |1ω1ω〉hor |1ω1ω〉out ], (11.2.3)
where tan r˜ω = e−4pimω. Here, we are using the double Fock basis, the first figureinside each ket representing particles and the second antiparticles.We can compute the entropy of entanglement of this pure state. The partialdensity matrix in the asymptotic future ρout = Trhor(|0〉in〈0|) = ∏ω ρout,ω, is givenby
ρout,ω = (cos r˜ω)4 |00〉out〈00|+ (sin 2r˜ω)24 ( |1ω0〉out〈1ω0|+ |01ω〉out〈01ω|)+ (sin r˜ω)4 |1ω1ω〉out〈1ω1ω| , (11.2.4)which is again a thermal state with Hawking temperature (8pim)−1, and
SE,ω=−2[(cos r˜ω)2 log2(cos r˜ω)2 + (sin r˜ω)2 log2(sin r˜ω)2], (11.2.5)
which is also displayed in Fig. 11.2.Figure 11.2 shows that entanglement decreases as the mass of the black holeor the frequency of the mode increase. When comparing bosons with fermi-ons one must have in mind that the entropy of entanglement is bounded by (thelogarithm of) the dimension of the partial Hilbert space (‘out’ Fock space in ourcase). Therefore, due to Pauli exclusion principle, the maximum entropy of en-tanglement for fermions is SE,ω = 2, which corresponds to a maximally entangledstate. On the other hand, for bosons, the entanglement is distributed among thesuperposition of all the occupation numbers and the entropy can grow unboun-dedly, reaching the maximally entangled state in the limit of infinite entropy. Inthis sense, the entanglement generated in the fermionic case is more useful androbust due to the limited dimension of the Fock space for each fermionic mode.This result can be traced back to the inherent differences between fermionsand bosons. Specifically, it is Pauli exclusion principle which makes fermionicentanglement more reliable. Similar results about reliability of entanglementfor fermions will be also found in the expanding universe scenarios in the nextchapter. This responds to the high influence of statistics in entanglement beha-viour in general relativistic settings as it was investigated in part I of this thesis.On the other hand, Vaidya spacetime has all the fundamental features of a stellarcollapse and shows how the entanglement is created by the appearance of an
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event horizon. Hence, in other collapsing scenarios or including the sub-leadinggrey-body factor corrections, these fundamental statistical differences will notdisappear. The qualitatively different behaviour of entanglement for bosons andfermions is not an artifact of choosing a particular collapse scenario but is dueto fundamental statistical principles.In the above analysis we have considered plane wave modes, which are com-pletely delocalised. However, an entirely analogous analysis can be easily carriedout using localised Gaussian states, with the same results about quantum entan-glement behaviour (see Chapter 8).
11.3 Discussion
We have shown that the formation of an event horizon generates entanglement.If we start from the vacuum state in the asymptotic past, after the gravitationalcollapse process is complete we end up with a state in the asymptotic futurewhich shares pure quantum correlations with the field modes which fall into thehorizon. One could think that this entanglement was already present before thecollapse, arguing that (as proved in [82]) the vacuum state of a quantum field canbe understood as an entangled state of space-like separated regions. In otherwords, if we artificially divided the Cauchy surface in which the vacuum state isdetermined into two parts, we would have a quantum correlated state betweenthe two partitions. In principle we could have done a bipartition of the vacuumstate in I − such that it would reflect entanglement between the partial state ofthe vacuum for v < vH and the corresponding partial state for v > vH. However,it is not until the collapse occurs that we have the information about what vH is.So, achieving beforehand the right bipartition (trying to argue that the entan-glement was already in the vacuum state) would require a complete knowledgeof the whole future and, consequently, there is no reason ‘a priori’ to do suchbipartition. The entanglement, eventually generated by the collapse, will remainunnoticed to early observers, who are deprived of any means to acknowledgeand use it for quantum information tasks. It is well known that if we introduceartificial bipartitions of a quantum system, its description can show entanglementas a consequence of the partition. However, not being associated with a physicalbipartition this entanglement does not codify any physical information. (One ex-ample of this kind of non-useful entanglement is statistical entanglement betweentwo undistinguishable fermions [65]).Gravitational collapse selects a specific partition of the initial vacuum state
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by means of the creation of an event horizon. In the asymptotic past therewas no reason to consider a specific bipartition of the vacuum state, whereasin the future there is a clear physically meaningful bipartition: what in I − wasexpressed as a separable state, now becomes expressed in terms of modes thatcorrespond to the future null infinity and the ones which fall across the eventhorizon. This means that gravitational collapse defines a particular physical wayto break the arbitrariness of bipartitioning the vacuum into different subsystems.This gravitational production of entanglement would be a physical realisation ofthe potentiality of the vacuum state to be an entangled state and is therefore agenuine entanglement creation process.We have computed the explicit functional form of this entanglement and itsdependence on the mass of the black hole (which determines the surface gravity).For more complicated scenarios (with charge or angular momentum), it willdepend on these parameters as well.For small black holes, the outgoing Hawking radiation tends to be maximallyentangled with the state of the field falling into the horizon for both bosons andfermions. This means that if a hypothetical high energy process generates amicro-black hole, a projective measurement carried out on the emitted radiation(as, for instance, the detection of Hawking radiation) will ‘collapse’ the quantumstate of the field that is falling into the event horizon and give us certainty aboutthe outcome of possible measurements carried out in the vicinity of the horizon(even beyond it). Furthermore, at least theoretically speaking, the available quan-tum information resources would be maximum and, therefore, one could per-form quantum information tasks such as quantum teleportation with maximumfidelity from the infalling modes to the modes in the asymptotic future I + if theobserver of the infalling modes managed to dispatch an outgoing classical signalbefore crossing the horizon. On the other hand, low frequency modes becomemore entangled than the higher ones. So, the infrared part of the Hawkingspectrum would provide more information about the state at the horizon thanthe ultraviolet.Arguably, similar conclusions can be drawn for the final stages of an evapor-ating black hole: as the mass of the black hole diminishes, the temperature ofthe Hawking radiation spectrum increases, and therefore, the quantum state ofthe field tends to a maximally entangled state in the limit mÏ 0.We have seen that the entanglement generated in fermionic fields is morerobust than for bosons. Although the entropy of entanglement in the zero masslimit is greater in the bosonic case due to the higher dimension of the partial
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Hilbert space, we have argued that the information is more reliably encoded inthe limited Fock space of fermionic fields. Furthermore, as we consider higherfrequency modes, fermionic entanglement proves to be much more easily cre-ated by the collapse. What is more, the turning point in which the entropy ofentanglement for fermions becomes numerically larger than for bosons is ac-tually near the peak of the thermal emission (Fig. 11.2). This means, that, ingeneral, a measurement carried out on Hawking radiation of fermionic particleswill give us more information about the near-horizon field state. This might alsobe useful in analog gravity realisations as we have already discussed, specificallyin systems where the field excitations are fermionic (see e.g. Ref. [83]), whichwould be, as shown, at an advantage over the bosonic cases. To account for thisquantum entanglement in analog experiments one should carry out measure-ments of the quantum correlations between the emitted thermal spectrum andthe infalling modes and detect Bell inequalities violations. This is easier as it getscloser to the maximally entangled case.
Doctoral Thesis 228 Eduardo Martín Martínez
Chapter 12
Entanglement of Dirac fields in anexpanding Universe1
In this chapter we study the creation of entanglement between Dirac modes dueto the expansion of a Robertson-Walker spacetime. A general study of entangle-ment in curved spacetime is problematic because particle states cannot alwaysbe defined in a meaningful way. However, it has been possible to learn aboutcertain aspects of entanglement in curved spacetimes that have asymptoticallyflat regions as discussed in section 2.5, [8, 12, 64, 84]. Such studies show that en-tanglement can be created by the dynamics of the underlying spacetime [8, 9]as well as destroyed by the loss of information in the presence of a spacetimehorizon [10,64].Such investigations not only deepen our understanding of entanglement butalso offer the prospect of employing entanglement as a tool to learn about curvedspacetime. For example, the entanglement generated between bosonic modesdue to the expansion of a model 2-dimensional universe was shown to containinformation about its history [8], affording the possibility of deducing cosmolo-gical parameters of the underlying spacetime from the entanglement. This novelway of obtaining information about cosmological parameters could provide newinsight into the early universe both theoretically (incorporating into cosmologyentanglement as a purely quantum effect produced by gravitational interactionsin an expanding universe) and experimentally (either by development of meth-ods to measure entanglement between modes of the background fields or bymeasuring entanglement creation in condensed matter analogs of expandingspacetime [85, 86]). Other interesting results show that entanglement plays a
1I. Fuentes, R.B. Mann, E. Martín-Martínez, S. Moradi. Phys. Rev. D, 82, 045030 (2010)
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role in the thermodynamic properties of Robertson-Walker type spacetimes [87]and can in principle be used to distinguish between different spacetimes [9] andprobe spacetime fluctuations [88].Here we consider entanglement betweenmodes of a Dirac field in a 2-dimensionalRobertson-Walker universe. We find that the entanglement generated by theexpansion of the universe for the same fixed conditions is lower than for thebosonic case [8]. However we also find that fermionic entanglement codifiesmore information about the underlying spacetime structure. These contrasts arecommensurate with the flat spacetime case, in which entanglement in fermionicsystems was found to be more robust against acceleration than that in bosonicsystems as discussed in chapters above.
12.1 Dirac field in a d-dimensional Robertson-Walkeruniverse
As we mentioned before, entanglement between modes of a quantum field incurved spacetime can be investigated in special cases where the spacetime has atleast two asymptotically flat regions. Such is the case of a family of Robertson-Walker universes where spacetime is flat in the distant past and in the far future.In this section, following the work done by Bernard and Duncan [51,89], we findthe state of a Dirac field in the far future that corresponds to a vacuum state inthe remote past.Consider a Dirac field ψ with massm on a d-dimensional spatially flat Robertson-Walker spacetime with line element,
ds2 = C(η)(−dη2 + dxidxi). (12.1.1)xi are the spacial coordinates and the temporal coordinate η is called the con-formal time to distinguish it from the cosmological time t. The metric is con-formally flat, as are all Robertson-Walker metrics. The dynamics of the field isgiven by the covariant form of the Dirac equation on a curved background2,
{iγµ(∂µ − Γµ) +m}ψ = 0, (12.1.2)where γµ are the curved Dirac-Pauli matrices and Γµ are spinorial affine con-nections. The curved Dirac-Pauli matrices satisfy the condition,
γµγν + γνγµ = 2gµν, (12.1.3)
2See appendix (A)
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where gµν is the spacetime metric. In the flat case where the metric is given byηαβ, the constant special relativistic matrices are defined by,
γ¯αγ¯β + γ¯βγ¯α = 2ηαβ. (12.1.4)
The relation between curved and flat γ matrices is given by γµ = e αµ γ¯α wheree αµ is the vierbein (tetrad) field satisfying the relation e αµ e βν ηαβ = gµν.In order to find the solutions to the Dirac equation Eq. (12.1.2) on this space-time, we note that C(η) is independent of x. We exploit the resulting spatialtranslational invariance and separate the solutions into
ψk(η, x) = eik·xC(1−d)/4 (γ¯0∂η + iγ¯ · k −mC1/2)φk(η), (12.1.5)
where k2 = |k|2 = ∑d−1i=1 k2i . Inserting this into the Dirac equation, we obtain thefollowing coupled equations(∂2η +m2C ± imC˙C−1/2 + |k|2)φ(±)k = 0, (12.1.6)
using the fact that the eigenvalues of γ¯0 are ±1. In order to quantise the field andexpress it in terms of creation and annihilation operators, positive and negativefrequency modes must be identified. This cannot be done globally. Howeverpositive and negative frequency modes can be identified in the far past and futurewhere the spacetime admits timelike Killing vector fields ±∂/∂η. Provided C(η) isconstant in the far past η Ï −∞ and far future η Ï +∞, the asymptotic solutionsof (12.1.6) will be φ(±)in ∼ e±iωinη and φ(±)out ∼ e±iωoutη respectively, where
ωin = (|k|2 + µ2in)1/2, (12.1.7)ωout = (|k|2 + µ2out)1/2,µin = m√C(−∞),µout = m√C(+∞).
The action of the Killing vector field on the asymptotic solutions allows usto identify φ(∓)∗in and φ(∓)∗out as negative frequency solutions. The sign flip is dueto the explicit factor i in (12.1.6). A consequence of the linear transformationproperties of such functions is that the Bogolubov transformations associatedwith the transformation between in and out solutions take the simple form [51]
φ(±)in (k) = α(±)k φ(±)out(k) + β(±)k φ(∓)∗out (k), (12.1.8)
where α±k and β±k are Bogoliubov coefficients.
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The curved-space spinor solutions of the Dirac equation are defined by (withcorresponding Uout, Vout and Kout),
Uin(k, λ;x, η) ≡ Kin(k)[C(η)](1−d)/4[− i∂η + ik · γ¯ −m√C(η)]φin(−)(η)k eik·xu(0, λ),Vin(k, λ;x, η) ≡ Kin(k)[C(η)](1−d)/4[i∂η − ik · γ¯ −m√C(η)]φin(+)∗(η)k e−ik·xv(0, λ),
where Kin ≡ −(1/|k|)((ωin − µin)/2µin)1/2 and u(0, λ), v(0, λ) are flat space spinorssatisfying
γ0u(0, λ) = −iu(0, λ),γ0v(0, λ) = iv(0, λ),
for 1 ≤ λ ≤ 2d/2−1. The field in the ‘in’ region can then be expanded as,
ψ(x) = 1√(2pi)1−d
∫ dd−1k [µinωin
] d/2−1∑
λ=1
[ain(k, λ)Uin(k, λ;x, η)+b†in(k, λ)Vin(k, λ;x, η)],(12.1.9)with a similar expression for the ‘out’ region. The ‘in’ and ‘out’ creation and anni-hilation operators for particles and anti-particles obey the usual anticommutationrelations. Using the Bogoliubov transformation one can expand the out operatorsin terms of “in” operators
aout(k, λ) = (µinωoutωinµout
) 12 KinKout
(α(−)k ain(k, λ) + β(−)∗k ∑λ′ Xλλ′(−k)b†in(−k, λ′)
),
bout(k, λ) = (µinωoutωinµout
) 12 KinKout
(α(−)k bin(k, λ)β(−)∗k ∑λ′ Xλλ′(−k)a†in(−k, λ′)
), (12.1.10)
where Xλλ′(−k) = −2µ2outK2outu¯out(−k, λ′)v(0, λ) (12.1.11)and Kin/out = 1|k|
(ωin/out(k)− µin/outµin/out
)1/2 . (12.1.12)
This yields the following relationship between Bogoliubov coefficients,∣∣∣α(−)k ∣∣∣2 − 2µ2outK2out(1− ωoutµout
) ∣∣∣β(−)k ∣∣∣2 = µoutµin ωinωout
(KoutKin
)2 . (12.1.13)
We consider the special solvable case presented in [51] C(η) = (1+ε(1+tanh ρη))2,where ε, ρ are positive real parameters controlling the total volume and rapidityof the expansion, respectively. This model reproduces the activation of a regime
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of quick expansion of the Universe that asymptotically tends to a stationary one(can be regarded as basic model of inflation). In this case the solutions of theDirac equation that in the remote past reduce to positive frequency modes are,
φ(±)in = exp(−iω+η − iω−ρ ln[2 cosh ρη]
)
× F1(1 + i(ω− ±mε)ρ , i(ω− ∓mε)ρ , 1− iωinρ , 1 + tanh(ρη)2
) , (12.1.14)
where F1 is the ordinary hypergeometric function. Similarly, one may find acomplete set of modes of the field behaving as positive and negative frequencymodes in the far future,
φ(±)out = exp(−iω+η − iω−ρ ln[2 cosh ρη]
)
× F1(1 + i(ω− ±mε)ρ , i(ω− ∓mε)ρ , 1 + iωoutρ , 1− tanh(ρη)2
) , (12.1.15)
where ω± = (ωout ± ωin)/2. The spacetime obtained by considering this specialform of C(η) was introduced by Duncan [51]. It is easy to see that it correspondsto a Minkowskian spacetime in the far future and past, i.e., C Ï (1 + 2ε)2 in the‘out’ region and C Ï 1 at the ‘in’ region.If we define |γ−|2 ≡ ∣∣∣β(−)k /α(−)k ∣∣∣2, for this spacetime we get that
|γ−|2 = (ω− +mε)(ω+ +mε)(ω− −mε)(ω+ −mε) sinh
[piρ (ω− −mε)] sinh [piρ (ω− +mε)]sinh [piρ (ω+ +mε)] sinh [piρ (ω+ −mε)] . (12.1.16)An analogous procedure can be followed for scalar fields [8]. The time de-pendent Klein-Gordon equation in this spacetime is given by(∂2η + k2 +C(η)m2)χk(η) = 0. (12.1.17)After some algebra, the solutions of the Klein-Gordon equation behaving as pos-itive frequency modes as η Ï −∞(t Ï −∞), are found to be
χin(η) = exp(−iω+η − iω−ρ ln[2 cosh ρη]
)
× F (12 − iω¯2ρ + iω−ρ , 12 + iω¯2ρ + iω−ρ , 1− iωinρ , 1 + tanh(ρη)2
) . (12.1.18)
Similarly we have
χout(η) = exp(−iω+η − iω−ρ ln[2 cosh ρη]
)
× F (12 − iω¯2ρ + iω−ρ , 12 + iω¯2ρ + iω−ρ , 1− iωoutρ , 1− tanh(ρη)2
) , (12.1.19)
Doctoral Thesis 233 Eduardo Martín Martínez
CHAPTER 12. ENTANGLEMENT OF DIRAC FIELDS IN AN EXPANDING UNIVERSE
where ω¯ = (m2(2ε + 1)2 − ρ2)1/2. Computing the quotient of the Bogoliubovcoefficients for this bosonic case, we find
|γ−B |2 = cosh piρ ω¯ + cosh 2piρ ω−cosh piρ ω¯ + cosh 2piρ ω+ . (12.1.20)
12.2 Entanglement generated due to the expansionof the Universe
It is possible to find the state in the far future that corresponds to the vacuumstate in the far past. By doing that we will show that the vacuum state of thefield in the asymptotic past evolves to an entangled state in the asymptotic fu-ture. The entanglement generated by the expansion codifies information aboutthe parameters of the expansion, this information is more easily obtained fromfermionic fields than bosonic, as we will show below.Since we want to study fundamental behaviour we will consider the 2-dimensionalcase, which has all the fundamental features of the higher dimensional settings.Using the relationship between particle operators in asymptotic times,
bin(k) = [α−k ∗bout(k) + β−k ∗χ(k)a†out(−k)] , (12.2.1)
we can obtain the asymptotically past vacuum state in terms of the asymptoticallyfuture Fock basis. Demanding that bin(k¯, λ)|0〉in = 0 we can find the ‘in’ vacuumin terms of the ‘out’ modes. Due to the form of the Bogoliubov transformationsthe ‘in’ vacuum must be of the form
|0〉in =∏k (A0|0〉out + A1|1k1−k〉out), (12.2.2)where to compress notation |1−k〉 represents an antiparticle mode with mo-mentum −k and |1k〉 a particle mode with momentum k. Here we wrote thestate for each frequency in the Schmidt decomposition. Since different k do notmix it is enough to consider only one frequency. Imposing bin(k¯)|0〉in = 0 weobtain the following condition on the vacuum coefficients
α−k ∗A1|1−k〉+ β−k ∗χ(k¯)A0|1−k〉 = 0, (12.2.3)
giving A1 = −β−k ∗α−k ∗χ(k¯)A0 = −γ−∗χ(k¯)A0, (12.2.4)Doctoral Thesis 234 Eduardo Martín Martínez
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where γ−∗(k) = β−k ∗α−k ∗ . (12.2.5)Now, imposing the vacuum normalisation we have that
1 = in〈0|0〉in = |A0|2(1 + |γ−(k)χ(k¯)|2). (12.2.6)These results lead to the following expression for the vacuum state
|0〉in =∏k |0〉out − γ
−∗(k)χ(k¯)|1k1−k〉out√1 + |γ−(k)χ(k¯)|2 (12.2.7)
which, in the asymptotic future, is an entangled state of particle modes and anti-particle modes with opposite momenta.Since the state is pure, the entanglement is quantified by the von-Neumannentropy given by S(ρk) = Tr(ρk log2 ρk) where ρk is the reduced density matrix ofthe state for mode k. Tracing over the antiparticle modes with momentum −k(or alternatively, particle modes with momentum k) we obtain
ρk = 1(1 + |γ−k χ(k¯)|2) (|0〉〈0|+ |γ−∗k (k)χ(k¯)|2|1k〉〈1k|). (12.2.8)The von Neumann entropy of this state is simply
S(ρk) = log(1 + |γ−k χ(k¯)|2)− |γ−∗k χ(k¯)|2 log(|γ−∗k χ(k¯)|2)(1 + |γ−k χ(k¯)|2) . (12.2.9)Using the following identity
|χλλ|2 = 2µoutK2out(µout − ωout) = [µout|k|
(1− ωoutµout
)]2 (12.2.10)
we rewrite the entanglement entropy as
S(ρk) = log(1 + µ2out|k|2
(1− ωoutµout
)2 |γ−k |2)− µ
2out|k|2
(1− ωoutµout)2 |γ−∗k |2(1 + µ2out|k|2 (1− ωoutµout)2 |γ−k |2)
× log(µ2out|k|2
(1− ωoutµout
)2 |γ−∗k (k¯)|2) . (12.2.11)
Using (12.2.11) we find that the fermionic entanglement entropy is
SF = log
1 + |γ−F |2|γ−F | 2|γ−F |2|γ−F |2+1
 (12.2.12)
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where |γF | = |γ−k χ(k¯)|. Note that for massless fields (m = 0) the entanglementvanishes since ω− = 0 and γ−=0. Comparing our result to the bosonic casestudied in [8] we find3
SB = log
 |γ−B | 2|γ
−B |2|γ−B |2−11− |γB|2
 . (12.2.13)
The difference between the bosonic and fermionic cases means that the re-sponse of entanglement to the dynamics of the expansion of the Universe de-pends on the nature of the quantum field. We see from (12.2.7) that each fer-mionic field mode is always in a qubit state (the exclusion principle imposes adimension-2 Hilbert space for the partial state). However in the bosonic case [8]the Hilbert space for each mode is of infinite dimension, as every occupationnumber state of the ‘out’ Fock basis participates in the ‘in’ vacuum. In both casesthe entanglement increases monotonically with the expansion rate ρ and the totalvolume expansion parameter ε. It is possible to find analytically the asymptoticvalues that both fermionic and bosonic entanglement reach at infinity. For ex-ample, when k = m = ρ = 1 we find that as ε Ï∞
γ−B → e−pi√2, γF → e−pi√2 epi√2 − epiepi√2+1 − 1 (12.2.14)
respectively yielding
SB(ε Ï∞) ≈ 0.0913, SF (ε Ï∞) ≈ 0.0048. (12.2.15)
To interpret these results one must realise that the entanglement entropy isbounded by SE < log2N where N is the Hilbert space dimension of the partialstate. The fermionic upper limit SE = 1 corresponds to a maximally entangledstate. For bosons the unbounded dimension of the Hilbert space implies theentropy of entanglement is not bounded by unity [8]. This means that (12.2.14)does not guarantee that we can extract more information from bosons than fromfermions. In fact, we shall now demonstrate that it is exactly the opposite.
3where the expression for γB in (12.1.20) differs from that in ref. [8] due to the different scalefactor of the FLRW metric used to compute it.
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12.3 Fermionic entanglement and the expansion ofthe Universe
As seen in figures 12.1 and 12.2 the entanglement behaviour is completely dif-ferent for bosons (Fig. 12.1) and fermions (Fig. 12.2). Although the behaviouras the mass of the field varies seems qualitatively similar, the variation with thefrequency of the mode is completely different.The entanglement dependence on |k| for bosons is monotonically decreasingwhereas for fermions, the global spacetime structure ‘selects’ one value of |k| forwhich the expansion of the spacetime generates a larger amount of entanglement(peak in Figure 12.2). We shall see that this choice of a privileged mode issensitive to the expansion parameters. This may be related to the fermionicnature of the field insofar as the exclusion principle impedes entanglement fortoo small |k|.Regardless of its origin, we can take advantage of this special behaviourfor fermionic fields to use the expansion-generated entanglement to engineera method to obtain information about the underlying spacetime more efficientlythan for bosons.
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Figure 12.1: Bosonic field: SE for a fixed mass m = 1 as a function of |k| (left) and for a fixed|k| = 1 as a function of m (right) for different rapidities ρ = 1, . . . , 100. An asymptotic regime isreached when ρ Ï∞. ε is fixed ε = 1
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Figure 12.2: Fermionic field: SE for a fixed mass m = 1 as a function of |k| (top) and for a fixed|k| = 1 as a function of m (bottom) for different rapidities ρ = 1, . . . , 100. ε is fixed ε = 1. Thebehaviour as |k| varies is radically different from the bosonic case.
12.3.1 Using fermionic fields to extract information from theST structure
Doing a conjoint analysis of the mass and momentum dependence of the entropywe can exploit the characteristic peak that SE(m, |k|) presents for fermionic fieldsto obtain information from the underlying structure of the spacetime better thanwe can do with a bosonic field. Let us first show both dependences simultan-eously. Figure 12.3 shows the entropy of entanglement as a function of our field
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parameters (|k| and mass) for different values of the rapidity.
Figure 12.3: SE(m, |k|) for ε = 1,ρ = 1 (top) ρ = 100 (bottom). Red is higher
We see from figure 12.3 that there is no saturation as ρ Ï∞. Instead, as ρ isincreased the plot is just rescaled. This is crucial in order to be able to trace back
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the metric parameters from entanglement creation. We also see from Figure 12.3that, for a given field mass, there is an optimal value of |k| that maximises theentropy. In Figure 12.4 we represent this optimal |k| as a function of the massfor different values of ρ, showing how the mode which gets the most entangledas a result of the spacetime expansion changes with the mass field for differentrapidities.From the figure we can readily notice two important features
• The optimal |k| curve is very sensitive to ρ variations and there is no satur-ation (no accumulation of these lines) as ρ is increased.
• There is always a field mass for which the optimal |k| clearly distinguishesarbitrarily large values of ρ.
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Figure 12.4: ε = 1, optimal |k| curves (maximum entanglement mode) as a function of the fieldmass for ρ = 2, 10, . . . , 2000
In Figure 12.5 we can see a consequence of the re-scaling (instead of satur-ation) of SE(m, |k|) when ρ varies. In this figure we show simultaneously theentropy in the optimal curve and the value of the optimal |k| as a function of themass of the field for two different values of ρ, showing that if ρ results to be verylarge, entanglement decays more slowly for higher masses.The relationship between mass and the optimal frequency is very sensitive tovariations in ρ, presenting no saturation. Conversely Figure 12.6 shows that theoptimal |k| curve is almost completely insensitive to ε.
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Figure 12.5: SE (blue continuous) and k (red dashed) in the line of optimal k as a function ofmass for ρ = 10 (top) and ρ = 1500 (bottom). ε is fixed as ε = 1
All the different ε curves are very close to each other. We can take advant-age of this to estimate the rapidity independently of the value of ε using theentanglement induced by the expansion on fermionic fields.
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Figure 12.6: Optimal |k| as a function of the mass of the field for different vlues of ε =6, 9, 12, . . . , 99 and for ρ = 10, 100, 1000 showing rapid saturation in ε. For higher ε this curvesare completely insensitive to ε variations, being very little sensitive for smaller values ε < 10
12.3.2 Optimal |k| tuning method
Part I: Rapidity estimation protocol
Given a field of fixed mass, we obtain the entanglement for different modesk1, . . . , kn of the field. Then the mode ki that returns the maximum entropy willcodify information about the rapidity ρ, as seen in Figure 12.4. One advantage ofthis method is that there is no need to assume a fixed ε to estimate ρ, since thetuning curves (Fig. 12.4) have low sensitivity to ε (Fig. 12.6). Furthermore thismethod does not saturate for higher values of ρ since we can use heavier fieldsto overcome the saturation observed in Figure 12.2. While one might expect thatheavier masses would mean smaller maximum entropy, Figure 12.5 shows that ifρ is high enough to force us to look at heavier fields to improve its estimation, theamount of entanglement will also be high enough due to the scaling propertiesof SE(|k|,m). We can therefore safely use more massive fields to do estimate ρsince they better codify its value.
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Hence we have a method for extracting information about ρ that is not affectedby the value of ε. Information about ρ is quite clearly encoded in the optimal |k|curve, which is a direct consequence of the peaked behaviour of SE(|k|,m).
Part II: Lower bound for ε via optimal |k| tuning
We can see from Figure 12.5 that for different values of ρ the maximum valuefor the entanglement at the optimal point (optimal k and optimal m) is alwaysSmaxE ≈ 0.35. However, this is only for ε = 1. Consider now ε 6= 1. In Figure 12.7we can see how the maximum entanglement that can be achieved for optimalfrequency and mass varies with the volume parameter ε. Indeed, the maximumpossible entanglement that the optimal mode can achieve is a function of only εand is independent of ρ. Hence information about ε is encoded in the maximum
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Figure 12.7: SmaxE (ε): Maximum entanglement achievable (optimal m and |k|) as a function of ε.It does not depend at all on ρ
achievable fermionic entanglement. Consequently we can find a method forobtaining a lower bound for the total volume of the expansion of the spacetimeregardless of the value of the rapidity.
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In this fashion we obtain a lower bound for ε since the entanglement meas-ured for the optimal mode is never larger than the maximum achievable entan-glement represented in Figure 12.7, SE(|k|,m) ≤ SmaxE . For instance if the entan-glement in the optimal mode is SE > 0.35 this will tell us that ε > 1, whereasif SE > 0.87 then we can infer that ε > 10. Note that as ε increases the entan-glement in the optimal |k| mode for the optimal mass field approaches that of amaximally entangled state when ε Ï∞ .Although this method presents saturation when ε Ï∞ (being most effectivefor ε ≤ 20) its insensitivity to ρ means that the optimal |k| method gives us twoindependent methods for estimating ρ and ε. In other words, all the informationabout the parameters of the expansion (both volume and rapidity) is encoded inthe entanglement for the optimal frequency |k|.
12.3.3 Interpretation for the dependence of SE on |k|
We have seen (Figure 12.1) that for bosons a monotonically decreasing entangle-ment is observed as |k| increases. By contrast, in the fermionic case we see thatthere are privileged |k| for which entanglement creation is maximum. Thesemodes are far more prone to entanglement than any others.To interpret this we can regard the optimal value of |k| as being associatedwith a characteristic wavelength (proportional to |k|−1) that is increasingly cor-related with the characteristic length of the Universe. As ρ increases the peak ofthe entanglement entropy shifts towards higher |k|, with smaller characteristiclengths. Intuitively, fermion modes with higher characteristic lengths are lesssensitive to the underlying spacetime because the exclusion principle impedesthe excitation of ‘very long’ modes (those whose |k| Ï 0).What about small |k| modes? As shown in [8] and in Figure 12.1, the entangle-ment generation for bosons is higher when |k| Ï 0. This makes sense becausemodes of smaller |k| are more easily excited as the spacetime expands (it is ener-getically much ‘cheaper’ to excite smaller |k| modes). Entanglement generationfor fermions, somewhat counterintuitively, decreases for |k| Ï 0. However ifwe naively think of fermionic and bosonic excitations in a box we can appre-ciate the distinction. We can put an infinite number of bosons with the samequantum numbers into the box. Conversely, we cannot put an infinite numberof fermions in the box due to the Pauli exclusion principle. This ‘degeneracypressure’ impedes those ‘very long’ modes (of small |k|) from being entangledby the underlying structure of the spacetime.
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12.4 Discussion
We have shown that the expansion of the Universe (in a model 2-dimensionalsetting) generates an entanglement in quantum fields that is qualitatively differentfor fermions and bosons. This result is commensurate with previous studiesdemonstrating significant differences between the entanglement of bosonic andfermionic fields [7, 10, 11] and the ones found in previous chapters.We find that the entanglement generated by the expansion of the Universeas a function of the frequency of the mode peaks in the fermionic case, whileit decreases monotonically in the bosonic case. For bosons the most sensitivemodes are those whose |k| is close to zero. However for fermions modes oflow |k| are insensitive to the underlying metric. There is an optimal value of |k|that is most prone to expansion-generated entanglement. This feature may be aconsequence of the Pauli exclusion principle, though we have no definitive proofof this.We have also demonstrated that information about the spacetime expansionparameters is encoded in the entanglement between fermionic particle and anti-particle modes of opposite momenta. This can be extracted from the peakedbehaviour of the entanglement shown in Figure 12.2, a feature absent in the bo-sonic case. Information about the rapidity of the expansion (ρ) is codified in thefrequency of the maximally entangled mode, whereas the information about thevolume of the expansion (ε) is codified in the amount of entanglement generatedfor this optimal mode. As ε tends to infinity the maximum possible SmaxE in theoptimal mode approaches the maximally entangled state.Hence the expansion parameters of spacetime are better estimated from cos-mologically generated fermionic entanglement. Furthermore, these results showthat fermionic entanglement is affected by the underlying spacetime structure ina very counterintuitive way and in a radically different manner than in the bosoniccase. The manner and extent to which these results carry over to d-dimensionalspacetime remains a subject for future study.
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Chapter 13
Berry’s phase-based Unruh effectdetection at lower accelerations1
Finding indisputable corroboration of the Unruh effect is one of the main exper-imental goals of our time [29,90]. The effect is one of the best known predictionsof quantum field theory incorporating general relativity. However, its very exist-ence has been object of a lengthy controversy [91]. Its observation would providenot only an end to such discussion but also experimental support for the Hawk-ing radiation and black hole evaporation given the deep connection betweenthese phenomena [31, 92]. Detection of the Unruh effect would therefore havean immediate impact in many fields such as astrophysics [93,94], cosmology [95],black hole physics [96], particle physics [97], quantum gravity [98] and relativisticquantum information [3, 10, 99].As seen along this thesis, in the Unruh effect [27, 29] the vacuum state ofa quantum field corresponds to a thermal state when described by uniformlyaccelerated observers. Its direct detection is unfeasible with current technologysince the Unruh temperature is smaller than 1 Kelvin even for accelerations ashigh as 1021 m/s2. Sustained accelerations higher than 1026 m/s2 are required inthe best proposal so far to diretcly detect the effect [29, 39].Efforts on finding evidence of the Unruh and Hawking effects also includeproposals in analog systems such as fluids [81], Bose-Einstein condensates [76],optical fibers [100], slow light [101], superconducting circuits [102] and trappedions [103]. Even in such systems, analog effects produce temperatures of theorder of nanokelvin that remain difficult to detect.In this chapter we show that the state of an accelerated detector coupled to
1E. Martín-Martínez, I. Fuentes and R. B. Mann. arXiv:1012.2208
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the field acquires a Berry phase [104,105] due to its movement in spacetime. Thisgeometric phase, which is a function of the detector’s trajectory, encodes inform-ation about the Unruh temperature and it is observable for accelerations as low as1017 m/s2. Such acceleration must be sustained only for a few nanoseconds. Ourresults enormously simplify the challenge of measuring the Unruh effect withpresent technology since producing extremely high accelerations and measur-ing low temperatures were the main obstacles involved in its detection and wereduce the accelerations needed by a factor 109. The results presented here areindependent of specific experimental implementations; however, we propose apossible scheme for the detection of this phase.Interestingly, it has gone unnoticed that Berry’s phase can be employed todetect the Unruh effect. Berry showed that an eigenstate of a quantum systemacquires a phase, in addition to the usual dynamical phase, when the parametersof its Hamiltonian are varied in a cyclic and adiabatic fashion [104]. In the caseof a point-like detector interacting with a quantum field, the movement of thedetector in spacetime produces, under certain conditions, the cyclic and adiabaticevolution that gives rise to Berry’s phase. In what follows we will show thatthe Berry phase for an inertial detector differs from that of an accelerated one.This difference arises due to the Unruh effect: one detector interacts with thevacuum state while the second interacts with a thermal state. The Berry phaseof an accelerated detector depends on the Unruh temperature. Surprisingly,we find that this phase is observable for detectors moving with relatively lowaccelerations, making the detection of the Unruh effect accessible with currenttechnology.
13.1 The setting
In our analysis, we consider a massless scalar field in the vacuum state from theperspective of inertial observers moving in a flat (1 + 1)-dimensional spacetime.The same state of the field corresponds to a thermal state from the perspective ofuniformly accelerated observers. The temperature of this thermal state is the so-called Unruh temperature TU = ~a/(2picω) where a is the observer’s acceleration.In order to show evidence of this effect we consider a point-like detector endowedwith an internal structure which couples linearly to a scalar field φˆ(x(t)) at a pointx(t) corresponding to the world line of the detector. The interaction Hamiltonianis of the form HI ∝ mˆ(t)φˆ(x(t)) where mˆ(t) is the monopole momentum of thedetector. We have chosen the detector to be modeled by a harmonic oscillator
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Accelerated
   detector
Inertial detector
Figure 13.1: Trajectories for an inertial and accelerated detector.
with frequency Ωb. In this case the operator mˆ ∝ (b† + b) corresponds to thedetector’s position quadrature where b† and b are ladder operators .Considering that the detector couples only to a single mode of the field withfrequency |k| = Ωa, the field operator takes the form
φˆ(x(t)) ≈ φˆk(x(t)) ∝ [a ei(kx−Ωat) + a† e−i(kx−Ωat)] , (13.1.1)
where a† and a are creation and anihilation operators associated to the fieldmode k. The Hamiltonian is therefore
HT = Ωa a†a + Ωb b†b + λ(b + b†)(a†eiφ+ a e−iφ), (13.1.2)
where a, a† are creation and annihilation operators for the field and b, b† areladder operators of the harmonic oscillator’s internal degrees of freedom. Thephase φ in (13.1.2) is a function of time corresponding to the trajectory of thedetector in spacetime. Although calculations involving Unruh-DeWitt detectorsusually employ the interaction or the Heisenberg pictures (as transition probab-ilities are more conveniently calculated), in (13.1.2) we employ a mixed picture
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where the detector’s operators are time independent. This situation is mathem-atically more convenient for Berry phase calculations; the results are, of course,picture independent.Note that, in the particular case in which the detector models an atom, ourinteraction Hamiltonian corresponds to an Unruh-DeWitt-type detector [29], withthe proviso that the coupling λ is such that the atom couples only to one modeof the field. In a realistic scenario the coupling λ(Ωa,Ωb) can be considered as apeaked distribution. In the case that this function can be contrived to approacha delta function, we can assume that only one mode of the field is coupled to thedetector.This situation can be engineered, for instance, employing a cavity. Consider-ing that the cavity field modes have very different frequencies and one of themis close to the detector’s natural frequency, the detector effectively interacts onlywith this single mode. It is well known that introducing a cavity is problematicsince the boundary conditions inhibit the Unruh effect. However, this problemis solved by allowing the cavity to be transparent to the field mode the detectorcouples to. Therefore this single mode is a global mode. In a realistic situation,the cavity would be transparent to a frequency window which is experimentallycontrollable. It is then an experimental task to reduce the window’s width asrequired.The Hamiltonian (13.1.2) can be diagonalised analytically. The eigenstates aregiven by U†|NaNb〉 where U = Sa(u, θa)Sb(v, θb)Dab(s, φ)Sˆb(p)Ra(φ) and |NaNb〉are eigenstates of the diagonal Hamiltonian2 H0(ωa, ωb) = ωa a†a + ωb b†b whichdetermines the energy spectrum of the system. The operators
Dab =Dab(χ) = exp (χa†b − χ∗ab†),Sa =Sa(α) = exp (α∗a†2 − αa2),Sb =Sb(β) = exp (β∗b†2 − βb2),Sˆb =Sˆb(p) = exp [p (b†2 − b2)],Ra =Ra(φ) = exp (− iφ a†a) (13.1.3)
are well-known in quantum optics and called two-mode displacement (beam-splitter), single-mode squeezing and phase rotation operator, respectively. Wedefine χ = s eiφ, α = 12u eiθa , β = 12v eiθb . To verify that these are the eigenstates ofthe Hamiltonian one must act on the diagonal Hamiltonian H0(ωa, ωb) = ωaa†a+ωbb†b with the unitary U and identify terms with the Hamiltonian (13.1.2). By
2Note thatH0 is not the free part of the HamiltonianHT. The free part ofHT is Ωa a†a+Ωb b†b.
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doing this we find constraints that fix the parameters u, s, p, φ, θa, θb, obtainingthe dependence of the coupling constant λ and the frequencies Ωa and Ωb onthe parameters v, ωa, ωb.Specifically, in order to satisfy the equation
HT(ωa, ωb, α, β, χ, φ) = U†H0U
the following constraints must be satisfied
s = atan√ωa sinh 2uωb sinh 2v , φ = θa= 0, θb =pi, u = C − v,
where C = (1/2) ln (ωa/ωb) with ωa/ωb > e2v . The dependence of the Hamiltonianparameters on the parameters in the unitaries which diagonalise it are given by
Ωa = sinh 2v
[cosh [2(C − v)] + sinh[2(C−v)]tanh 2v ]ω−1a sinh 2v + ω−1b sinh [2(C − v)] , (13.1.4)
Ωb =√Ωˆ2b − 4Z2, (13.1.5)
λ = ep√ωaωb sinh[2(C − v)] sinh 2vωb sinh 2v + ωa sinh[2(C − v)] [ωa cosh [2(C − v)]− ωb cosh 2v] , (13.1.6)
φ = kx −Ωat, (13.1.7)
where 2p = atanh [− 2Z/Ωˆb] and
Ωˆb = sinh 2v
[ω2a sinh[4(C−v)]2 sinh 2v + ω2b cosh 2v]ωb sinh 2v + ωa sinh[2(C − v)] [ωa cosh [2(C − u)]− ωb cosh 2u] ,(13.1.8)
Z = 12 sinh 2v
(ω2a sinh2[2(C−v)]sinh 2v − ω2b sinh 2v)ωb sinh 2v + ωa sinh[2(C − v)] . (13.1.9)
The phase parameter φ varies as a function of time, due to the time evolutionalong the detector’s trajectory. In the case of an inertial detector, φ = |Ωa|x/c −Ωat where Minkowski coordinates (t, x) are a convenient choice in this case.Note that the movement of the detector in spacetime generates a change in theinteraction Hamiltonian between the field and the atom. The change is cyclic;after a time ∆t ∼ Ω−1a the parameter φ completes a 2pi cycle completing a closedtrajectory in parameter space.
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Note that here we have considered the world line of an inertial observer inMinkowski coordinates (t, x). For the accelerated case, the world line of thedetector is given in Rindler coordinates and therefore, φ = kξ − Ωaτ. Theunitary U has the same form in the Minkowski and Rindler basis, however, theoperators involved must be considered in the appropriate basis. We will makethis distinction explicit by naming UM and UR the unitaries involving Minkowskiand Rindler operators, respectively.Different choices of the parameters v, ωa, ωb will produce specific values ofΩa(v, ωa, ωb), Ωb(v, ωa, ωb), λ(v, ωa, ωb). In principle any desired experimental set-up can be attained for any values of Ωa,Ωb and λ.We consider that before the interaction between the field and the detector isswitched on, the field is in the vacuum state and the detector in the ground state.Therefore, the system is in the state |0f0d〉. Employing the sudden approximation,we find that after the coupling is suddenly switched on3 the state of the system is
|0f0d〉 =∑n,m 〈nfmd |U| 00〉U† |nfmd〉 . (13.1.10)
In the coupling regimes we consider 〈nfmd |U| 00〉 = 〈nfmd|SaSbDabSˆbRa |00〉 ≈δnf0δmd0. Therefore, in this case, turning on the interaction does not excite theatom and the state of the system is U† |0f0d〉.This fundamental eigenstate does not become degenerate and the energy gapbetween the ground and first excited state is time-independent. For small butrealistic coupling constant λ, energy conservation ensures a negligible probabilityfor the system to evolve into an excited state. In this case, the evolution due tothe movement of the detector in spacetime can be easily proven to be adiabaticsince, if the field is initially in the vacuum state, for realistic couplings the groundstate of the Hamiltonian H(t0), will evolve, after a time t − t0 to the ground stateof the Hamiltonian H(t)4.
3Suddenly switching on the coupling is known to be problematic since it can give rise todivergent results. However, in this case such problems are avoided by considering that the atomcouples to a single mode of the field.4Conservation of energy guarantees that the probability of excitation of the detector in thiscase is virtually zero given small λ, so the adiabatic approximation that we need here (the vacuumevolves to the vacuum very approximately) holds very well.
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13.2 Berry phase acquired by inertial detectors
After the coupling is suddenly switched on and the state of the system is U† |0f0d〉,the movement of the detector in spacetime, which can be considered cyclic andadiabatic, generates a Berry phase.The Berry phase acquired by the eigenstate |ψ(t)〉 of a system whose Hamilto-nian depends on k cyclicly and adiabatically varying parameters R1(t), . . . , Rk(t)is given by iγ = ∮R A · dR, (13.2.1)where
A =

〈ψ(t)| ∂R1 |ψ(t)〉〈ψ(t)| ∂R2 |ψ(t)〉...〈ψ(t)| ∂Rk |ψ(t)〉
 (13.2.2)
and R is a closed trajectory in the parameter space5.
We calculate the Berry phase acquired by an eigenstate of the Hamiltonian(13.1.2) under cyclic and adiabatic evolution of parameters (v, φ, ωa, ωb). Aφ sim-plifies to Aφ = 〈NfNd|SaSbDabRa∂v(R†aD†abS†bS†a) |NfNd〉 and it is the only non-zerocomponent of A. Therefore,
iγI = ∮φ∈[0,2pi)A · dR =
∫ 2pi
0 dφAφ. (13.2.3)The Berry phase acquired by an eigenstate U† |NfNd〉 is
γINfNd = 2pi[ωaNd cosh(2v) sinh[2(C − v)]ωa sinh[2(v)] + ωb sinh(2v) + ωbNf sinh(2v) cosh[2(C − v)]ωa sinh[2(C − v)] + ωb sinh(2v) + T00
],(13.2.4)where
T00 = ωa sin2 v sinh[2(C − v)] + ωb sinh(2v) sinh2(C − v)ωa sinh[2(C − v)] + ωb sinh(2v) . (13.2.5)In the specific case of the ground state6 (Nf = Nd = 0).γI00 = 2pi T00. (13.2.6)
5See references [104,105] or, among many others, B. R. Holstein, American Journal of Physics.57, 1079 (1989)6One should be careful with the adiabatic approximation if the state considered were not theground + vacuum
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Note that the ground state is non-degenerate and the gaps between energy levelsare independent of time.The Berry phase acquired by the state U†|00〉 after a cyclic and adiabaticevolution of φ for a given coupling frequency λ is given by (See [104])
γI002pi = ωa sin2 v sinh[2(C − v)] + ωb sinh(2v) sinh2(C − v)ωa sinh[2(C − v)] + ωb sinh(2v) . (13.2.7)Here the label I denotes that the phase corresponds to the inertial detector.Note that the phase is identical for all inertial trajectories. In what follows, weshow that, as a direct consequence of the Unruh effect, the phase is different foraccelerated detectors.
13.3 Berry phase acquired by accelerated detectors
Computing the Berry phase in the accelerated case is slightly more involved.A convenient choice of coordinates for the accelerated detector are Rindler co-ordinates (τ, ξ). In this case φ = |Ωa|ξ − Ωaτ and the evolution is cyclic after atime ∆τ = Ω−1a . Adiabaticity can also be ensured in this case since the probabilityof excitation is negligible for the accelerations we will later consider [29, 106].We assume that it is exactly the same detector which couples to the fieldin the inertial and accelerated cases. Therefore, the detector couples to thesame proper frequency (the frequency in the reference frame of the detector).It is important to point out that these frequencies are not the same from theperspective of any inertial observer. As mentioned above, the Hamiltonian (13.1.2)has the same form in both scenarios, only that in the inertial case a, a† arethe Minkowski operators while for the accelerated detector, they correspond toRindler operators. For accelerated observers the state of the field is not pure butmixed, a key distinction from the inertial case. Expressing the state of the fieldand detector in the basis of an accelerated observer, the state |0f〉〈0f | transformsto the thermal Unruh state ρf [10, 27].Therefore, before turning on the interaction between the field and the de-tector, the system is in the mixed state ρf ⊗ |0d〉〈0d|. When the interaction issuddenly switched on, a general state |Nf0d〉 evolves, in our coupling regime,very close to a superposition of eigenstates U†R |if jd〉 where Nf = if + jd. If im-mediately after switching on the interaction we verify that the detector is still inits ground state (by making a projective measurement) we can assure that thestate of the joint system is ρT = U†R (ρf ⊗ |0d〉〈0d|)UR. We are now interested in
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the Berry phase acquired by the same detector if it follows a uniformly acceler-ated trajectory. If the state of the field is in the vacuum state |0f〉〈0f | from theperspective of inertial observers, the corresponding state from the perspectiveof an accelerated observer is a thermal state (See section 2.4)
ρf = 1cosh2 r∑n tanh2n r |nf〉〈nf | (13.3.1)where r = arctanh (e−piΩac/a) and a is the proper acceleration of the detector.We now use the formalism developed to compute the Berry phase acquiredby mixed states [107]. Let us consider a non-pure state of the form ρ =∑i ωi |i〉〈i|where |i〉 are eigenstates of the Hamiltonian. After a cyclic and adiabatic evolutionthe state acquires a geometric phase γ = Re η where
eiη =∑i ωieiγi . (13.3.2)Here γi is the Berry phase acquired by the eigenstate |i〉.Considering the state ρT under cyclic and adiabatic evolution
eiη = 1cosh2 r∑n tanh2n r eiγIn0 = e
iγI00cosh2 r − e2pi iG sinh2 r , (13.3.3)
where G = ωb sinh(2v) cosh[2(C − v)]ωa sinh[2(C − v)] + ωb sinh(2v) (13.3.4)depends on the characteristics of the detector and the coupling. Hence, the Berryphase acquired by the state of the accelerated detector is
γa = γI00 − Arg (cosh2 r − e2pi iG sinh2 r) , (13.3.5)where γI is the inertial Berry phase and we recall r = arctan (e−piΩac/a). Noticethat γa is the same no matter the sign of the acceleration.
13.4 Measuring the phase. Detecting the Unruh ef-fect
We now compare the Berry phase acquired by the detector in the inertial andaccelerated cases. After a complete cycle in the parameter space (with a propertime Ω−1a ) the phase difference between an inertial and an accelerated detectoris δ = γI − γa.
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In Figure 13.2 we plot the phase difference δ as a function of the accelerationcorresponding to choosing physically relevant frequencies of atom transitions[106, 108] coupled to the electromagnetic field (in resonance with the field modethey are coupled to) for three different coupling strengths:
• Ωa ' 2.0 GHz Ωb ' 2.0 GHz λ ' 34 Hz.
• Ωa ' 2.0 GHz Ωb ' 2.0 GHz λ ' 0.10 KHz.
• Ωa ' 2.0 GHz Ωb ' 2.0 GHz λ ' 0.25 KHz.
The third case, where the coupling frequency λ ' 10−7 Ωa, corresponds to typ-ical values for atoms in free space with dipolar coupling to the field [108]. Fora single cycle (after 3.1 nanoseconds) the phase difference is large enough tobe detected. The visibility of the interference pattern in this case is given byV = √Tr [|0f0d〉〈0f0d| (ρf ⊗ |0d〉〈0d|)] = cosh−1 r ' 1. Note that the visibility isapproximately unity in all the situations we consider due to the relatively lowaccelerations considered.Since the Berry phase accumulates, we can enhance the phase difference byevolving the system through more cycles. By allowing the system to evolve forthe right amount of time, it is possible to produce a maximal phase differenceof δ = pi (destructive interference). For example, considering an acceleration ofa ≈ 4.5 · 1017 m/s2 a maximal phase difference would be produced after 30000cycles. Therefore, given the frequencies considered in our examples, one mustallow the system to evolve for 95 microseconds.Note that for an acceleration of a ≈ 1017 m/s2 the atom reaches speeds of≈ 0.15 c after a time t ≈ Ω−1a . If we do not vary the acceleration then the longerwe allow the system to evolve in order to obtain a larger phase difference, themore relativistic the atom becomes. Therefore, depending on the particular ex-perimental implementation considered to measure the effect, a compromise be-tween the desired phase difference and feasibility of handling relativistic atomsmust be considered. This is indeed an experimental challenge that can be over-come by means of different techniques. For example, since the phase accumu-lates independently of the sign of the acceleration, one could consider alternatingperiods of positive and negative acceleration in order to reduce the final speedreached by the atom.The Berry phase acquired by an eigenstate of a system is always a globalphase. In order to detect the phase, it is necessary to prepare an interferometricexperiment. Indeed, considering a detector in a superposition of an inertial and
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Figure 13.2: δ for each cycle as a function of the acceleration for three different scenarios. Firstscenario (top): Ωa ' 2.0 GHz Ωb ' 2.0 GHz λ ' 34 Hz. Second scenario (middle): Ωa ' 2.0 GHzΩb ' 2.0 GHz λ ' 0.10 KHz. Third scenario (bottom): Ωa ' 2.0 GHz Ωb ' 2.0 GHz λ ' 0.25 KHz.
accelerated trajectory would allow for the detection of the phase. In this con-text, any experimental set-up in which such a superposition can be implementedwould serve our purposes. A possible scenario can be found in the context ofatomic interferometry, technology that has already been successfully employedto measure with great precision general relativistic effects such as time dilationdue to Earth’s gravitational field [109].Consider the detector to be an atom which is introduced into an atomic in-terferometer after being prepared in its ground state. In one arm of the inter-ferometer we let the atom move inertially while in the other arm we considera mechanism which produces a uniform acceleration of the atom. Such mech-anism could consist of laser pulses that should be prolonged for fractions ofnanoseconds. Such laser technology to produce high accelerations is already
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available [110]. Reaching the desired accelerations is technologically feasible –however the detector must survive such accelerations, at least long enough toconclude the interference experiment. For this, the laser pulses must be engin-eered to create the deep potential wells necessary to accelerate the atom trans-ferring only kinetic energy without exciting it. As long as the atom does notcollide with other atoms this seems feasible [111]. An alternative to this is toconsider ions or atomic nuclei as detectors which can be accelerated by applyinga potential difference in one arm of the interferometer. Although the sugges-ted experimental set-up is obviously not exempt from technical difficulties, theproblems derived from the experimental challenges involved are expected to besolvable with present or near-future technology.
13.5 Dynamical phase control
To measure the Berry phase the relative dynamical phase between the inertialand accelerated paths must be cancelled. In principle the dynamical phase can becontrolled and cancelled in any experimental setup. The way to do this dependson the specific experiment considered. Fortunately, there is considerable exper-imental freedom to engineer ways of canceling these phases. In this section wediscuss, as an example, the case of an atomic interferometry experiment.The control of the dynamical phase boils down to adjusting the relative pathlength of the interferometer. Using commercial length metrology equipment itis possible to measure lengths with a precision of ∆L ≈ 10−11 m 7. A detectoracquires different dynamical phases when its trajectory is inertial or accelerated,therefore the path lengths must be adjusted such that the relative dynamicalphase difference cancels or is an integer multiple of 2pi.Since dynamical phases oscillate and geometric ones accumulate, it becomesconvenient to let the system evolve through many cycles. In this way one canmake sure that the Berry phase becomes much larger than any precision limitimposed on the length adjustment. If in a given situation the Berry and the dy-namical phase differences are of the same order of magnitude, one can considerpaths n times longer such that the resulting Berry phase is multiplied by a factorof n.One can alternatively consider controlling the fly time in the accelerated path
7Magnetscale Corporation Laserscale® http://www.gebotech.de/pdf/LaserscaleGeneralCatalog_en_2010_04.pdf
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by changing the relative velocity of the atoms through the two paths alternat-ing periods of positive and negative acceleration. In this case, the Berry phasedifference adds up (since it always has positive sign).In what follows we calculate explicitly with what precision the relative dynam-ical phase can be controlled. Consider an atom moving with speed v (in thelaboratory frame) along an inertial trajectory of length L. In the case v  c thefly time is T = L/v. Changing the path length with a precision of ∆L translatesto changing the fly time with a precision of
∆T = ∣∣∣∣∂T∂L∆L
∣∣∣∣ = ∆Lv .
Since the dynamical phase φ is proportional to ΩT , the resulting precision inadjusting the dynamical phase is given by
∆φ = Ω∆T = Ω∆Lv .Considering for example, v ≈ 100 m/s, Ω ≈ 2 GHz, and ∆L ≈ 1 · 10−11 m weobtain ∆φ = 2 · 10−4. This precision is enough to distinguish this phase fromthe Berry phase in a single cycle. The precision can further be increased byadjusting the path length of the accelerated atom.The speed of the accelerated atom (in the laboratory frame) as a function ofproper time is given by v = c tanh (aτc ). The path length for the acceleratedatom in the laboratory frame La is given by the integral of the speed over properfly time T , La = ∫ T0 c tanh(aτc )dτ = c2a ln
[cosh(aTc
)] .
Therefore, the proper fly time as a function of the path length La is
T = ca−1 arccosh [exp(Laac2
)] .
The precision to control the proper fly time becomes
∆T = ∆Lac exp
(Laac2 )√exp (Laac2 )− 1√exp (Laac2 )+ 1 ,resulting in a precision to adjusting the dynamical phase of
∆φ = Ω∆T = Ω∆Lac exp
(Laac2 )√exp (Laac2 )− 1√exp (Laac2 )+ 1 .
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For accelerations of 1017 m/s2, Ω ≈ 2 GHz, ∆L = 10−11 m and proper lengthsLa = 1 µm, La = 10 cm we obtain, respectively
∆φLa=1µm = 2.25 · 10−8, (13.5.1)
∆φLa=10cm = 1.49 · 10−10. (13.5.2)
We therefore conclude that it is possible to adjust the dynamical phase to severalorders of magnitude greater in precision than that of the Berry phase acquiredin a single cycle of adiabatic evolution.
13.6 Discussion
With this proposal to detect the Unruh effect we overcome the difficulties asso-ciated with measuring temperatures as small as 10−4 K. We have shown that theUnruh effect leaves its footprint in the geometric phase acquired by the the jointstate of the field and the detector for time scales of about 5×10−10 s. The effect isobservable for accelerations as low as 1017 m/s2 and can be maximally enhancedby allowing the system to evolve a few microseconds.Notice that the Berry phase accumulates in each cycle of adiabatic evolution,and that this is true regardless the sign of the acceleration. This means that in anyexperiment we could alternate periods of positive and negative acceleration andstill the Berry phase will grow, solving the problems of the high relative velocitiesbetween atoms going through the two different paths of the interferometer.Our theoretical setting is general and independent of any particular imple-mentation, paving the way for future experimental proposals. For instance, byconsidering detector frequencies in the MHz regime, the method would allowdetection of the Unruh effect for accelerations as low as 10−14 m/s2 . For this,other multilevel harmonic systems could be employed as detectors, such as finestructure transitions where frequencies are closer to MHz regime.
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Conclusions
This thesis is centred in the study of entanglement and quantum informationproblems in the background of general relativistic settings. In our explorationof this brand new field called relativistic quantum information we have obtainedresults in three different categories:– On the fundamental side, analysing the impact of statistics (fermionic or bo-sonic) on the behaviour of field entanglement in non-inertial frames; build-ing the formalism to deal with entanglement of different degrees of freedom(spin, occupation number, ...) and studying how correlations behave in theproximities of an event horizon.
– On the applied side, showing how entanglement can be useful to study theexpansion of the Universe, the process of stellar collapse or to serve as awitness of the Unruh and Hawking effect which have not been detected yet.
– On the experimental proposals side, using the knowledge gained in quan-tum information to suggest experiments to detect quantum effects provokedby gravity: in analog gravity experiments, proposing ways to use entan-glement to distinguish between quantum and classical Hawking effect; ortaking advantage of the geometric phases acquired by moving detectorsto directly measure the Unruh effect for accelerations much smaller thanprevious proposals.
Specific outcomes
• We have shown the relationship between statistics and entanglement beha-viour in non-inertial frames. We have studied fermionic cases beyond thosein the literature (which only focused on spinless Grassmannian fields). Wehave formulated questions about the differences between fermionic and bo-sonic entanglement that helped us understand the origin of such differences.
263
CONCLUSIONS
As a result of these studies we have disproved previous beliefs concerning thereason for the differences between bosonic and fermionic entanglement innon-inertial frames, showing that the Hilbert space dimension of the systemhas nothing to do with those differences.
– We have extended the study of entanglement behaviour in non-inertialframes to spin 1/2 fields, analysing entanglement of spin Bell states fromthe perspective of non-inertial observers and comparing it with occupationnumber entanglement.– A method to consistently erase the spin information from field states hasbeen presented. With this method occupation number entanglement canbe studied independently of the spin of the field considered.– We have analysed entanglement behaviour in different kinds of states offermionic fields, different spins and different dimension of the Hilbertspace. We obtained universal laws for entanglement and mutual informa-tion that show that the Hilbert space dimension does not play any role inthe entanglement behaviour between inertial and accelerated observers.– A comparative study between fermions and bosons in non-inertial frameshas been presented, clearly exposing the differences between these twostatistics not only for entanglement but also for the rest of correlations,classical and quantum, investigated by means of the mutual information.We payed special attention to all the possible bipartite systems that emergefrom a spacetime with apparent horizons.– Non-inertial bosonic field entanglement has been analysed in a scenariowhere we impose a bound on occupation number. We have seen thatlimiting the Hilbert space dimension has no qualitative effect on bosonicentanglement. We have compared a limited dimension bosonic field en-tangled state with its fermionic analog, showing that statistics (which im-poses certain structure in the density matrix for the fermionic case viaPauli exclusion principle) is responsible for the differences between fer-mions and bosons.
• We introduced a formalism to rigorously analyse entanglement behaviour be-tween free-falling observers and observers resisting at a finite distance fromthe event horizon of a Schwarzschild black hole. We have shown at what dis-tance from the event horizon of a typical solar mass black hole the Hawkingeffect starts to seriously disturb our ability to perform quantum informationtasks.
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• The problems of the so-called ‘single mode approximation’, used for years in allthe literature on relativistic quantum information, have been exposed. We haveproved that it is not valid in general and that its meaning was misunderstood inthose cases in which it is valid. We have shown and discussed the appropriatephysical interpretation of such an approximation.
• The first non-trivial results beyond the single mode approximation have beenpresented:
– We have shown that for fermionic field entangled states there is an en-tanglement tradeoff between the particle and antiparticle sector of thedifferent regions of the spacetime which is crucial to understand the phe-nomenon of fermionic entanglement survival in the limit of infinite Unruhtemperature.– Contrary to the extended belief in the whole field of relativistic quantuminformation, we have shown that beyond the single mode approximationand for certain states of both fermionic and bosonic fields entanglementcan be amplified instead of degraded.
• We have analysed two dynamical scenarios in which the gravitational interac-tion generates quantum entanglement in the fields dwelling in the backgroundof some interesting non-stationary spacetimes:
– It has been shown how a stellar collapse generates entanglement. We haveanalysed the differences between fermionic and bosonic fields, showingthat the former are better candidates to serve as a tool to detect genuineHawking radiation in analog gravity experiments. We have also shownthat for extremal black holes (microblackholes or the final stages of anevaporating black hole) the Hawking radiation emitted by the event ho-rizon is in a maximally entangled state with the radiation falling into theblack hole.– The fact that the expansion of the Universe generates entanglement inquantum fields has been analysed. Specifically we have analysed the dif-ferences between the bosonic and the fermionic case, showing that theentanglement created in fermionic fields contains more information aboutthe history of the expansion and it is more reliable for a hypothetical ex-periment to obtain information about the parameters of the expansion.We have analysed a specific solvable model of inflationary-type expansionshowing a protocol to extract complete information about the volume andrapidity of the expansion by means of fermionic entanglement.
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• We have proved that a single mode detector moving through spacetime (evenif it is at rest) acquires a geometric phase. We have shown that the phase isthe same for any inertial detector but, due to the Unruh effect, it depends onthe acceleration of the detector. As a consequence of this result we propose ageneric way to use this geometric phase to detect the Unruh effect for accel-erations as small as 10−9 times previous proposals. We conclude presenting aconcrete experimental setup based on atomic interferometry using present-daytechnology.
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Appendix: Klein-Gordon and Diracequations in curved spacetimes
In this brief appendix we introduce the Klein-Gordon and Dirac equations in thebackground of curved spacetimes. We also present the basis to understand whatis a Grassmann field as a 1+1 Dirac field.
A.1 Klein Gordon equation in curved spacetimes
In flat spacetime the Klein-gordon equation has the well-known form
(2−m2)φ = 0. (A.1.1)
where the D’Alembert operator is defined as 2 = ∂µ∂µ.To extend this equation to general spacetimes the first step would be promot-ing the partial derivatives in the D’Alembert operator to covariant derivatives, wedefine such a general version of this operator as
2g =∇µ∇µ = gµν∇µ∇ν = 1√|g |∂µ
(√|g |gµν∂ν) (A.1.2)
where g is the determinant of the metric tensor.One can consider a free scalar field minimally coupled (one which does nottransform under change of coordinates: φ′(x′) = φ(x) and therefore the fieldequation can be simply be written as
(2g −m2)φ = 0. (A.1.3)
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However, this is not the most general kind of field one could have considered.This equation is a particular case of the Euler-Lagrange equations coming fromthe more general Klein-Gordon Langrangian density
L = 12√|g | (gµν∂µφ∂νφ +m2φ2 − ξRφ2) , (A.1.4)where the dimensionless constant ξ couples the field to the scalar curvature. Themore general Klein-Gordon equation is of the form
(2g −m2 + ξR)φ = 0. (A.1.5)
The inclusion of this extra term, coupling the field with the curvature, is oftenincluded in the Lagrangian as a counter-term necessary to renormalise the the-ory when we include interaction terms such as √|g |λφ4. In principle there is nophysical reason to include such a term in the free case. Notice, as a curiosity, thatfor 4 dimensions and when m = 0 if we chose ξ = 1/6 (conformal coupling) thefield equations are invariant under conformal transformations1. The case ξ = 0is known as ‘minimal coupling’, and it is the case we adhere to.Notice also that there are physical reasons to induce that the constant ξ cannotbe large because if ξ 6= 0 then the Lagrangian being proportional to Rφ2 wouldcause the effective gravitational constant to vary with time and position as a resultof the variations in φ. In any case, the introduction of such term would act asan effective mass term (although dependent on spacetime). To describe all thecasuistics we study here this is irrelevant.
A.2 Dirac equation in curved spacetimes
Let us define the flat spacetime Dirac matrices {γ0, γ1, γ2, γ3} which have thefollowing properties {γa, γb} = 2ηab, (A.2.1)where ηab is the usual flat Minkowskian metric. Then the Dirac equation inMinkowski spacetime can be written as
(iγa∂a +m)ψ = 0, (A.2.2)
To write the Dirac equation in curved spacetimes we need to introduce thevierbein. Namely, an orthonormal set of four vector fields that serve as a local
1The conformally related actions differ only by a surface term
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reference frame of the tangent Lorentzian manifold in each point of spacetimesuch that gµν = eµaeνbηab (A.2.3)The vierbein enables us to convert local Lorentz indices to general indices.With the help of the vierbein we can write the Dirac matrices γµ in a generalspacetime as a function of the local gamma matrices
γµ = eµaγa. (A.2.4)
This curved spacetime gamma matrices fulfil
γµγν + γνγµ = 2gµν. (A.2.5)
Now we have to be careful when defining the covariant derivative: we have aspinor bundle defined over the spacetime manifold. The spin connection can beexpressed in terms of the Levi-Civita connection Γˆνσµ as
ωabµ = eaν∂µeνb + eaνeσbΓˆνσµ (A.2.6)
Now we want to define the covariant derivative that satisfies
D[µeaν] = ∂[µeaν] + ωab[µebν] = 0 (A.2.7)
with that covariant derivative we write the Dirac equation as
(iγµDµ +m)ψ = 0 (A.2.8)
or explicitly [iγµ (∂µ + Γµ) +m]ψ = 0 (A.2.9)where Γµ = 14ωabµ [γa, γb]. (A.2.10)
A.3 Grassmann fields
The so-called Grassmann scalar field has been very often considered in relativ-istic quantum information literature . This is a fermionic field with no internaldegrees of freedom that captures the essence of fermionic entanglement be-haviour in general relativistic scenarios. This kind of field has been extremelyuseful to study the general features of entanglement in fermionic fields. This is
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because it is the simplest field that capture all the characteristics of the entan-glement behaviour of fermionic field. However, as seen in this thesis, there isa universality principle that guarantees that all the results for Grassmann fieldsare exportable to Dirac fields which Grassmannian analogs.However, such field is not free from problems when trying to trace it back toa Lorentz-covariant field theory. This is so because the only covariant equationof motion for scalar fields is the Klein-Gordon equation which, when quantised,results in bosonic statistics. This fact might result somehow confusing when onereflects about its use and physical meaning in relativistic quantum informationsettings.There are, however, some physical scenarios in which Grassmann fields havecomplete physical meaning. Maybe the most obvious is considering quantisationof a Dirac field in one spatial dimension. The Lorentz group representationSO(1, 1) consists of only one boost and have no rotations. In this context there areno internal degrees of freedom and the resulting theory is a Grassmann scalarfield. This is particularly relevant for analog gravity and quantum simulationimplementations on experimental setups such as trapped ions [112].Indeed, a Dirac field in 1+1 dimensions is naturally spinless, a possible gammamatrices representation in this case takes the form
γ0 = σx γ1 = −iσy (A.3.1)
where σi are the usual Pauli matrices and the Dirac equation takes the usualform (iγa∂a +m)ψ = 0, (A.3.2)where now ψ is a two component spinor, one for the positive and one for negativeenergy solutions branch.There are some other scenarios in which the use of Grassmann fields canbe mathematically acceptable and a useful tool: we could regard the Grassmannscalar field as a Dirac field with a fixed spin-z component. Thomas precessionprevents this setup from being Lorentz-covariant, but if we choose the accelera-tion to be in the spin quantisation direction this phenomenon does not occur.
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